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IIpeoucnosue

OTO TPeThsl KHUTA U3 CEPHH B YCTHIPEX YACTAX, OCHOBAHHOW Ha MOWX OHJIAHH-
Kypcax Mo alroputMam, peryisipHo npoBoauMbix ¢ 2012 roga u KOTopsie, B CBOIO
odepenb, OCHOBAaHBI Ha Kypce OakamaBpHara, MHOTOKPATHO MPENOAaBaBIICMCS
MHOI0 B CTaH(]OpACcKOM yHUBEepcHTeTe. [ unTaTenel 3Toi KHUTH 3HAKOMCTBO
C TMEepPBBIMH JIByMs YacTAMHU CEPUU HE sBIAETCA 00s3aTeNnbHBIM. TeM He MeHee
JUTS. YCBOCHHSI €€ CONEp KaHMsI YUTATENISIM JKeIaTeIbHO UMETh XOTs ObI obmiee
npeacTabieHre 00 o0o3HaueHN O-0ombItoe (TaBa 2 yacmu | WA NPUTIOKECHUE
B uacmu 2), anroputmax «pasnensii u BnactByi» (maBa 3 vacmu 1) m rpadax
(tnaBa 7 uacmu 2).



O yem sma KHU2A

«CoBepILIEHHBIH alrOpuTM» — 3TO BBOIHBIN KypcC (TeopeTHYecKasi OCHOBA M MHO-
TOYMCIIEHHBIE IPUMEPBI) 10 IBYM (PyHIaMEHTaIbHBIM MapaJurMaM MpOeKTUPO-
BaHUS aJITOPUTMOB.

7Kamnble aJiIropuT™MBI 1 HX pUMeHeHne. JKaiHbIe aIrOpUTMbI PEIIAIOT 3a/1a4H,
MIPUHUMASI TTOCIIEIOBATEILHOCTD OIM30PYKUX (MUOTIMYECKUX) U HEOOPATHUMBIX
petieHuii. B OONBIIMHCTBE CITyYaeB OHU JICTKO pa3pabaThlBAIOTCS U YACTO SIBJISI-
FOTCsI HEBEPOSITHO 61)ICTpI)IMI/I. HpaBna, 6OJ'II>HII/IHCTBO KaAHbIX aJITOPUTMOB HE
rapaHTUPYIOT MPABHIBHOCTH, HO MBI 110 XO/Ty U3JIOKSHHUS MaTepralia pacCMOTPUM
HECKOJIbKO YHUKAIBHBIX 110 CBOMM BO3MOKHOCTSIM TIPHIIOKCHUH, SBISIOIIUXCS
HCKIIIOYCHUSIMH U3 3TOr'0 MpaBUJia. HpI/IMCp])I BKJIFOYAIOT 3a/1a4¥ MJIaHUPOBaHUs,
ONTUMAaJIbHOE CXKATHE U MUHUMAJIbHBIE OCTOBHBIE JIEPEBbs IpadoB.

JAuHaMu4yeckoe NporpaMMHpoOBaHHue U ero npumenenue. Hemuorue mpe-
UMYIIIECTBa, OOPETEHHBIC HAMU BCIEACTBHE CEPHE3HOTO U3YUCHHUS ANTOPUTMOB,
CIOCOOHBI CONEpPHUYATH C BOZMOXKHOCTSIMH, KOTOPBIE JaeT OCBOGHUE IMHAMHYE-
CKOTO TPOrpaMMHUPOBaHMs. DTa Mapajurma npoeKTUPOBaHUS, BIIPOYEM, TpeOyeT
00IIMpPHON TIPaKTHKH. BMecTe ¢ TeM oHa nMeeT OeCUNCICHHOE MHOKECTBO TIPH-
JIOXKEHHMI K 3aJjauaM, KOTOpble KaXKyTCs HEpa3pelIMMbIMU C TOMOILIBIO JH000Tr0o
6ornee mpocToro Mmetoaa. IPPEKTUBHOCTE ITOTO CBOCOOPA3HOTO «KyPCa MOJIOZOTO
Ooiima» Mo AMHAMHYECKOMY MPOTPAMMHUPOBAHUIO OYIET yABOCHA IOCPEICTBOM
Typa 10 HEKOTOPBHIM (CM. BBIILIE) MPUIOKEHUSIM yKa3aHHOW MapaaurMbl, BKIIO-
Jarmero pacCMOTpEHUE 3ala4u O paHIC, aJITOPUTM BbIpaBHUBAHUSA T'€HOMHBIX
nocienoBarenbHocTet Hummmana—Bynma, anroputm KayTa 1u1st onTHManbHbBIX
OMHApPHBIX JepEBbEB IIOMCKA U allTOPUTMBI KpaTdaiiiiero myt bemmana—dopaa
n Onoiiga—Yopiuesia.
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C cozmepxaHHeM KHUTH MOXXHO O3HAKOMHTBCS MOAPOOHEe, 00OPaTUBIINCH K pa3-
Jenam «BpIBOZbI», 3aBEpIIAIONIMM KaX/YO IT1aBy U KOHIEHTPUPYIOLUIMMCS Ha
Haunbosee BaXKHBIX MOMEHTaX. «PyKOBOICTBO MO pa3paboTKe aIrOPUTMOBY JIacT
IIPEACTaBIEHHE O TOM, KAK ’KaHbIE aJITOPUTMBI U JUHAMUYECKOE IIPOrpaMMHUPO-
BaHME BIMCBIBAIOTCS B 00JI€e KPYIHYIO aITOPUTMUYECKYHO KAPTUHY.

OOparuTe BHUMaHHUE: pa3ielibl KHUTH, OTMEYEHHBIE 3BE3/109KO1, — CaMbIe CII0XK-
HBIC ISl YCBOCHHS, M B OTCYTCTBHE y YHTATENICH JOCTaTOYHOTO BPEMEHH K STHM
pasaenaM MOXHO OyZeT BepHYThCS TO3[Hee (Ha KaueCTBE YCBOSHUS HauOolee
JOCTYITHOW 4acTH MaTepHhajla KHUIH 3TO OOCTOSTENbCTBO HUKAK HE CKAXETCs).

TeMmbl, 3aTpoHyThIe B TPexX APYrux dactsax. B nepsoii yactu kuuru «Cosep-
HICHHBIH aITOPUTM» OCBEIICHBl aCHMNTOTHYECKHE 0003HaueHNs (0003HaYeHNE
O-6o:b110€ U €ro ONM3KUX POJCTBEHHUKOB), AITOPUTMBI «pa3/eisai U BIACTBYI»
¥ OCHOBHOW METOJ], paHJOMHU3HpOBaHHAas ObICTpasi COPTUPOBKA Quicksort u ee
aHaJN3, a TaKKe JINHEHHO-BPEMEHHBIE aITOPUTMBI 0TOOpa. Yacmsb 2 0XBaThIBaeT
CTPYKTYPBbI JaHHBIX (Ky4H, cOaTaHCUPOBaHHbIC AEPEBbsI IOUCKA, XCII-TA0IHIIbI,
¢unsTpe! biryma), rpagoBbie TPUMHUTHBEI (TPUOPUTETHBIN MOUCK B ITUPUHY WIH
B ITyOMHY, CBSI3HOCTb, KpaTYalIIne MyTH) U UX IPUIOKEHNS (OT AeAy TTHKAIIUH
JI0 aHaJln3a COUAIIbHBIX ceTer). Yacmob 4 nocesinieHa NP-noiaHoTe, BO3MOXHO-
CTH KOTOPOH OTKPHIBAIOT AJIS pa3pabOTUHKa aITOPUTMOB U CTPATETHH PeLICHUS
BBIUUCIIUTENBHO HEPA3PEIIUMBIX 33/1a4, BKJIFOUAsi aHAJIN3 DBPUCTUK U JIOKAIbHBIH
IIOUCK.

HaBbiku, KOTOpbIEe Bbl NpuUodpeTeTe

OcBoeHue anropuTMoB TpeOyeT BpeMeHH U ycwinid. Panu yero Bce 310?

Bo3MoxkHoCTh cTaTh 00jiee 3 PeKTUBHBIM NMPOrpaMMucToM. Ber u3yunte
HECKOJIBKO HEBEPOSTHO OBICTPHIX MOMMPOTrpaMM IIsi 00paOOTKU MaHHBIX H He-
KOTOpPBIE TIOJIE3HBIE CTPYKTYPHI 71l OPTaHU3aIllUU JaHHBIX, KOTOPBIE CMOXKETE
HETIOCPE/ICTBEHHO HMCIONb30BaTh B BAaIlIMX COOCTBEHHBIX MporpaMMax. Peammsa-
[Us ¥ IPUMEHEHUE STHX allTOPUTMOB PACIIMPUT M YAYUIIHT BaIll HABBIKH MIPO-
rpaMMHUpOBaHus. Bbl Takke y3HaeTe OCHOBHBIE IIPUEMBI Pa3pabOTKH alTOPUTMOB,
aKTyaJbHBIX U PEIICHNUS Pa3HOOOPA3HBIX 33/1a9 B IITMPOKUX 00IACTSX, OTyIUTE
HMHCTPYMEHTHI JUTS IPOTHO3UPOBAHS NX MPOU3BOAUTEIFHOCTH. Takne «IabIoHbD)
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MOTYT IPUTOAUTHCS IS Pa3paOOTKH HOBBIX aITOPUTMOB PEIICHHST BO3HUKAIOIINX
nepes BaMu 3ajad.

Pa3Butue aHATUTHYECKUX CIOCOOHOCTEH. ATTOPUTMUIECKHE OMTMCAHUS, MBIC-
JUTeNbHAs padoTa HaJl AITOPUTMAMK — 3TO BEChMa IIEHHBIH ombIT. [TocpeacTBoM
MATEMATHUYCCKOT'O aHaJIn3a BbI HOJ'Iy‘H/ITe yF.Hy6J'IeHHOG IIOHUMAHUEC KOHerTHI)IX
QITOPUTMOB M CTPYKTYp NaHHBIX, OMIMCAHHBIX B 3TOW W TMOCJCIYIOIINX KHHTaX
cepun. Bol mproOpereTe HaBBIKK PA0OTHI C HECKOJIBKUMH MaTeMAaTUIECKUMHU Me-
TOJIaMH, KOTOPBIE IIUPOKO PUMEHSIFOTCS JUIs aHAIIN3a aJITOPUTMOB.

AaroputMuyeckoe Mbinuienne. HayduBimcs pa3ouparscs B aJropuTMax, Bbl
HaYHETE 3aMeYaTh, 4YTO OHU OKPYXKAIOT BAC IOBCIOMY: €/ICTE JIM BBI B TH(TE, HAOIIO-
JlaeTe JIM 3a CTaeH ITHUII, yIPaBIISETE I BBl CBOMM HHBECTUIIHOHHBIM ITOPTQeIeM
WM IaXe CJICAMTE 3a TeM, KaK YUUTCs peOCHOK. AJITOPUTMUYECKOE MBILIICHUE
CTaHOBUTCS BCe O0JIee MOJIC3HBIM U MTPEBATMPYONIUM B TUCIUIUINHAX, HE CBSA3aH-
HBIX ¢ HH()OPMATHKOMN, BKITIOUasi OMOJIOTHIO, CTATHCTHKY H YKOHOMHKY.

3HaKOMCTBO € BeJIHYAIINMH J0CTHReHUIMU nHopMmaTuku. N3ydyenue an-
TOPUTMOB HAIIOMHUHAET POCMOTP 3(H(HEKTHOTO KITUTIA C CYNEPXUTAMH MOCICIHUX
IECTHIECATH JIET pa3BUTHS computer science. Ha ¢dypiuere mis crnennaincTos
B oOacTu computer science Bbl OoJibliie He OyneTe 4yBCTBOBaTh ceOsl HE B CBOCH
TapesKe, €CIM KTO-TO OTIYCTHUT IIYTKY MO MmoBoay anroputma Jlerikerpol. Ipo-
YUTaB 9TH KHUTH, BBl TOUHO CMOXKETE MOJIEPIKATh Pa3rOBOpP.

Yenex Ha cobecegoBanusx. Ha npoTskeHUU MHOTHX JIET CTYAEHTHI pa3BIIEKaIH
MEHS paccKa3zaM# O TOM, KaK 3HaHUs, TIOYEPIHYTHIE U3 dTHX KHUT, TO3BOJISUIA UM
YCIICTITHO CIPABIISITHCS C JIIOOBIM BOITPOCOM, Ha KOTOPBIH UM TPeOOBAIOCH OTBETUTD
BO BpeMs coOece10BaHusl.



B uem ocobennocmow
KHU2 9Mou cepuu

Kuurn B cocraBe cepun pecieytoT TOIbKO OTHY Lellb: MAKCUMATBHO OOCHIYNHbIM
CnOCcobOM Hay4Umb 6ac 0CHOBaM ancopummos. OTHOCUTECH K HUM KaK K KOHCIIEKTY,
KOTOPBIH OBl y Bac ObIT, eciy OBl BB Opaji HHAUBHIYAIFHBIC YPOKH Y OIBITHOTO
HACTaBHHUKA TI0 aJITOPUTMaM.

Cy1miecTByeT, BIpoUeM, psiJl MPEKPACHBIX, TOPa3ao 0onee TpaauHOHHBIX H HITH-
KJIOTIETMUECKHU BBIBEPEHHBIX y4eOHHUKOB 110 anroputMam. [Ipu3biBato Bac pa3y3Harb
noapoOHee, 4To 3TO 33 KHUTH, U HAWTH T€ U3 HUX, YTO OTBEYAIOT BallleMy 3ampocy.
Kpome Toro, ecTb HECKOJIBKO KHUI, IIPEACTABISAIOIINX OUEBUAHBIN HHTEpEC I
MIPOrPaMMHCTOB, HUIIYIIMX TOTOBBIE PeAIN3alMy AJITOPUTMOB Ha KOHKPETHOM SI3bIKE
nporpamMmupoBanus. K coBy, MHOTHE TaKkue peain3alii HaXoasaTcs B CBOOOTHOM
JIOCTYII€ B HUHTEPHETE.



Jlns koco sma knuea?

Becb cMbIci 3TOM KHUTH, KaK U OHJIAMH-KypCOB, Ha KOTOPBIX OHa Oazupyercs, —
OBITh IIUPOKO- U JTETKOAOCTYITHOM YMTATEI0 HACTOIBKO, HACKOIBKO 9TO BO3MOXKHO.
Mowu Kypchl BBI3BAIHM HHTEPEC Y JOACH pa3HOTO BO3PAcTa, COIMAIBHOTO MOJIOKe-
HUS ¥ IPO(ECCHOHAIBFHOTO OITBITA: CPEAN HUX €CTh U CTYICHTHI, U Pa3paboTIHKH
IIPOrPaMMHOT0 00ecnedeHus (Kak COCTOSIBIIIMECS, TAK U HAUWHAIOIINE), U YUCHBIE,
1 METacCIHeIHANNCTHI CO BCEX YTOJIKOB MUPA.

OnHako 9Ta KHUTAa — HE BBEJICHUE B IPOrpaMMUpoBaHue. [l yCBOeHHUs ee coaep-
YKAHFST YUTATEISIM JKeJIaTeIbHO 001aiaTh 0a30BEIMH HABBIKAMH ITPOTPAMMHPOBAHHS
Ha KaKOM-JINOO paclpoCTpaHEHHOM s3bIke (Hampumep, Java, Python, C, Scala,
Haskell). /s pa3BUTHs HABBIKOB TPOTPAMMHUPOBAHHS PEKOMEHIYEM 00paTUThCS
K OecIUTaTHBIM OHJIAHH-KypcaM OOydeHHs OCHOBaM IIPOTPaMMHUPOBAHUSL.

[To Mepe HEOOXOAMMOCTH MBI TAK)KE UCTIONIE3YEeM MaTeMaTH4eCKHid aHaJIN3, YTOOBI
pa3o0parbcst B TOM, Kak ¥ IM0YeMy aJTrOpUTMEI JeHCTBUTENBHO padoraroT. Haxo-
Jsiiecs B CBOOOIHOM JOCTyIE KOHCIEKThI ekuuil «Marematuka s Computer
Science» mox aBropcTBoM Dpuka Jlemana, Toma Jlelitona n Ansbepra Meliepa
SIBIISFOTCS IPEBOCXOIHBIM 1 3aHIMATEILHBIM TOBTOPUTEITBHBIM KypPCOM IO CHCTEME
MaTeMaTHYeCcKuX 0003HaueHui (Hanpumep, X 1 V), 0CHOBaM TEOPUH JJOKa3aTeNbCTB
(MeTox MHAYKINH, JOKA3aTeIbCTBO OT MPOTHBHOTO U JIp.), TUCKPETHOH BEpOsIT-
HOCTH ¥l MHOTOMY JPYTOMY.



JlononnumenvHole
pecypcol

Ota KHUTa OCHOBaHA Ha OHJIAIH-KYPCaX, KOTOPHIE B HACTOSIIIEE BPEMS 3aITyIICHBI
B pamkax npoektoB Coursera u Stanford Lagunita. ABTOp Takxke c03/1a1 HECKOIBKO
PEeCYpCOB B TIOMOIIh YHTATEIISIM JJ1s1 TOBTOPEHUSI M 3aKPETUICHHSI OITbITa, KOTOPBIN
MOYKHO H3BJICYb U3 OHJIAITH-KYPCOB.

Bupeo. Eciu BB 60ITbIIIE HACTPOEHBI CMOTPETH U CITYIIATh, HEXKEIIH YUTATh, TO 00-
parutech k Matepuanam YouTube, nocTynHbIM Ha caiite www.algorithmsilluminated.
0rg, 3aTparuBaroIliM BCE TEMbI 3TOM CEPUH KHHT, a TAK)KEe HEKOTOPBIE O0JIee CI0XK-
HbIE TEMBI 32 paMKaMU KHUKHOH Cepuu.

TectoBble 3aganns. Kak npoBepuTh, YTO BBl JCHCTBUTEIBHO yCBAaUBAETE I10-
HATHSA, IPEJICTABIICHHBIC B 3TOM KHUTE? TecTOBBIE 3aJIaHuUs ¢ pEIICHUSIMHU U 00b-
SICHEHUSIMU pa30pOCaHbl 0 BCEMY TEKCTY; KOTJIa Bl CTAIKUBAETECh C OJJHUM
U3 HUX, MPU3BIBAI0 BAC OCTAHOBUTHCS U MOAyMaTh HaJ OTBETOM, MPEXKIE YEM
MPOJIOJKATH YTEHUE.

3agaun B KOHIIE IVIaBbl. B KOHIIE Ka)kKI0# I71aBbI BBl HalileTe HECKOJIBKO OTHO-
CUTEJIPHO MPOCTHIX BOIIPOCOB HA MPOBEPKY YCBOCHUS Marepuaa, a 3aTeM 3aJauu
Pa3IMYHOrO YPOBHS CJI0KHOCTH, HE OTPaHUYEHHBIE 110 BPEMEHH BBITIOJTHEHMS. Pe-
MIEHUS ATUX 33/1a4 B KHUTY HE BKJIIOYEHBI, HO 3aMHTEPECOBAHHBIE YUTATEIN MOTYT
00paTUTHCS KO MHE WJIM B3aUMOJICHCTBOBATh MEXK Ty COOOM Yepe3 JMCKYCCHOHHBIH
(hopyM KHUTH (CM. HIKE).

3agaun o NporpaMMMpoBaHMI0. B KoHIle OOJIBIIMHCTBA IVIaB MpeJiaraeTcs
peann3oBaTh NPOrPAMMHBIN MPOEKT, LEIbI0 KOTOPOTO SBIAETCS 3aKperjieHue
JeTaIRHOTO TIOHMMAHUS aJITOPUTMa IyTeM CO3IaHUs ero padoueil peaam3amum.
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HabGopb!l 1aHHBIX, a TaK)Ke TECTOBBIC IPUMEPHI U UX PEIICHHUSI MOXKHO HAHUTH Ha
caitite www.algorithmsilluminated.org.

Juckyccuonnbie popymbl. OCHOBHOW MPUYUHON yCIieXa OHJIAHH-KYPCOB SIBIISICT-
Cs1 BOBMOXKHOCTb OOLIEHUS T4 CITyLLIaTesNel, pealn30BaHHas Yepe3 JUCKYCCHOHHbIE
(opyMBL. DTO MO3BOJISIET UM ITOMOTATh JIPYT APYTY B JIyUIIeM TOHUMAaHUN MaTepH-
aja Kypca, a TaKkKe OTJIaXKUBaTh CBOM IIPOrpaMMBbl IOCPEICTBOM B3aUMOIEHCTBHSA
1 oOcyaeHust. YUTaTenn STHX KHAT HMEIOT TaKyH0 e BO3MOXKHOCTh OJlaromapst
(hopymam, ToCTymHBIM Ha caiite www.algorithmsilluminated.org.



brnazooaprnocmu

OTH KHUTH HE CYIIECTBOBaNM ObI 03 PHTy3Ma3Ma M «HHTEIUIEKTYaJIbHOTO TOJI0-
J1a», KOTOpbIEe NOKAa3aIy ThICSAYU YYAaCTHUKOB MOUX KYpPCOB II0 aJITOPUTMaM Ha
MIPOTSHKEHIM MHOTHX JIET Kak Ha Kamiyce B CTaHdop/ae, Tak 1 Ha OHJIAITHOBBIX
tardopmax. Sl ocodeHHO GrraromapeH TeM, KTO MPeoCTaBIIII TOAPOOHBIE OT3BIBEI
B OTHOIIEHUHU OOJIee PAaHHETO MPOEKTA 3TOH KHUTH, B uX yncine: Tous brnact, FOaunb
Hao, Kapnoc I'yiisa, Jxum Xymenscus, Bnagumup Kokmenes, baiipam Kynues
u Jlanuane 3uHrapo.

51 Bcerna LeHro OTKIMKY ynTareiaed. O CBOUX MPENIOKEHUSIX YUTATEIAM JTydLle
BCEro cOO0IIaTh Ha YIIOMSHYTOM BEIIIE (hopyme.

Tum Pagpeapoen
HblO—F[OpK,
anpens 2019

OT unsparenncrBa

He ynusnsiiTech, 4To 3Ta KHMUra HAYMHAETCS C TPUHAAIATOM TaBbl. C 01HOI cTO-
POHBI, OHA SBJIAETCSI YacThio Kypca « CoBepIeHHbIH anroputv» Tuma Pagrapnena,
a ¢ Ipyroii — caMOCTOSITENbHBIM U3JJaHUEM, B KOTOPOM PACCMaTPUBAIOTCS BOIIPOCHI
JKaJIHbIX QJIFOPUTMOB U JUHAMUYECKOI0 NporpammupoBanus. Ilpunoxenus A, b
u B Bbl MoxxeTe Haiit B kHHTre «CoBepineHHbIH anropuT™. OCHOBBDy (4acTh 1)
u «CoBepuieHHBIH anroput™. I'padoBbie adTOPUTMBI U CTPYKTYPBI JaHHBIX»
(gactb 2)..

Bamy 3ameuanusi, IpenaoKeHus, BOIIPOCHl OTIPABIIATE 110 aapecy comp@piter.
com (m3narenbeTBo «IlnTepy, KoMmbIoTepHAs peaakys). Mbl OyaeM pajsl y3HaTh
Bame MHeHHe! Ha Be-caiiTe m3gaTenscTBa Www. piter.com BBI HaiieTe moapoOHyTo
MH(POPMAIIMIO O HAIIIMX KHUTAX.
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IIpoexTupoBaHue U aHAIHN3 AITOPUTMOB CTPOATCS MPEUMYIIECTBEHHO Ha OaaH-
CHPOBAHUU MEXAY OOIUMH MPUHIUIAMH MPOCKTHUPOBAHUS aJITOPUTMOB U HX
BapUaHTaMH, aJaNTHPOBAHHBIMH ISl PEIICHHUS KOHKPETHBIX BBIYHCIUTEIBHBIX
3a7a4. B IpOeKTHPOBAHUM AITOPUTMOB HET «CepeOpSHON MyJIH», TO €CTh TaKOTO
YHUBEPCAIBHOTO TEXHUYECKOTO TIPHEMa, KOTOPBIH CII0CO0EH PeIInTb JIF00YIO BbI-
YHCIUTENBHYIO 3a1a9y. Ho ecTh HeCKOIbKO OOIINX mapajnurM MpOeKTHPOBAHUS,
CIOCOOHBIX ITOMOYb B PEHICHUH CAMBIX Pa3HBIX NPUKIAAHBIX 3a7a4. Hayuutscs
9THM TTapaInTMaM U UX HanOoJee M3BECTHBIM BOIUIOMIEHHUAM — OJIHA U3 TIIABHBIX
LieJlel ATOM KHUKHOU CEpUu.

13.1. NMNapagnrma npoeKkTnposaHus
>XXaAHbIX anropuTMoB

13.1.1. Mapagurmbl anropuTmMoB

Uro Takoe «mapagurma npoeKTUPOBAaHUS allTOPUTMOBY»? B miepBoii KHUTe TaHHOK
cepud (fanee uacme 1) IPUBOAUTCS KAHOHUYECKUH TIPUMEp — MapaJurMa «pas-

[l U BIACTBYID»:

IMAPAJIMT'MA «PA3JEJIAN U BIACTBY M»
1. Pazoenums BXOIHBIE TaHHbIE HA 00OJIEe MEJIKUE [103a1a4uH.
2. PexypcugHo OKOPUTH TIOJ33]IaUH.

3. Coemecmumb pelICHus nmoA3aaad B pCIICHUC HepBOHa‘IaJ'ILHOﬁ
3aJa4u.

B wacmu I Mbl BUEIH MHOTOYHCIICHHBIE TPUMEPbI 3TOH MapaJurMbl: alTOPUTMBI
COPTHPOBKH CIIMSIHAEM MergeSort B OBICTPOI COPTHPOBKH QuickSort, aaropurM
KapairyGpl yMHOXEHHS ABYX n-3HAYHBIX eIbIX uncen 3a O(n'*°)-e Bpems, auro-
putMm IlTpaccena yMHOKEHHS IBYX 7 X n-marpuil 3a O(n>"')-¢ BpeMsi 1 MHOTHE
Apyrue. HepBaﬂ IIOJIOBHHA 3TOM KHUTU TMOCBAILICHA MapaaurMe nNpoCKTUPOBaHUSA
2HCAOHBIX aNTOPUTMOB. UTO K€ TAKOE JKa/HBIM AIrOpUTM Ha camoM Jene? MHOro
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KPOBH 1 YEPHIJI OBUIO TPOJMTO MPH TTOMCKE OTBETA HA ATOT BOIIPOC, TOITOMY MBI
Y/IOBJIETBOPUMCS] HEO(HUIIHATIBHBIM ONpe/IeIeHHEM ' .

KAJTHASA MAPAJUT'MA

WrtepaTuBHO KOHCTPYHPOBATH pPEIICHHE MOCPEACTBOM IOCIIEI0BA-
TENBHOCTH OJIM30PYKUX PEUICHUH U HAJIESThCA, YTO B KOHIIE KOHI[OB
BCE IMOJy4YHTCH.

.Hy‘II.HI/Iﬁ CIoco0 MIPOIYBCTBOBATL Xa/IHBIC AJITOPUTMBI — HUCIIOJIB30BAaTh IIPUMEPEI,
B TOM YUCJIC U IPEACTABJICHHBIC B IMTOCICAYIOIINX rIaBax’.

13.1.2. TemMbl XxagHOW Napagurmbl

Bot Heckoibko T€M, KOTOpBIE CIEAyeT BhICMAaTpPUBAaTh B HALIUX MpUMeEpax
(BO3MOXKHO, JJISt TOTO YTOOBI ATOT pasfiel Ka3alicsi MeHee aOCTPAKTHBIM, BBI 3a-
XOTUTE MEPEUUTATh €T0 MOCIe MPOCMOTPa OJHOTO UM HECKOIBKUX MIPUMEPOB).
Bo-nepBbix, BO MHOTUX 3aJadyaxX YAMBUTEJIBHO JIETKO NPUAYyMaTh OIUH WIH
Jla’ke HECKOJIBKO JKaJHBIX aJTOPUTMOB, IIPHYEM BIOJIHE PabOTOCIOCOOHBIX.
B neiicTBUTENbHOCTH aAHbIE aJITOPUTMbI MOTYT OBITH OTIIMYHBIM JIEKAPCTBOM
OT MPEOJOJICHUS MUCATEIBCKOTO TYIIHKA, B KOTOPOM BBI 3aCTPsUIM Ha BIIOITHE
OOBIIEHHOI 3a/1a4Ke, HO TIPH 3TOM OHH MOTYT OBITh TPYAHOIIPHMEHHMBIMH JUTS
OILICHKHU TOTO, KaKOM MMEHHO >KaJHBIH MOJAXOJ SIBISETCS Haubojee Mepcrek-
THUBHBIM. BO-BTOPBIX, aHAJIN3 BPEMEHH BBITIOIIHEHHS YaCTO OTJINYACTCS aopH-
CTUYHOCTHIO. Harpumep, MHOTHE JKaHbIE AJITOPUTMBI CBOAATCA K COPTUPOBKE

! ®opmasbHbIe OTIPEIEICHHUS JKaTHBIX aITOPUTMOB MOYKHO Ha#TH B cTathe «(Incremental)

Priority Algorithms» Ainana bopoauna (Allan Borodin), Moprena H. Hunbcena (Morten
N. Nielsen) u Yapnbe3a Pakoda (Charles Rackoff) («Anropurmbl (HHKpEMEHTHOTO)
npuoputeray, Algorithmica, 2003).

Yurarenu vacmu 2 y>ke BUJIEIH KaIHBIM aNTOPUTM, @ IMEHHO aJITOPUTM KpaTyalIiero
myTd JIeMKCTphl, UTEpaTUBHO BBIYUCISIONINI KpaTJailee pacCTOSHNE OT CTapTOBOM
BEPIIHMHBI § JI0 JIF000H pyroii BepuuHbl rpada. Ha kaxioii nteparun anroputm 0e3-
BO3BPATHO U ONU30PYKO OEpeT OLEHKY KpaTdaiiiero pacCTOSHUS 1O OAHOW IOMO-
HUTEJILHOI BEpIIMHBI, HUKOTAA HE MepecMaTpuBas cBoe peureHue. B rpadax Toabko
C HEOTpHULATENbHBIMH ATMHAMU peGep Bce B UTOre cpadaThIBaeT, a BCE MOMyUYECHHBIE
OLICHKH KpaT4YaiIlero My TH SBISIOTCS NPaBUIbHBIMH.
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(TuTFOC JTMHEWHOE KOJMYECTBO JIOMIOJHUTEIBHON 00pabOTKH), U B 3TOM CiIydae
pacueTHOE BpeMsl BHITOTHEHUS peann3anuu oyner coctaBisite O (n log n), rae
n — YHUCI0 00BEKTOB sl COPTUPOBKU' (0003HaUYeHHEe O-00NbIIOE TOAABISICT
MOCTOSIHHBIE MHOXKHTEJIH, & pa3iIH4HbIe JorapupmMudeckie QyHKINH OTIHYAF0TCS
MOCTOSITHHBIM MHOXHTEJIEM, IOATOMY HET HEOOXOAMMOCTH YKa3bIBATh OCHOBAHUE
norapugma). HakoHelr, 4acTo TpyJHO MOHSTb, IEHCTBUTEIBHO JIU MTpe/IaracMbIi
JKaIHBI aJITOPUTM BO3BpAIlaeT NPABUIIbHBII BBIXOJ IS KAXK/I0T0 BO3MOXKHOTO
BX0/1a. PHCK B TOM, 4TO OIHO U3 HEOOPATHMBIX OIM30PYKHX PEIICHUN alrOpHT-
Ma BepHETCs U Oy/eT Bac MpeciIe0BaTh, a 3aJHUM YHCIOM OyfeT 0OHapyX eHO,
YTO alrOPUTM HHKY/a He rogutcs. M naxe Koraa xKaaHblil alrOpUT™ SBISETCS
(opManbHO MPABUIIBHBIM, J0Ka3aTh 3TO OBIBAET TPYIHO’.

OCOBEHHOCTH M HEJIOCTATKH KA JTHOM IMAPATATMbI
1. Jlerko npuaymarb OJAWH UM HECKOJIBKO KaJHBIX aJITOPUTMOB.
2. Jlerxo MNpOaHAJIU3UPOBATH BPEMS BBITTIOJIHCHUS aJIrOpHUTMA.

3. TpyaHO yCTaHOBUTB PABUIILHOCTD aJrOPUTMA.

OnHa U3 MPUYHMH TPYJHOIOKA3yEMOCTH MPABIIBHOCTH JKaIHBIX aITOPUTMOB —
B TOM, YTO OOJIBITMHCTBO TAKHMX aJITOPUTMOB HA CAMOM JISJIC HE SIBIISIFOTCSI TIPABUITH-
HBIMH, TO €CTh CYIIECTBYIOT BXOJIbI, JJIs1 KOTOPBIX aITOPUTM HE MOXKET MTOTYYUTh
JKEJTaeMbIN pe3ylbTar.

' Hampumep, AByMsI aITOpUTMaMU COPTHPOBKH cO BpeMeHeM Boinonaenus O (n log n) si-
JISIFOTCSI COPTUPOBKA CIIMSIHUEM MergeSort (cM. m1aBy | wacmu 1) n Ky4eBasi COPTUPOBKA
HeapSort (cm. maBy 10 uacmu 2). B kauecTBe ajbpTepHATUBBI PAHIOMHU3UPOBAHHAS
ObIcTpasi cCOpTHPOBKa QuickSort (cM. miaBy S5 uacmu 1) ©IMEET CpeHee BpeMsl BBITIOJ-
nenus O (n log n).

2 Yurarenu, XOPOIIO 3HAKOMBIC C 4acmbio I, 3HAIOT, 9TO BCE TPU TEMbI IPEACTABISIOT
OOJIBIIION KOHTPACT MAPAUIMe «Pa3/eyisiid U BIACTBY . [IpraymMaTh XOpoInii alropuTM
«pazzieNnsiii U BIACTBY», KaK MPaBUIIO, HEMPOCTO, HO B IPOLIECCE MPHIYMBIBAHHS OOBIYHO
MPUCYTCTBYET MOMEHT 03apEHHs, TO €CTh MOMEHT MHTYUTHBHON Pasralky peuraeMoil
3a7a4d. AHaJIU3UPOBATh BPeMs BBHITIOITHEHHSI QJITOPUTMOB «pa3/ielisiii U BIacTBYH» ObI-
BaeT TPYJHO M3-3a NMEPETATHBAHUS KaHaTa MEXIY CHIAMH Pa3pacTaroLIUXCs Moa3a1ad
U COKpallaroieincs paboToil HaJl Kax 101 nmoa3anadei (cM. miaBy 4 wacmu 1). Hakoner,
JI0Ka3aTeIbCTBA MPaBUILHOCTH aITOPUTMOB «PA3AEIi 1 BIACTBYH» OOBIYHO SBIISIOTCS
HPSIMBIMU MHAYKIHSIMH.



13.2. 3apaya nnaHMpoBaHus 25

HOPEAYIIPEXJIEHUE

BonpmmHCTBO KaaHBIX AJITOPUTMOB HE MOT'YT CHUTATBCA a0COIIFOTHO
MpaBUJIbHBIMU.

OTOT MOMEHT 0COOCHHO TPYAHO IPUHSTEH B OTHOIICHUH YMHBIX ’KaJHBIX aITOPUT-
MOB, KOTOPBIE BbI H300pein camMu. B riryOnHe Iy1iy BBl MOYKeTE OBITh YOEXKIEHBI,
YTO CO3JJaHHBIN BaMH JITOPUTM BCET/Ia JOJDKEH peliaTh 3ajaqy npaBuisHo. Ho...
Yarre BCEro 3T0 YOk ACHHE SBIIETCS HEOOOCHOBAHHBIM ',

Temnepb, KOrJa MOSI COBECTh YMCTA, 1aBAHTE IIOCMOTPHUM Ha HECKOIBKO TIIATEILHO
OTOOpaHHBIX MPUMEPOB 3aJ1ad, KOTOPBIE Mocym OBITh TPABIIBLHO PEIICHBI C T10-
MOILBIO Pa3yMHO CIIPOEKTHPOBAHHOI'O YKaHOTO aJrOpUTMa.

13.2. 3apa4ya nnaHMpoBaHUSA

Hamre nepBoe Temarnueckoe Mccael0BaHUE KaCaeTCsl HAAHUPOBAHUs, B KOTOPOM
LIeJIbIO SIBIICTCS pacipeesieHue padoT M0 0OJHOMY MM HECKOJIBKUM COBMECTHO
HCIIONIb3YEMBIM pECypcam Ul ONITUMHU3ALMU HEKoTopoit 1ienu. Hanpumep, pecypce
MOYKET IIPECTABISATH KOMITBIOTEPHBIH Tporieccop (TIe paboThl COOTBETCTBYIOT 3a-
JaHUAM), y4eOHbIH npeaMeT (rae padoThl COOTBETCTBYIOT JIEKLIMAM) HITH KaJleHJaph
Ha JIeHb (T7ie paboThl COOTBETCTBYIOT BCTpEUYaMm).

13.2.1. NocTaHoOBKa

B obnacty miaHUpOBaHMS MOAJIEKAIIUE BEITOJIHCHUIO 3alaHUs] OOBIYHO HA3bI-
BAIOTCS pabomamu, AIMCIOLIMMH Pa3INuHbIe XapaKTepHUCTHKU. [IpeamonoxKumM,
Ka)K1ast paboTra j UMeeT M3BECTHYIO NPOJOKUTEIbHOCTD, Ul Oauny {;, KOTO-
past ABJISETCS] KOJIMYECTBOM BPEMEHH, HEOOXOIMMBIM VISl BHIIIOITHEHHS PaOOThI
(HampuMep, MPOIODKUTEIBHOCTD JICKMU WK BCTpeur). Kpome Toro, kaskaast
pabora nmeer sec w;, mpuueM Oosiee BBICOKHE Beca COOTBETCTBYIOT boiee npu-
OpHUTETHBIM paboTam.

! Jlaske He JTUIICHHBIH HE0CTATKOB JKaIHBIH AITOPHTM MOYKET 00CCIICUHTh CBEPXOBICTPOE
paspelieHue 3a/1auu; K 9TOMY BOIIPOCY MbI BEpHEMCS B uacmu 4.
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13.2.2. Cpoku 3aBepLUEeHUS

[Mnan, wnu pacnucanue paboT, KOHKPETH3UPYET MOPSIOK BBHITIOJHEHUS PadoT.
B sx3emiisipe 3agaun ¢ n padoramu cymectByeT n! =n X (n—1) x (n—1) x ... X
x 2 x 1 pa3upix pacnucanuii. Ouens MHOT0! Kakoe u3 HUX MBI JOJKHBI MTPEAIIO-
qecTh?

Hanee HYKHO ONPEACTHUTD Yeresyio QyHKYuro, Ha3HAYANIYI0 KaXIOMY pac-
MUCAHUIO KOTMYESCTBEHHYIO OTMETKY M KBAHTH()UIIUPYIOIIYO TO, YTO MbI XOTHM.
Takum oOpazom:

CPOKMU 3ABEPHIEHU A

Cpox 3asepuenus C,(c) pabOThI j B paCIUCAHUK G €CTh CYMMa JUIMH
padoT, MPEALIECTBYIONINX j B G, TTIOC JUIMHA CaMOTO .

JpyruMu ciioBamu, CpOK 3aBEPILCHUsT PadOThI B PACIUCAHUH — ITO CYMMapHOE
BpeMsi, KOTOPOE TIPOXOJIUT JIO IMOJTHOW 00pabOTKU PabOTHI.

YIPA’KHEHME 13.1

PaccmoTpuM 3amady, B paMKax KOTOPOH IIPeIaraeTcsi BEIONHUTh
Tpu pabotel ¢ £, = 1, {, = 2 u {, = 3, HauMHAA C TEPBOH U3 HUX.
KaxoBbI CPOKH BBIIIOJIHEHHUS BCEX TPEX PabOT B ITOM PACIUCAHUU?
(Beca pabot B 9TOM BOIpOCe HE MMEIOT 3HAYEHHMs, TIOITOMY MBI HX
HE yKa3aJu.)

a) 1,2u3
0) 3,5u6
B) 1,3u6
r) 1,4u6

(Penrenue u mosicHeHue cM. B paznene 13.2.4.)
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13.2.3. UeneBasa pyHKUUSA

Uro mpencTaBinsier coboit xopommii rpaduk? Mel cTpeMUMCST K MUHAMAITBHBIM
CpOKaM 3aBeplIeHUs1 pPadOT, HO KOMIIPOMHUCCHI HeU30€KHbI — B JIF0OOM paciuca-
HUH paboThI, 3aIUIAHUPOBAHHEIE paHee, OyayT UMETh U Oosiee paHHHE CPOKH 3a-
BEPIICHUS, a TE, YTO 3aILTAHUPOBAHBI OJTIKE K KOHITY, OyIIyT UMETh O0JIee TO3IHIe
CPOKH 3aBEpIICHUS.

OnuH U3 croco00B HAXOJUTh KOMIIPOMHUCCHI MEKIY pad0oTaMu COCTOUT B MUHH-
MU3AIHUN CYMMbL 836EUEHHbIX CPOKOG 3a6epuienus. B MaTeMaTHKe 3Ta 1eneBas
(YHKIHS TpaHCIHPYETCS B

min_w,C, (o), (13.1)
j=1

IJIe MUHUMU3AIHS BBITOJIHSACTCS HaJl BCEMH 71! BOBMOXXHBIMH PACIUCAHUSAMHU G,
a C(c) 0003Ha4aeT CPOK 3aBEPLICHHS PAOOTHI j B PACIIMCAHUH G. ITO SKBUBAJIEHTHO
MUHUMH3ALUHU CPEIHEB3BEIICHHBIX CPOKOB 3aBepIICHUs padoT, IIe YCPEAHSIOIIE
BeCa NPONOPLUUOHAIBHBI 3HAYCHUSIM W,.

Hampumep, paccMoTpuM paboThl B ynpaxkHeHHH 13.1 1 npeanonaoxkum, 4To Ux Beca
COOTBETCTBEHHO PaBHbI W, = 3, w, =2 u w, = 1. Ecan Ml 3a1u1aHupyeM 1ocyie10Ba-
TEJHEHOE BBITIOJHEHHE Pa0oT, TO CyMMa B3BEIIIEHHBIX CPOKOB 3aBEpIIICHHS Oy/IeT paBHA

3x1 + 2x3 + 1x6 =15.

i &= [y
padora Ne1  pabora Ne2  paGora Ne 3

[TepenpoBepuB Bce 3! = 6 BO3MOXKHBIX PAaclUCaHUI, MBI MOJKEM MOATBEPAUTE,
YTO ATO TO paclUCaHue, KOTOPOE MUHUMUZUPYET CYyMMY B3BEIIEHHBIX CPOKOB
3aBepurieHus. Kak pemurs 3Ty 3a1aqy B 00IIeM CiTydae ¢ y9eTOM IPOU3BOIBHOTO
MHOXKECTBa JUJIMH U BECOB pabOT Ha Bxoze?

3AJAYA: MUHUMHU3ALIUA CYMMBbI B3BEHIEHHBIX CPOKOB
3ABEPIIEHU S

Bxon: MHOXecTBO U3 1 pabOT ¢ MOJOKUTENbHBIMU AHHAMHU €, £,
<oy {, V1 TIOJIOXUTEIIEHBIMHI BECAMH W), W,, ..., W,.

n

Bsixoa: nociienoBarebHOCTh Pa0OT, KOTOpast MUHUMH3HUPYET CyMMY
B3BEILIEHHBIX CPOKOB 3aBepmieHus (13.1).
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C n! pa3HBIMH PACIUCAHUSMH BBIYHMCIICHUE JIYYIIETO IIyTEM HCYEPIBIBAIOIIETO
MOMCKa Jaxe He o0cyxaaeTcs (KpoMe eIMHUYHBIX UCKIoueHHi). HaM HyxeH
Oosiee yMHBIN aliropuTm'.

13.2.4. PeweHue ynpaxHeHusa 13.1

IIpaBuabHbI oTBeT: (B). MBI MOXXEM BU3yalH- A 6
3MPOBATH PACIIUCAHUE, PACIIONOKHB PaOOTHI OIHY
Ha, TOil, C YBEIUUCHHEM CPOKa CHU3Y BBEPX

A Apyrou, ¢y p Yy p PaGota Ne 3
(puc. 13.1). Cpok 3aBepIlieHUs] PaOOTHI SBISCTCS

CPOKOM, COOTBETCTBYIOIIUM €€ BEPXHEMY Kparo.

Cpoxk 3aBepliIeHHs IEPBOH pabOTHl — 3TO MPOCTO

Bpewmsi
w

ee JuiHa, Wi 1. Bropas pabora o/pkHa 10K IaTh-

. Pabota Ne 2
Cs1 3aBEpIICHHUS MIEPBOU PabOThI, TO3TOMY €€ CPOK

3aBEPILCHUS SBISIETCS CYMMO JITHH MEPBBIX ABYX 1
pabot, To ectb 3. TpeThs pabora naxe HE HAYH- Pa6ota Ne 1

HaeTcs 70 CpokKa 3, a 3aTeM JUIsi €€ 3aBEpIICHUS
TpeOyeTcs enie 3 eTUHHIIBI BpEMEHH, TI0ITOMY €€ Puc. 13.1. Cpoku

CPOK 3aBEpILIEHUSI COCTABIISIET 6. 3aBepLueHns Tpex pabot
cocTaBnsitot 1,316

13.3. PaspaboTka XxagHoro anropurma

JKaHbIe alrOPUTMBI, 110 BCEH BHIUMOCTH, XOPOIIIO MOAXOAT IS 3a1a4H [TaHHU-
poBaHus PabOT, MUHUMHU3HUPYS B3BSIICHHYIO CYMMY CPOKOB 3aBepIIIeHHsI. BoIxos
HMEET UTEPATHBHYIO CTPYKTYPY, Tlie paboThl 00pabarsiBaroTcs 10 0O, [Touemy
OBl HE HCIIOJB30BATh JKAIHBIH AJITOPUTM, KOTOPBIA MTEPATHBHO pEIlacT, KaKas
pabota Oyner cienyromeii?

HepBLIM aromM Haliero mjiaHa ABJISICTCA PEHICHUC ABYX YACTHBIX CITy4acB O6H.leﬁ
3ajaun. Hamm PECUICHUA OTHUX CIIYyYacB IMOKAXKYT, KaAK MOXKCT BBITVIAACTD )Ka,[[HLIfI
aJITOPUTM B O6H_ICM ciry4dac. 3aTeM MBI Cy3um o0macTh 0 OJHOro ajJropurma-

' Hampuwmep, n! 6onbiire 3,6 musutrona mpu 7 = 10, 6osbIire 2,4 KBUHTHUTHOHA IpH /71 = 20

1 0oJIbIlIe, YeM PACUETHOE YKCIIO aTOMOB B U3BECTHOM BeenenHou, nmpu n > 60. Takum
00pa3oM, HUKaKO€ MBICIUMOE YCOBEPILEHCTBOBAHNE KOMIIBIOTEPHON TEXHOJIOTUH HE
MPEBPATUT UCUEPIIBIBAIOLINI TOUCK B MONE3HBIH alIrOpUTM.
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KaHauaara 1 JOKaXKEM, YTO UMCHHO 3TOT KaHAuJaT pCHIacT 3aJady IIPaBUIIbHO.
Hpouecc, C IOMOIIBIO KOTOPOT'O MBI ITPUXOAUM K 3TOMY aJITOPHUTMY, OoJiee BaXKeH
JUIA 3allOMUHAaHUA, YCM CaM aJITOPUTM; OTOT MPOLECC ABJISICTCA MOBTOPACMbBIM,
M BBl MOJKETE €T0 MCIIOJIB30BaTh B CBOMX COOCTBEHHBIX MIPUIIOKCHUAX.

13.3.1. Ba 4yacTHbIX cny4yas

JaBaiiTe mpearmoaoKuM, 9To A 331a9d MEHUMH3AIUH B3BEIICHHOW CyMMBI CPO-
KOB 3aBEpILIECHHS Ha CAMOM JIeJie CYLIeCTBYET PaBIIIbHBIN jKaaHbIH anroputM. Kak
OBl OH BBITJISAJICI, €CIIM UCXOAMUTh M3 TOTO, YTO BCE pabOThl MMEIOT OJIMHAKOBYIO
IUTHHY (HO, BO3MOYKHO, Pa3HbIE BECa) WM, HAIIPOTHB, UMCIOT OJMHAKOBEIH Bec (HO,
BO3MOXHO, Pa3HyI0 JUIUHY)?

YIPA’KHEHHUE 13.2

(1) ecmu Bce IUHBI paObOT SIBISIOTCS UASHTUYHBIMH, TOTKHBI JIF MBI
paHbIIIe IUTAHUPOBATH PabOTHI MEHBIIECTO HIIM OOJBIIETo Beca?

(2) ecnu Bce Beca pabOT SABISAIOTCS MACHTHYHBIMH, JOJKHBI JTH
MBI paHbIIIe [UIAHKPOBATH 00JIee KOPOTKUE WK 00JIee THHHBIC
paboThI?

a) OOJBIIEr0; KOPOTKHUE
6) MEHBIIEro; KOPOTKUE
B) OOJIBIIETO; ITUHHBIC
I') MEHBIIETO; JUTMHHBIE

(Pemenwuie n nmosicienne cM. B paznene 13.3.3.)

13.3.2. lyanbHble XagHble aNiropuTMbl

B o6miem cirydae paboThl MOTYT HMETh pa3HbIil BeC U pa3HyIo JUINHY. Besikmii pas,
KOT/Ia HAIIIH JIBA AMITUPUYECKHUX NIPaBUIIa — MPEANOYUTATh O0Jiee KOPOTKYHO pado-
Ty ¥ paboTy ¢ OOJBIINM BECOM — Ha Hallle c4acThe JIJIS Mapbl padoT COBNAALOT,
MBI 3HaeM, KaKylo U3 HUX 3aIUIaHHPOBATh MEpBOi (Ooiiee KOPOTKYIO ¢ OOIBIIIM
BecoM). Ho uro, ecnu 311 1Ba mpaBuiia Jai0T MPOTUBOPEUUBLIA coBeT? UTO MBI
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JIOJDKHBI JIENaTh C OJJHOH KOPOTKOW paboTO¥ ¢ HU3KUM BECOM M OJTHOM JITMHHOMN
paboToii ¢ BEICOKUM BeCcOM?

Kaknm OyzeT camblii MPOCTO# JKaHBIA aJIrOPUTM, KOTOPBIA cpaboTaeT Kak Hamao?
Kaxxnas pabota uMeer JBa napameTpa, U allrOpUTM JIOJKEH CMOTpPeTh Ha 00a. Hau-
Jy4IINM BapUaHTOM OBLIO OBI pa3padoTarh (popMy:Ty, KOTOpast KOMIINPYET JTHHY
1 Bec KayK/10i1 paOOTHI B ©IMHYIO OTMETKY (BKJIAJT), BCIEACTBHE Y€T0 INIAHIPOBaHNE
paboT OT caMOii BBICOKOMH 10 caMOif HU3KOM OTMETKM rapaHTUPOBAHHO MUHUMM3HU-
pyeT cyMMy B3BELICHHBIX CPOKOB 3aBepiueHus. Ecin Takas opMyna cyiiecTByer,
TO U3 HAIlINX /IBYX YaCTHBIX CITy4aeB CIEAYeT, 4TO OHA IODKHA HMETh IBa CBOICTBA:
(i) ocTaBisst JUIMHY (PUKCUPOBAHHOMN, OHA JIOJDKHA YBEJIMYHUBATHCS OT Beca pabOThI;
(i1) ocTaBiAs BeC (PUKCHUPOBAHHBIM, OHA JIOJDKHA YMEHBINATHCS OT JJIMHBI PaOOTHI
(HAITOMHYM, YTO YeM BBIIIE OTMETKH, TeM Jyuine). [loTparsre MUHYTY Ha MO3TOBOMH
LITYPM HECKOJBbKUX (POPMYJI, KOTOpbIE UIMEIOT 00a 3TUX CBOMCTBA.

[Moxamyit, camoit mpocToi pyHKLMEH, KOTOpask yBEIUUUBACTCSA B BECE U YMEHb-
LaeTcs B AJIMHE, ABJIAETCS Pa3HULIA MEKAY HUMHU:

npenokenne Ne 1 juist orMeTku pabotsl j:w, — (.

Vka3aHHas OTMETKa MOTJIa ObI OBITH OTPUIATETBHOMN, HO 3TO HE CTABUT HUKAKHX
HPENSTCTBUI A5l TIOCNEA0BATENBHOTO BEICTPAUBaHUs pabOT OT caMOi BBICOKOM
J0 caMO# HU3KOM oTMeTKHU. CyllleCTBYET, BIIPOUYEM, HEMAJIO JPYTUX BapUaHTOB.
Hanpumep, oTHOIIEHHE IBYX NApaMETPOB SBISAETCS €L1e OJHUM KaHAUIATOM:

w.
nipeuioskeHue Ne 2 Juist OTMETKH paboThI | 8_/ .
i

Oty nBe GYHKIUU BBIYHUCICHUS OTMETKH NPUBOAST K ABYM Pa3HBIM >KaJHBIM
aJIrOpUTMaM.

KAJHAS PABHOCTb GREEDYDIFF
[lnanuposars paboThl B yObIBarOLIEM NOPsAKE W, — ¢,

(TpOM3BOIBHO Pa3phIBasi COBMAJCHUE 3HAUCHUIA).
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KAJHOE OTHOIIEHUE GREEDYRATIO

Ww.
[TmarmpoBaTh pabOTHI B yOBIBAIOMIEM TIOPSIKE [—’

J
(IpOM3BOIBHO Pa3phIBas COBMAJCHUE 3HAUCHU ).

Taxum 00pa3oM, yke Hallle IepBOe TEMATHIECKOE UCCIIEIOBAHNE UILTIOCTPUPYET
TIEPBYIO TEMY JKaJHOU mapa aurMel (paznen 13.1.2): mpennoxuTh 1 3a7a494 He-
CKOJIbKO CONEPHUYAIOLINX KAJAHBIX aJIFTOPUTMOB OOBIYHO HE COCTABISIET TPyAa.
Ho kaxoii 13 ABYX aJropuTMOB, €CJIM TAKOBbIE UMEIOTCSI, SIBJISIETCS IPABUIIbHBIM ?
BricTphIil cmoco0 UCKIOYUTHh OAWMH M3 HUX — HAWTH JK3EMIUISP, B KOTOPOM
JIBA QJITOPUTMa BBIBOAST pa3Hble PACIUCAHUS C Pa3HBIMU 3HAYCHUSIMH LIEJICBOH
¢byHkuu. B oTHOMIEHHHN JIF0O0TO aNrOpuTMa, Pe3yabTaThl KOTOPOTO OKaXyTCs
B 3TOM IIPUMEpE XYK€, Mbl MOKEM 3aKJIIOUUTh, YTO OH HE BCErHa sIBJISIETCA
ONTUMAJILHBIM. B JIBYX 4acTHBIX cily4asix ¢ paboTaMu OJUHAKOBOIO Beca WIH
OJIMHAKOBON JUIMHBEI 00a ajaropuTMa MOCTYHAaloT MpaBUiIbHO. [IpocTeimum
BO3MOXXHBIM IIPUMEPOM HCKIIOUCHHS OJHOTO M3 HUX MOXKET OBITH HK3EMIUIIP
3a/1a4i, B KOTOPO 1Be pabOThl UMEIOT pa3Hble BeCa U AJIMHBI, BCIEICTBUE YETO
00a anropuTMa IUTAHUPYIOT PaboThl B TPOTHBOIOJIOKHBIX TTOPSAKaX. TO €CTh MBI
UIIIEeM JIBe pabOTHI, MOPSAIOK KOTOPBIX IO PAa3HUIIE SBISIETCS TPOTHBOMOIOKHBIM
WX TOPSIIKY MO OTHOWEHHUo. [Tpumep:

PaGora #1 PaGora #2
OnuvnHa =5 6,=2
Bec w, =3 w,=1

3 1
[lepBas pabota umeeT OoJIbIIIee KPYITHOE OTHOIICHHE (g MIPOTHB E)’ HO OOJTBIIIYIO

pasHocth (-2 mpotuB —1). Takum 00pazom, anroput™m GreedyDiff TUTaHHpYET
BTOPYIO paboTy NMEPBOM, TOTJa KaK alroput™ GreedyRatio IiaHUpyeT IPOTHBO-
TIOJIO’KHOE.

YIIPA’KHEHME 13.3

KakoBa cymma B3BEIIEHHBIX CPOKOB 3aBEpIICHUS B pacmnuca-
HUAX, BBIBOAUMBIX COOTBETCTBEHHO alrOpuTMaMu GreedyDiff
u GreedyRatio?
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a) 22u 23
0) 23u22
B) 17ul7
r) 17u1l

(Pemenuie n nmosicieHne cM. B pazneine 13.3.3.)

Mbl nIpOABUHYINCH BIEPE], UCKIIOUUB AITOPUTM GreedyDiff u3 panpHeuero
paccmotpenusi. OnHaKo pe3yabrar yrnpaxHeHus 13.3 ne BeaeT HEMmoCpeCTBEHHO
K TOMY, YUTO aJlTOPUTM GreedyRatio Bcerna Oyner ontuManbHbIM. Hackonbko HaM
HM3BECTHO, CYLIECTBYIOT JIPYTHE CIly4au, KOTAa 3TOT alrOPUTM BbIJAET HEOITH-
MaJIbHOE pacnucaHue. Bel Bcerna H0mKHbI CKENTHYECKH OTHOCUTBCS K alITOPUTMY,
KOTOPBI HE COIPOBOXKIAETCS JOKA3aTeIbCTBOM €r0 IPaBUIIBHOCTH, AAXKE €CIU
9TOT aJATOPUTM IOCTYIAET IPAaBUIbHO B HECKOJIBKUX TECTOBBIX IPUMEpax U KpaiiHe
CKENTHYECKH OTHOCUTCS K KaJHBIM aJITOPUTMAaM.

B Hamewm ciygae anroputm GreedyRatio, MO CyTH, TapaHTUPOBAHHO 6yOem MU-
HUMU3UPOBATh CYMMY B3BELIEHHBIX CPOKOB 3aBEPILLECHMUSL.

Teopema 13.1 (mpaBWJIBLHOCTH aJroput™Ma GreedyRatio). /s kajxncooeo mHo-
JHcecmea NONOACUMENLHBIX 8eCO8 PabOm W, W,, ..., W, U NOLOIACUMENbHBIX ONUH
pabom €, €, ..., €, areopumm GreedyRatio 6b1600um pacnucanue ¢ MUHUMATLHO
B03MOICHOU CYMMOU 836€UIEHHBIX CPOKOB 3A6EPUICHIUSL.

3T0 TOTUYECKOE YTBEPSKICHNE HE SIBISIETCST OUCBHIHBIM, M BBI HE JIOJDKHBI IOBEPSITH
€My, He ITOJIYYUB JOKa3aTeIbCTB. B COOTBETCTBHY C TpeThel TeMOi JKaTHOU mapa-
qurmel (pazaen 13.1.2) 9To q0Ka3aTenbCTBO 3aHUMAET BECh CIICAYIONIMN pa3/e.

O JIEMMAX, TEOPEMAX U T. IN.

B marematmnyeckon 3anncu camble BaXHble TEXHUYECKNE BbICKa3blBAHUS
MIMeIoT cTaTyc Teopem. JleMma — 3TO TEXHNYECKOE BbICKa3blBaHME, KOTOPOE
NOMOraeT C Joka3aTeNlbCTBOM TeOpeMbl (BO MHOMOM Kak noAanporpamMmma
nomMoraeT ¢ peanusaumeit 6onee KpynHou nporpammel). Crregecreme — 310
BbICKa3bIBaHNE, KOTOPOE HEMOCPEACTBEHHO BbITEKAET U3 YK€ A0KA3aHHOrO
pesynbraTa, Hanpumep, YaCTHOro ciy4vasi TeopeMbl. Mbl ICNONb3yeM TEPMUH
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«YTBEPXAEHNE» (B NHbIX UICTOYHNKAX OHO MMEHYETCS NPONO3nLVeit Unm Bbi-
cKasblBaHWEM) AJ19 aBTOHOMHbIX TEXHMUYECKMX BbICKa3bIBaHWIA, KOTOPbLIE camu
rno cebe He 0COOEHHO BaXHbI.

OcraBIieiicss TeMO kKaTHON MapagurMbl SBJISIETCS MPOCTOTA aHAIHM3a BPEMCHU
BhImontHeHus (paszaen 13.1.2). 3neck 310, 6e3ycIoBHO, Tak. ANTOPUTM GreedyRatio
BCETO JIMIIL COPTUPYET PabOTHI 110 OTHOIIEHHIO, uTO 3aHuMaet O (7 log ) BpeMeHw,
TJie 77 — 9TO YUCIIO paboT Ha BXoJe (CM. CHOCKY | Ha c. 24).

13.3.3. PeweHnus ynpaxxHeumn 13.2-13.3
Pewenune ynpaxHeHus 13.2

[paBuabHbiii oTBeT: (a). CHaYaNa MPEanoioKUM, 4TO BCE 7 PAOOT UMEIOT
OJMHAKOBYIO JUIMHY, 1oIycTuM, 1. Torna kaxxaoe paclucaHue UMEeT TOUYHO Ta-
KO€ K€ MHOXKECTBO CPOKOB 3aBepieHus — {1, 2, 3, ..., n} — W eJIMHCTBEHHBII
BOIIPOC COCTOUT B TOM, KaKas paboTa IOJIydaeT CPOK 3aBEPILCHUS U KAKOB 3TOT
cpok. Haia cemanTHKa U1 BeCOB padoT, 0€3yCI0BHO, MPEIIOIaraet, 4To paboThl
¢ GOJIBLIMM BECOM JOJKHBI IOJIyYaTh MEHBIIINE CPOKH 3aBEPILICHUS, U 3TO Jeii-
CTBHUTENBHO TaK. Hampumep, BbI ObI HE 3aX0TENH 3aIIAHAPOBATE PabOTy C BECOM
10 Tpetbeii (co cpokom 3aBepiieHus 3) u padoTy ¢ BecoM 20 msaTol (Co CpoKoM
3aBepIIeHUs 5); BaM ObUIO OBl JTydIlie IIOMEHSTH MO3HUIIMK 3THX JABYX padoT, 4TOo
YMEHBIIHJIO ObI CyMMY B3BELICHHBIX CPOKOB 3aBepIieHus Ha 20 (Kak BBl MOXKETE
yOenuThCs camn).

Bropoii ciryuait, B KOTOPOM BCE pabOThI UMEIOT OIMHAKOBBII BeC, HEMHOTO TOHBIIIE.
31ech BBl XOTUTE OTZAATh IPEANoYTeHHE Oojiee KOPOTKUM padboraM. Hampumep,
paccMoTpHM /iBe paboThl eIMHUYHOTO Beca ¢ juinHamu 1 u 2. Ecim BBl cHagana
3aruIaHupyeTe 6oiee KOPOTKYIO paboTy, TO CPOKHU 3aBEPIICHHsI cOCTaBAT 1 1 3 npu
cymmapHOM 4. B 00paTHOM MOpsAKE CPOKH 3aBEPIICHUS COCTABST 2 U 3 € XYM
utoroM 5. B obmiem crywae 3amaHupoBaHHas paboTa CHadaia BHOCHT BKIIA
B CPOKHU 3aBEPIIEHUS 6cex PAbOT, TaK KaK BCE PAOOThI JOKHBI XK JATh 3aBEPIICHHS
nepBoi. [Ipy mpounx paBHBIX YCIOBHUSIX ITAHUPOBAHUE CAMOM KOPOTKOH paboThI
CHaJaja MUHMMU3UPYET 3TO HEraTUBHOE BIMsHUE. Bropas pabora BHOCUT cBOM
BKJIaJ BO BCE CPOKHU 3aBEPILEHUS, KPOME MEPBOH pabOThl, TO3TOMY BTOpast camast
KOPOTKasl paboTa JoHKHA OBITh 3aIUTAHMPOBAHA CIICAYIONICH, U T. 1.
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PeweHue ynpaxxHeHusa 13.3

IIpaBuabHbIi 0TBET: (0). ANTOPUTM GreedyDiff IIIAHUPYET BTOPYIO padOTy
niepBoil. Cpok 3aBepieHns 31oi padotsl cocrasnser C, = £, = 2, TOrna Kak CpoK
3aBepuIeHust apyroil pabotsl cocrasuser C, = £, + £, = 7. CyMMa B3BELICHHBIX
CPOKOB 3aBEpILIEHHSI TOTJ]a COCTaBUT

w, X C,+w, x C,=3x7+1x2=23.

Anroput™ GreedyRatio IulaHHpYeT IEPBYIO pabOTy NEPBOIA, B pPe3y/bTaTe IpH-
xos k cpokam 3aBepienus C, =€, =5u C,={, + {, = 7 1 cymMe B3BELICHHbIX
CPOKOB 3aBEPLIECHUS, PABHOI

3x5+1x7=22.

ITockonpKy Uit 3TOr0 mpuMepa alnroputMmy GreedyDiff HE yHaeTcs BBIYMCIUTH
ONTUMAJILHOE PACIUCAHKUE, OH HE BCETAA SABIAETCS IPABUIILHBIM.

13.4. [loka3aTenbCTBO NPaBUJIbHOCTU

AJTOPUTMEI «pa3Iesii i BIACTBYI» 0OBITHO UMEIOT (POPMYIIBHBIC TOKA3aTEILCTBA
IIPAaBUJIBHOCTH, COCTOSIIIUE U3 MPOCTOI nHaykuuu. Ho amst xaJHbIX alIropuTMOB
JI0Ka3aTeNbCTBA TPABHIBHOCTH SIBIISIFOTCSI CKOPEE UCKYCCTBOM, YeM HayKoi — Oy/ib-
TE TOTOBBI IPHIIOKUTH MAKCIMYM YCWIHI. B Tex ciydasx, Korna B T0Ka3aTeIbCTBaX
MIPaBUIIEHOCTH JKaHBIX aITOPUTMOB UMEIOTCS IOBTOPSIOIINECS TEMBI, MBI OyzieM
[IOYEPKUBATh UX [0 MEPEe MPOIBUKECHUS.

Joka3arenbcTBo Teopemsl 13.1 BriItoyaeT sSpKuil IpUMep OJHOW U3 TaKUX TEM:
obmen apeymenmamu. KirrodeBas uziest — B TOM, YTOOBI 10Ka3aTh, 4TO KaXKJ0€ BO3-
MOJKHOE PEIICHHE MOYKHO YITy4IIHTh, MOAN(HIIMPOBAB €0 TaK, YTOOBI OHO OOJIbIIe
MOXOMJIO Ha PE3yNbTaT kaJHOro alroputMa. B 3ToM pasnene npeacTaBiIeHo JBa
BapHaHTa. B nepBoM 13 HUX OyeM UCXOAUTH OT IPOTUBHOIO U UCIIOIb30BaTh OOMEH
aprymeHTamMmu 1jis Toro, 4yTOOBI IIOKA3aTh peumeHue, KOTOPOC ABIACTCS «CIIUILIKOM
XOpOIINM, 4TOOB! OBITh HCTUHHBIMY». BO BTOpOM BapmaHTe HCIOIB3yeM OOMEH
apryMeHTaMH JJIs TOTO, YTOOBI ITOKA3aTh, YTO KaXKJ0€ BO3MOXKHOE PEIICHHE MO-
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JKEeT OBITH HUTCPATUBHO BBCJICHO B BBIXO )KaJHOTO aJIrOpUTMa, IIPpU 3TOM YITydIas
PEHIICHUC TOJBKO 110 HYTI/I].

13.4.1. Cny4yam oTCYyTCTBMA COBNaaaloLmx
3Ha4YeHU: BbICOKOYPOBHEBbIN NMiaH

[epeiinem k qokaszarenbcTBY Teopembl 13.1. 3amaanuM MHOKECTBO paboT ¢ ToIo-
JKUTEJIbHBIMH BECAMH W, W,, ..., W, ¥ JUIMHaMU £, {,, ..., ,. MbI 1OJ’KHBI TIOKa3aTh,
YTO aJITOPUTM GreedyRatio co3aeT pacucanue, KOTOpoe MUHUMU3YUPYET CyMMY
B3BEILIEHHBIX CPOKOB 3aBepiueHus (13.1). Haunem ¢ aByX JOmMynieHHiA.

JABA JTOIIY LIEHU S

(1) PaboThl MPOUHIEKCUPOBAHBI B HEBO3PACTAOIIEM MOPSJIKE OT-
HOIIICHUS Beca K JUIHHE:

(13.2)

. . W
(2) Mexny OTHOUICHHSMH HET COBIMAJICHUN 3HAYCHHIA: 7 #—
BCSIKUH pas3, KoTaa i # . i J

[lepBoe nomyieHue ckopee 0TpaXkaeT JOTOBOPEHHOCTH C LeTTbI0 MUHUMHU3UPOBATh
HaIIM U3JIEPKKU B popManbHBIX 0003HaueHUsX. [lepeynopsgounBanue padot
BO BXOJI¢ HE BIMSCT Ha pemracMyro 3anady. CieqoBaTenbHO, MBI BCET/Ia MOJKEM
MepeynopsaI0UuTh U NEPEenHAEKCUPOBaTh padoThl Tak, yToOb! gonyuienue (13.2)
cobmromanock. Bropoe nomyiieHne HakIaabIBaCT HETPUBHAIBHOC OTPAHUUCHHE
Ha BXO[; B paznene 13.4.4 Mbl ipoJiesiaeM HEKOTOPYFO JIOTIOTHUTEIBHYIO paboTy,
JUISL TOTO YTOOBI €ro yAaJuTh. B COBOKYITHOCTH 3TH ABa JOIMYIEHUS MPUBOISAT

! Ob6wmen aprymentamu (argument exchange) — 3TO JIUIIL OJMH U3 MHOTHX CIOCOOOB

JI0Ka3aTh MPaBUJIBHOCTD KagHOTO anroputMa. Hampumep, B mmase 9 wacmu 2 B no-
Ka3aTeJIbCTBE MPABMWIIBHOCTH AIropuTMa J[eHKCTphl BMecTO 0OMEHa apryMeHTaMu
UCIIOIb30Bajach HHAYKIUS. 1 MHAYKIMS 1 OOMEH apryMeHTaMH UIPAoT CBOIO POJb
B JIOKA3aTelIbCTBAX MPABUIILHOCTH aJrOPUTMa aTHOTO KopnpoBanus Xaddmana (rna-
Ba 14) 1 aIrTOpUTMOB MHHUMAIILHOTO OCTOBHOTO JiepeBa [Ipuma u Kpackana (rnasa 15).
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K TOMY, 9TO 33aHUsI HHACKCUPYIOTCS B CTPOTO YOBIBAIOIIEM MOPSIIKE OTHOIICHHS
Beca K JUINHE.

BbICOKOYpOBHeBLIfI TIUIaH JOJDKCH UCXOMUTDH OT ITPOTUBHOTO. BCHOMHI/IM, YTO B 3TOM
TUTIE N0KA3aTCJIbCTBA Bbl UICXOAUTE U3 nPOMUBONOI0HCHO20 TOMY, UYTO XOTUTE O0-
Ka3aTb, CTPOA Ha 3TOM JONYHICHHUU NOKA3aTCJIbCTBO C IOMOIIBIO IMOCIICA0BATECIIb-
HOCTH JIOTUYCCKHU NMTPABUJIBHBIX IIAros, 3aBepma}omeﬁc;1 SABHO JIOKHBIM yTBEPK-
JnenueM. Takoe MPOTHUBOPCUNEC TPHUBOAUT K TOMY, UTO JOIMMYIICHUEC HEC MOXKET OBITh
HUCTUHHBIM, YTO U JOKA3bIBACT KCJIACMOC YTBCPIKACHUC.

1t Hauana Mbl IOy CTHUM, YTO aJITOPUTM GreedyRatio co3/aeT paciucaHue G 3a-
JAHHBIX Pa0OT, KOTOPOE He SBISETCS ONTHMAIBHBIM. TakiuM 00pa3oM, CyIIecTByeT
ONITUMANIEHOE paclHcanue G* 3TuX paboT CO CTPOro MEHBIIEH CyMMOW B3Be-
LIEHHBIX CPOKOB 3aBepilieHus. Mcrnonb3zyem

Pa3HUILy MEXIY G B G* I SIBHOTO KOH- PaGota Ne n
CTPYMPOBAHUS PaCIUCaHUs, KOTOPOE ewye

Jyyue, 4eM 6*; 3T0 OyJeT NPOTUBOPEUUTh
JOOITYIIEHUIO O TOM, YTO (5* SIBIISICTCA OII-
THMAJIbHBIM PACITUCAHHEM.

13.4.2. O6meH pabGoTamu
npuv nocnepnoBaTesibHOM \
MHBEpCUM

Pa6ota Ne 3
IIpenmnonoxum, OT MPOTUBHOTO, YTO AJITO-

puTM GreedyRatio MpOU3BOAUT paciuca-

HUE G U 4TO CYIIECTBYET ONITUMAJIHOE pac-

Bpewms

MMCaHnue G* CO CTPOTO MEHBIIEH CyMMOM
Pa6ota Ne 2
B3BEILIEHHBIX CPOKOB 3aBepieHus. Cormac-

HO jonymeHuro (1), ®aJlHoe pacrucaHue

0 IUIAHHPYET paboThI B OPSIKE HHICKCA Pa6ota Ne 1

(cnagana pabora 1, 3ateM padora 2, BIJIOTH

JI0 paboThI 1); cM. puc. 13.2. ‘

Puc. 13.2. XXagHoe pacnucaHue o,
J{BUrasich CHU3y BBEPX B JKa/IHOM pacruca- B KOTOPOM paboThl 3amniaHMpPOBaHbI
HUH, HHACKCHI pabOT BCeT/Ia MOAHUMAFOTCS B NopsaaKe HeyObIBaHNS OTHOLLEHMWS

BBEPX. DTO HE OTHOCHTCS HU K OJHOMY Beca K [nvHe
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JIPYTOMY PacIHMCAHHUIO. Y TOUHSSI 3TO JIOTHYECKOE YTBEP)KICHUE, OIPENIEITUM 1O-
credosamenvhylo UHEEpCUio B PACTIMCAHUH KaK Tapy i, j paboT, TakuxX 4To i > j
u pabora i oOpabaTeIBaeTCs HEMOCPEACTBEHHO Iepen padoroit j. Hanpumep, Ha
puc. 13.2 ecnu Obl 3amanus 2 U 3 0OpabaThIBAIMCH B 0OPATHOM TIOPSIIKE, TO OHU
COCTaBIISLIN OBI TIOCJIEIOBATEIHHYIO HHBEpCHUIO (C i =3 uj =2).

Jlemma 13.2 (HeskagHble pacnucaHus UMEIOT UHBepcun). Kasxcooe pacnucanue,
omauuHoe 0m JAHCAOHO20 PACRUCANUA G, UMeen, No Kpatinell mepe, 00Hy nociedo-
8aMeNbHYI0 UHBEPCUIO.

Hoxazamenbcmeo: Mbl J0Ka3bIBaeM MPOTHBOINIOCTaBNIeHKE'. B oTcyTCTBHE MTOCITE-
JOBAaTEbHBIX MHBEPCHI HHACKC KaXXI0W pabOTHI IO KpaiiHell mepe Ha 1 Oombiie,
yeM y paboThl, eif mpeamecTByomieil. CyecTByer # paboT, U MaKCUMaJIbHO BO3-
MOYKHBIH MHJIEKC PaBeH 71, TO3TOMY MEXIy UHCKCAMHU Pa0OT, pacIIOIOKESHHBIMH
HOZPSI/, HE MOKET OBITh CKAYKOB, PABHBIX 2 WM 0OJIbIIE. ITO O3HAYAET, YTO G
COBIIAJIACT C PACIMCAHUEM, BEIUKMCIICHHBIM KaHbIM anroput™om. 4. T, /.2

BosBpamasice k 10Ka3aTenbcTBy TeopeMbl 13.1, MBI JOIycKaeM, 9TO CYIIECTBY-
€T ONTUMAJBHOE paclucaHue G* 3aJaHHbIX pa0dOT CO CTPOTO MEHbIIEH CyMMOM
B3BEIICHHBIX CPOKOB 3aBEPIICHUS, UeM >KalHOE paciHcanne 6. [lockonbky 6* # o,
nemma 13.2 nmpuMeHHMa K 6*, ¥ €CTh HIYIIHe MOAPST padoThI I, j B 6 MpH I > j
(puc. 13.3(a)). Kak ucnonb3oBath 3TOT (akT sl BBISIBICHUS €Il OJJHOrO pac-
MMUCAHUS G', KOTOPOE eIIe Jy4Ille, YeM G*, TeM CaMbIM CO3/1aBasi IPOTHBOpedne?

KitroueBast uzest 3aKiII04aeTCsl B BBITIOJIHCHUH 0OMeHa. MBI oTpesiernsseM HOBOE
pacnucaHue 6', WISHTHYHOE G*, 32 HCKITFOUEHHEM TOTO, YTO PaboThI i M j 00pabda-
TBIBAIOTCSI B OOPATHOM IOPSIZIKE, TIIE TeIeph j 00pabaThIBACTCs HEIIOCPEACTBEHHO
niepen i. PaGotsl epen i uj («aena» Ha puc. 13.3) coBnanarot ¢ 6* u 6’ (1 B TOM ke
nopsiike). To ke Kkacaercst paboT, KOTOPBIE CIICAYIOT U 32 I, ¥ 3a j («O0JIbIIe AeT).

U IIpomusonocmasienuem (contrapositive) BEICKa3bIBAHUIO «ECITH A SIBISETCS HCTHHHBIM,

TO B SBNSAETCS] HICTUHHBIMY SIBIISIETCS JIOTHUYESCKU SKBUBAJIEHTHOE BHICKA3BIBAHHE «ECIN B
HE SBJSIETCS MCTUHHBIM, TO U A He SBIseTcs UCTUHHBIM». Hampumep, mpoTHBOIO-
cTaBiieHHeM JieMMe 13.2 sBisieTcs: eciu 6 He UMEeT MOCIIe0BaTeNIbHBIX HHBEPCHUil, TO
COBMAJAeT C JKaJHBIM PACIIHCAHUEM G.

Y. T. J]. — ab0peBuarypa BBIPOKCHHUS «YTO U TPEOOBAIOCH JI0KA3aThy OT JIATHHCKOTO
quod erat demonstrandum (Q.E.D.). B maremaTiueckoil 3anucu OHa HCIOJIB3YEeTCs
B KOHIIE JIOKa3aTeIbCTBA sl 0003HAYEHHS €T0 3aBEPLICHHS.
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13.4.3. AHanNn3 CTOMMOCTM U NpenmyLLecTBa

KaxoBbl mocnencTust oOMeHa, Mmoka3aHHoTo Ha puc. 13.3?

bonbLe Bonblue
aen aen
A A
J i
O6meH
i = j
N 2 j
[0}
% o
a o
0
Dena Dena
o* o'
a) o obmeHa 6) Mocne obmeHa

Puc. 13.3. NonyyeHne HOBOro pacnucanns ¢’ n3 NpeanofioXnTenbHO
onTUManNbHOro pacnucanus o* nytem oobmeHa pabotamu B nocnenoBaTebHOM
nHBepcuu (Npu i > j)

YHPA’KHEHME 13.4

Kakoe BiusiHuE 00MEH OKa3bIBaeT Ha CPOK 3aBepiieHHs: (1) padoTHl,

OTIIMYHOM OT i Wit j; (1) paboTsl i; ¥ (iii) paboThI j?

a) (1) u1st oTBETA HEMOCTATOYHO MH(popMarmu; (ii) CPOK YBEITHUH-
Baetcs; (iil) yMEHbIIIaeTCs;

0) (1) ast oTBeTa HemocTaTOYHO HH(OpMarHw; (i1) CpOK yMEHbIIA-
etcst; (iii) yBEeIHMUUBACTCS,
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B) (i) 6e3 m3ameHeHui; (ii) CpoK yBenuuuBaeTcs; (1ii) yMEeHbIIIaeTCs;
r) (i) 6e3 uameHeHuid; (ii) cpok yMeHbIaercs; (iii) yBeJIMYMBaeTCsl.

(Penrenue u nosicueHue cM. B paznene 13.4.5.)

Pemenue ynpaxxnenust 13.4 mo3BossieT 3aKOHUINTD JI0Ka3aTeIbCTBO. B pesynbprare
oOMeHa paboTaMu i U j B IOCIIE0BAaTENbHON NHBEPCUH CPOK 3aBepieHus C; yBe-
JIMYMBACTCS Ha JUIMHY {; paboThI j, 4TO yBENMYMBACT LeseByto dyHkumio (13.1)
Ha w, % {. IIpenMymecTBO — B TOM, 4TO CPOK 3aBepiueHus C; yMEHBIIACTCS Ha
jnaHy €, 3a/1aHus i, 4TO yMEHbIIACT 1eseByo Gynkumio (13.1) na w, x .

B urore nmpuxoaum K clieayomeMy:

dw () = DwC(o*) +wl, —wl,. (13.3)
k=1 k=1 —_—

sdext oOmena
3HaueHHe LeseBoil pyHK G’ 3HAYEHHE LeNeBoi yHKLmn ¥

Teneps camoe BpeMst HCTIONB30BATh TOT (DaKT, UTO G* 3aITAHUPOBATIO i M j B «HE-
TIPaBWIILHOM TIOPSIZIKE TIpH i > j. Harmm moctostaabie norrymenwst (1) u (2) mpuBoast
K TOMY, 4TO PaOOThI MHACKCUPYIOTCS B CTPOTO yOBIBAIOIIEM MOPSAKE OTHOILICHHS
Beca K JUIMHE, TOATOMY

ITocnie ouncTkM 3HAMEHATEeNeN Noay4aemM

wil < w.l

L Ji
CTOUMOCTBL O6M6Ha TPEeUMYIIEeCTBO oSMeHa
[TockonbKy mpenMyIecTBo 0OMeHa MPEBbIIIAET JOMYCTUMYIO CTOMMOCTb, ypaBHe-
Hue (13.3) roBopuT Ham, 4YTO 3HAYCHUE 11eTIeBOM (DYHKIMH OT G’ MEHbIIIE 3HAUCHUS

[eeBoi (PyHKIMH OT ¥,

OpnHako pacnucaHue G* JOIDKHO OBITH ONTHMAIBHBIM IIPH HAUMEHBIIEH BO3-
MOXKHOH CyMMe B3BEIICHHBIX CPOKOB 3aBepuIeHHs! MBI MIPUILIN K XKeITaeMOMy
IIPOTUBOPEYHIO, KOTOPOE 3aBEpIIAET J0Ka3aTelbCTBO TeopeMsbl 13.1 1 cityuas,
KOT7ia Bce paboThI MMEIOT pa3HbIe OTHOILIECHHS Beca K JUTHHE.
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13.4.4. O6paboTKa coBnageHni 3Ha4eHun

Tereps J0Kax)eM MPaBUIIHLHOCTE alropuTMa GreedyRatio (Teopema 13.1) ¢ yuetom
HaJMYUs COBMAJCHUS 3HaYeHMH (ties) B kodduimeHTax Beca K AuHe paboThl
1 UCXOIS U3 TOTO, uTO (1) pabOTHl HHAECKCHUPYIOTCS B HEYOBIBAIONIEM TTOPSIKE OT-
HOIIICHHS Beca K JUTHHE, TaK KaK 9TO HE BICYET ITOTEPIO OOMTHOCTH. J{0Ka3aTeIbCTBO
MO3BOJIICT MPOUJUTIOCTPUPOBATH U3SIIHBINA TOBOPOT B OOMEHE apryMEHTaMH U3
MIPEABIIYIIETO pa3ziena, KOTOPBIH MPOXOAHT MPSIMO, a He OT MPOTHBHOTO.

Mper1 OyeM HCToIb30BaTh OGJIBIIYI0 YaCTh BBIIOIHEHHOH paHee paboThl, BHECS
B [IePBOHAYAJIBHBIN ITaH psiJi KOppekTrB. Kak u npexne, 0003Haunm uepe3 6 = 1, 2,
..., Nl pacIiicaHue, BEIYHCICHHOE aJITOPUTMOM GreedyRatio. Paccmorpum npoms-
BOJIBHOE CONEPHHUYAIONIEE PACTIMCAHNE G, TOKA3aB HEMOCPEACTBECHHO, TIOCIIEI0-
BaTENIbHOCTHI0 OOMEHOB PaboTaMH, 4YTO CyMMa B3BEIICHHBIX CPOKOB 3aBEPIICHHS
pacnmcaHus ¢ He OouibIe, 4eM 6*. Jlokazas 3TO IS KaXK/10T0 paciiicaHus G*, MBI
3aKJIIOYHM, YTO G, 10 CYTH JIEJIa, SIBISIETCSI ONTUMAJIbHBIM PACIIHUCAHUEM.

Tenepb gonyctum, 4to 6* # ¢ (yuuThiBas, uto 6* = G). [To nemme 13.2 6* umeer
MOCJIEZI0BATENILHY0 MHBEPCHIO — JIBE PAOOTHI i U j, TpUYeM i >/, a j 3aruTlaHupOBaHa
cpasy nociie i. BozbMeM ¢’ u3 6*, moMeHsIB MecTaMH i M j B pacriicanuu (puc. 13.3).
Kax u ns ypaBHenus (13.3), cTOUMOCTb M IPEUMYLIECTBA 3TOr0 OOMeHa co-
CTaBJISIIOT COOTBETCTBEHHO W, £, U W, {,. TI0CKOIIBKY i > j M pabOTBI MHACKCHPYIOTCSE
B HEyOBIBAIOIIEM MOPSIIKE OTHOMICHUS Beca K JUIHHE,

E
IA
~ ’\g

H, CJICA0BATCIILHO,

wl, < w,L, . (13.4)

—_ e
CTOMMOCTb OOMeHa MPeUMy1IecTBO OOMeHa

JpyruMu cioBamMu, 0OOMEH HE MOXET YBEJIMUNTH CYMMY B3BCILICHHBIX CPOKOB 3a-
BEPILICHHS — CYMMa MOXKET YMEHBLINTHCS HIIM OCTAThCs IPEKHEt.

' MBI 6oJ1ee HE CTaIKUBAEMCsI C HEITOCPEICTBCHHBIM IPOTHBOPEYHEM B Cllydae, Korna ¢™*

SBJISETCS ONTHMAIBHBIM I'PaQUKOM, OCKOJIBKY G’ MOXKET OBITH IIPEACTABICH APYTHM,
CTOJIb K€ ONTUMAJIbHBIM I'PaGUKOM.
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YHOPAKHEHME 13.5

WHBepcus B pacnivicanny — napa k, m pador, riae k < m, u m o0paba-
ThIBaeTcs nepes k. PaboTel k 1 m He 00s13aTeIbHO JJOTHKHBI CIIEIOBAThH
OJTHA 32 JIPYTroil — HEKOTOPbIE PAOOTHI MOTYT OBITh 3aIJIAHUPOBAHBI
nocie m u 1o k. Ilpennonoxum, 4To 6, — 3TO paclUCaHUE C I0-
CJIEZI0BAaTEIbHOM MHBEPCUEH i U j, e i > j, U HOIy4YuM G, U3 G,
WHBEPTHPOBAB MOPSIIOK i 1 j. Kak gmciio mHBepCHii B G, COOTHOCHTCS
C 9THM YHUCJIOM B G,?

a) O,MMEET Ha OJIHY HHBEPCUIO MEHBIIIE, YEM O ;
0) o, UMEeT TaKoe KE YHCIO0 MHBEPCHH, KaK G ;
B) G, MMEET Ha OJHY UHBEPCHIO OOJIbIIE, YEM O;
I) HM OIMH OTBET HE SABIIETCS [IPABUIBHBIM.

(Pemenwuie n nmosicieHue cM. B paznene 13.4.5.)

B 3aBepiieHne goka3arenbCTBa BO3bMEM IPOU3BOJIBHOE COTIEPHUYAIONIEE pac-
MUcaHne ¢* ¥ MHOTOKPAaTHO MOMEHsSEM pabOThl MECTaMH, YIAJIHB MOCIEI0-
BaresbHbie MHBEpCHH'. TIOCKOIBbKY YHCIO MHBEPCHIT YMEHBIIACTCS ¢ KaXIbIM
obmeHoM (ympaxkHeHue 13.5), 3ToT mporecc B KOHEUHOM utore 3asepuaercs. [1o
neMMme 13.2 OH MOXKET 3aBEpIIUTHCS TOIBKO Ha KAJHOM PACIMCAHUN G. 3HAYCHHE
[eJIeBOI (PYHKIIMH MOYKET YMEHBIIATHCS TOJMBKO B TEUSHHE ITOTO Iporecca (Ha
(13.4)), moaTomy G 1o KpaiiHel Mepe paBHO G*. DTO SBISETCS UCTHUHHBIM IS
KaXIOTO BapHaHTa G*, MOITOMY G JEHCTBUTEIHHO SIBISCTCS ONTHMAIBHBIM.
Y TA

13.4.5. Pewenunsa ynpaxHenuun 13.4-13.5
PeweHue ynpaxxHeHuna 13.4

IMpaBuabHblii oTBeT: (B). [Ipexae Bcero, padore k, kpoMe i u j, ObUIO Bce
PaBHO, YTO i ¥ j TIOMEHSIOTCS MECTaMH. DTO JIeTde BCETO YBHICTh JJIsl padOTHI £,

' Yurarenu, 3HAKOMbBIE C aITOPUTMOM COPTHUPOBKH ITy3bIPHKOM BubbleSort, MOTYT pac-

MO3HATh €r0 UCIOJI30BAHUE 3/1€Ch B aHAJIN3E (HO HE B AJITOPUTME).
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BBITIOJTHEHHOM J10 i ¥ j B 6* (KaK 4acTh «aem» Ha puc. 13.3). [Tockoiabky oOMeH
MIPOUCXOAUT TOCTIE 3aBEPIICHUS &, OH HE BIHSCT Ha CPOK 3aBEpIICHUS k (KOJIH-
YEeCTBO BPEMEHH, KOTOPOE MPOXOAMT 0 3aBepiueHus k). s pabotsl k, obpa-
0OTaHHOM 1mocJie i U j B 6* (Kak 4acTh «OosbIe jaein Ha puc. 13.3), MHOXKECTBO
padoT, 3aBepIICHHBIX JI0 K B TOUHOCTH, SIBIISIETCSI OIMHAKOBBIM B 6* 1 B 6. Cpok
3aBepIICHUS] Pa0OTHI 3aBUCUT TOJIBKO OT MHOXKECTBA paboT, MPEAIICCTBYOIINX
el (a He OT UX MopsIKa), MOATOMY padora k GopMamTbHO HUYEM HE OTIMYACTCS
OT JIPYTHX H 3aBEpIIAcTCs OMHOBPEMEHHO B 000MX pacmucaHusx. YTto kacaercs
paboTHI 7, TO CPOK €€ 3aBEPIICHHS YBEITUUMBACTCS HA G’ — B CBSI3U C OKUJAHUEM
3aBEpIICHUS TeX JKe Pa0dOT, YTO ¥ PaHbIIIE («Ieay), INTIC OXKUIaHNE 3aBEePIICHUS
pabotsi ;. [Toatomy cpok ee 3aBepuienus yBenuuuBaeTcs Ha £ Cxoxum 00pasom,
paboTa j OKHUJAET 3aBEpPIICHHS TeX ke PadoT, UTO M paHbIIe, 38 HCKIIOYEHHEM
TOT0, YTO B G’ OHa OoJbIle He *K1eT i. TakuM 00pa3om, Cpok 3aBepiieHus pado-
TBI j yMEHbIIaeTcs Ha £,

PeweHue ynpaxxHeHusa 13.5

[paBuasbHuelii oTBet: (a). Ecnu {k, m} = {i, j}, To k u m 00pa3yoT HHBEPCUIO
B G,, HO HE B G, (IOTOMY 4TO OOMEH He OTMEHs]eT MX MHBepcHuio). Ecnm XoTs
OBl OfIHA U3 k WU m OTIMYACTCSI OMHOBPEMEHHO OT i M j U, CIICIOBATENIBHO, I10-
SBIIsICTCS INOO Tepen i U j, Tnbo mocie i U j B 000MX pacnHuCaHusX, TO 0OMCH
HE BIUSET HA OTHOCUTEILHBIN MOPSIOK k 1 m (cM. puc. 13.4). MbI 3akirouaem,
YTO G, UIMEET TOYHO TaKHe K& WHBEPCHH, KaK G, 32 MCKIIOYEHNEM TOTO, YTO
WHBEPCHUs I U j ylaJIeHa.

BbBIBO/JbI

% JKamgHble aaropuTMBI KOHCTPYHPYIOT PEIICHHSI HTEPaTUBHO, TOCPET-
CTBOM IT10CIIEI0BATEIBHOCTH OIM30PYKUX PEIIEHHH, U HAICFOTCS, YTO
B KOHIIE KOHIIOB BC€ IOy YHTCS.

* Kak IIPpaBUJIO, MMPCIIOKNUTE OAWH UM HECKOJIBKO KaIHBIX aJITOPUT-
MOB UIA 3a1a4U U IMPOaHAJIU3UPOBATh X BPEMECHA BBIITOJTHEHHUA HE
COCTaBJISIET OOJIBIIIOrO Tpyaa.

* Camble JKaAHBIC aJITOPUTMBI HE BCETIA ABJIAKOTCA ITPABUIbHBIMH.
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k k
A J 1 OTHOCUTENbHBIN
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a) [lo obmeHa 6) Mocne obmeHa

Puc. 13.4. lNepecTaHoBKka paboT MecTamu Npu NocneaoBaTebHON MHBEPCUM
yMeHbLUIaeT obuiee ymcno nieepcuii Ha 1. Math BelaeneHHbIX nap paboT B (6)
pacnonoXxeHbl B 0AHOM 1 TOM Xe OTHOCUTENIbHOM nopsiake B 060MX pacnmcaHmsx

X Jlaxe Koria skaHbIN aJrOPUTM SBIISIETCS a0COIFOTHO MPABHIIBHBIM,
JIOKa3aTh ATO OBIBACT TPYMHO. B 3a/1auax ¢ yIMHAMHU U BECaMH JKaIHOE
WX YIOPSOYMBAHUE OT CAMOTO BEICOKOTO OTHOIICHHS BECA K JITTUHE
K CaMOMy HU3KOMY MUHUMH3HUPYET B3BEIIEHHYIO CYMMY CPOKOB 3a-
BEpILICHUS.

X ApryMEHTHI IIepEeCTAaHOBKH MECTAMH SIBILTIOTCSI OMHUMU U3 HauOoIee
pacIpOCTPAHEHHBIX METOOB, UCIIOJIE3YEMbIX B OKA3aTEIbCTBAX
HpaBI/IJ'II)HOCTI/I JKaIHBIX aJ'IFOpI/ITMOB. I/I}ICH COCTOHUT B TOM, I~ITO6I::I
TOKa3aTh, YTO KAXKIT0E BOBMOKHOE PEIIIEHHE MOYKET OBITH YIIyYIICHO
IyTeM ero MOAU(UITUPOBAHNUS TaK, YTOOBI OHO OOJIBIIIE ITOXOANIO Ha
BBIXOJI JKaTHOTO aJTOPUTMA.
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3agaym Ha 3aKpenjieHme martepuvuana

3ajgava 13.1. B xauecTBe BX0/1a 3a1aHO /1 pabOT, Ka/1ast U3 KOTOPbIX UMEET JITHHY ¢
¥ Kpaiinuii cpok d,. Onpenenure 3anasapiBanue A(G) paboThl j B paCIMCAHUH G
KaK pasHocTh C(6) — d, MeXK/ly CPOKOM 3aBEpLICHUs pAOOTBI U KPAHHUM CPOKOM
6o xax 0, ecin C(0) < d, (em. ¢. 25 ¢ onpeneneHneM cpoKa 3aBepuIeHus paboThI
B pacrniiicanun). B janHo# 3a1aue paccMarpuBaeTcss MUHIMHU3AIHAS MAKCUMAJILHOTO
3amasapiBanus max’_ A (o).

Kaxkoii U3 cieayroImmux HUXKE KaJTHBIX aJTOPUTMOB (HOPMUPYET paclucaHue,
MUHUMH3UPYIOIEe MaKCUMalIbHOE 3ana3/ibiBaHue? Bbl MOXkeTe JOMyCTUTh, YTO
COBIIA/ICHUS 3HAYEHUI OTCYTCTBYIOT.

a) 3amaHupoBaTh pabOThI B OPS/IKE YBEINYEHHS KPaHETo cpoKa d;

0) 3amnaHupoBaTh PabOTHI B MOPSIIKE YBEIMIEHUs BpEMEHU 00pabOTKH p;
< -

B) 3aIUITAHMPOBATh PAbOTHI B MOPSI/IKE BO3PACTaHUsI IPOU3BEICHUA d; % p);

F) HHU OJWH OTBCT HEC ABJISICTCS IPAaBUJIbHBIM.

3agaua 13.2. Tenepb paccMOTPUM 3a/1auy MUHUMU3ALMHA CYMMAPHO20 3aTl1a3]Ibl-
BaHUA, Z::l A, (o).

Kakoit u3 cnenyromux HUXKE KaJHbIX aJITOPUTMOB MPOU3BOAUT paclucaHue,
KOTOpOE€ MUHUMHU3HUPYET CyMMapHOe 3ana3zbiBanue? Bl Mo)xeTe J0mycTUuTh, 4To
COBIIA/ICHNS 3HAYEHHUI OTCYTCTBYIOT.

a) 3amnaHupoBaTh PabOThI B MOPSIIKE YBENNYEHUS KPaHETO cpoka d;

0) s3amaHupoBaTh PabOTHI B MOPSIIKE YBEINIEHUs BDEMEHU 00pabOTKH p;
< -

B) 3aIUTAaHUPOBATh PabOTHI B MOPSI/IKE BO3pACTaHUsI IPOU3BEIACHUA d; % p);

F) HHU OAWH OTBCT HE ABJIACTCA ITPABUIIBHBIM.

3agaua 13.3. B kauecTBe BXOfa 3a/1laHO 7 pabOT, Kax/jas U3 KOTOPBIX UMEET
BPEMsl Hayala s, i BpeMs OKOHYaHus 7. JIBe paboThl korpruxmyiom, ecii OHU
HAaKJIaJbIBAlOTCSl BO BPEMEHH — €CJIM OJIHA M3 HUX HAYMHACTCS MKy BpEeMEHEM
Havayia 1 OKOHYaHHMs JAPyroi. B aToii 3a1a4e 11emnb COCTOUT B TOM, YTOOBI BEIOpATh
MOZIMHOYKECTBO MaKCHMAJIBHOTO pa3Mepa ¢ paboTamu, KOTOpble HE MMEIOT KOH-
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¢mmakroB. (Hanmpumep, ¢ yuerom Tpex paboT, motpedstonux uaTepBais [0, 3],
[2, 5] u [4, 7], onTMaIbHOE PELICHUE COCTOUT M3 TIEPBOM U TpeThel pador.) [1nan
COCTOHT B TOM, YTOOBI pa3paboTaTh UTEPATUBHBIN KaAHBIN aITOPUTM, KOTOPBIi Ha
K101 uTepanuu 0e3B03BpaTHO J00ABISET HOBYIO Pa0OTy j B TEKyIIee pellieHUE
U y#ajsieT U3 OyAyIero pacCMOTPEHUsI BCe pabOThI, KOTOPbIE KOHMIUKTYIOT C .

Kakoii 3 cinenyromux HUKe JKaHbIX aJITOPUTMOB IapaHTUPOBAHHO BBIYMCIIAET
ONnTUMaJIbHOE perieHne? Bel MOXKeTe IOMyCTHTh, YTO COBIIAACHUS 3HAaYEHUH OT-
CYTCTBYIOT.

a) Ha xaxxnoil utepannu BeIONpPaTh OCTABLIYIOCS PaOOTYy C CaMbIM PaHHUM
BpPEMEHEM 3aBEPIIICHIIS;

0) Ha KaXIOH HTeparyy BHIOMPATh OCTABIIYIOCS pabOTy ¢ CaMbIM PaHHUM
BpEeMEHEeM Hadala,

B) Ha KaKIOH MTepanuy BEIOMpATh OCTaBINYIOCS paboTy, TpeOyIomIyro Hau-
MEHbILETO BPEMEHHU (TO €CTh C HAMMEHBIIMM 3HAYEHUEM [, — §));

I) Ha KaXJI0W UTepaluu BEIOUPATh OCTABIIYIOCS PaOOTy C HAUMEHBIINM UHC-
JIOM KOH(IIUKTOB C APYTUMH OCTABIIMMHUCS pabOTaMu.

3apauu no NporpaMmmMupoBaHMIO

3anaua 13.4. Ha cBoeM 1100MMOM sI3bIKE IPOrPAMMUPOBAHUS PeaTU3yHTe aNropuT-
MbI GreedyDiff u GreedyRatio u3 paznena 13.3 nnst MUHUMH3AaUK B3BEIICHHON
CYMMBI CPOKOB 3aBepIrieHusl. BrImonanTe 002 anropuTMa Ha HECKOJTBKUX IIPUMepax.
Hackonbko pacnucanusi, BBIYUCICHHBIE alTOPUTMOM GreedyRatio, Jydiie pac-
MYCaHui anroput™Ma GreedyDiff? Kelichl 1 HAOOPHI TAaHHBIX IS CIIOXKHBIX 337149
cM. Ha BeO-caiite www.algorithmsilluminated.org.



Koowt Xagpipmana
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Bce mo0sT cxatre manHbIX. Hanpumep, komudecTBO GoTtorpaduii, KOTOphIE BbI
MOXKETE XPaHHUTh Ha CBOEM CMapT(OHE, 3aBHCUT OT TOTO, HACKOJIBKO MOJKHO CKaTh
(haiisbl ¢ MaJIBIMU OTEPSIMU UK O€3 oTeph. Bpems, HeoOXonumoe AJ1st 3arpy3Ku
(haiia, TOXKE 3aBUCHUT OT CTETICHH €T0 CXKATHS: YeM «IUIOTHEE) yIIaKOBaH (ailil, TeM
OBICTpee MPOUCXOAUT €ro 3arpyska. Koouposanue Xagpghmana sBASIETCS MIHPOKO
UCTIONB3YEMBIM METOIOM CXKaTusl 0€3 MOTEPb, MOCKOJIBKY BCSKHIA pa3 IPU UMIIOPTE
WM SKcTiopTe ayauodaiina MP3 xommbroTep ucnonb3yet kojpl Xapdmana. B atoit
IJ1aBe MBI y3HaeM 00 ONTUMAaJIbHOCTH Ko#oB XaddmaHa, a Takke 0 HEBEPOSITHO
6]>ICTpOM JKaAHOM aJITOPUTME UX BbBIYUCIICHUA.

14.1. Koabi

14.1.1. ABOon4HbIE KOAblI PUKCUPOBAHHOU OJINHDI

[lepen Tem Kak NPUCTYNUTH K ONPEACIICHUIO 3aa4d WIIM alropuTMa, gaBaiite
MOATOTOBHUM TOUBY. A1¢pasum X eCTh KOHEUHOE HEMYCTOS MHOKECTBO CHMBOJIOB.
Hampumep, X MOXeT OBITH MHOXXECTBOM M3 64 CHMBOJIOB, KOTOPOE BKITIOUACT B CEOST
Bce 26 OyKB JTaTUHCKOTO ai(aBuTa (KaK BEPXHUI, TaK U HIDKHUN PETHUCTP) IUTIOC
3HAKH NPEMTUHAHUA U HEKOTOPBIE CHIEIIMaTbHbIE CUMBOIIBL. /[80uuHbIL KOO AJIS all-
(haBuTa — 3TO CIIOCOO 3AIMCH KAXKIOTO €TO CHMBOJIA B BH/IE OTJCITHHOMN TBONTHON
CHUMBOJIBHOH LIeNOYKH (TO €CTh B BUAE MOCIIEI0BATEIbHOCTH Oum, 03HAYAIOIIUX
HYyJH U eAMHUIB]). Hanpumep, ¢ andaButom 13 64 CHIMBOJIOB €CTECTBEHHBIM KOJIU-
POBaHMEM SIBJISIETCSI CBSI3BIBAHNE KAKIOTO CUMBOJIA C OMHON 13 26 = 64 MTBOWYHBIX
LEMOYEK JJIMHOM 6, MpUYeM Kaxkaas LeloYKa UCIOIb3yeTCs OJHOKPATHO. DTO
MIPUMEP JIBOMYHOTO KOAA (DUKCUPOBAHHOU ONIUHbBL, B KOTOPOM JIJISi KOTUPOBAHHS
Ka)KJIOTO CHMBOJIa MCIONB3yeTCs] OANHAKOBOE Uncyio Out. Hampumep, mpumepHO
tak padorator kol ASCII.

Kombl GUKCHPOBaHHON ITMHBI SBISIOTCS €CTECTBEHHBIM PEIICHHEM, HO MOdCEM
T Mbl Q0OUMbCL TyHuLe2o?

14.1.2. Kogbl nepeMeHHOW OJINHbI

Korna HexkoTopble CUMBOJIBI al(haBUTA BCTPEUAIOTCS HAMHOTO Yallle APYTUX, KOJbI
MIePEeMEHHON JITMHBI MOTYT OBITH d(pheKTHBHEE, YeM KOZIBI (PUKCHPOBAHHOMN JAITHHBI.
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Oj1HaKO JIOTTYIIIEHHE KOJOB ITEPEMEHHOH JITTHHBI BHOCUT YCIIOXKHEHHE, KOTOPOE MBI
MPOWJLTIOCTPUPYEM CIICAYIOIIMM MPUMEPOM. PacCMOTPUM YeThIPEXCUMBOJIBHBII
andasut, ckaxeM, X = {4, B, C, D}. EcrecTBeHHBIM KO1I0M (DUKCUPOBAHHO JAJTHHBI
JUTSL 9TOTO an(aBUTa SBISCTCS:

Cumson Koauposanue
A 00
B 01
C 10
D 11

[IpennonoxuM, B HallleM KOJI€ MbI XOTEJIM Obl OOOHTHCH MEHBIIIMM YHCIIOM OWT,
HCIIOJB3YSI UISI HEKOTOPBIX CHMBOJIOB OAHOOMTHOE KOAMPOBAHME, HAIIPUMED,
HMEIOIIEE CIICTYFOIIHIA BUI:

CumMmBon KoaupoBaHue
A 0
B 01
C 10
D 1

2T10T KOpOTKHI?I KO MOXET OBITh TOJIBKO JIy41iie, BepHO?

YHPA’KHEHHUE 14.1

C TMPUBCACHHBIM BbIIIE JIBOUYHBIM KOAOM HCpeMeHHOﬁ JJIMHBI KO-
JUPOBKOH uero sBiseTcs crpoka «001»?

a) AB

6) CD

B) AAD

) 7 OTBETa HEJOCTATOUHO HHHOPMAIIMH

(Pemrenue n mosicHenune cM. B pazaene 14.1.6.)
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CyTb ynpaxsaenus 14.1 3akiodaercs B TOM, YTO IIPH UCTIOTB30BaHUH KOJOB TIepe-
MEHHOH JUTMHBI U OTCYTCTBUU JIOTIOTHUTEIIBHBIX MEP MPEJO0CTOPOKHOCTH OBIBAET
HESICHO, TJIC 3aKaHYMBACTCSI OAWH CHMBOJI M HAUMHACTCS CICTYIONIMNA. JTa Mpo-
OremMa He BO3HUKAET ¢ KoJaMH (PMKCUPOBAHHOUM JUIMHBI. Eciu Kakaplii CUMBOJ
KOJIMPYETCS C UCTIONIb30BaHUEM 6 OWT, TO BTOPOI CUMBOJI BCETrla HAYMHAETCS C 7-TO
oura, Tpetuit cuMBOJI — ¢ 13-ro 6urta u T. 1. Bo u3bexaHue IBYCMBICICHHOCTH
C KOJIaMH TIEPEMEHHON JUTHHBI MBI TOJDKHBI HAJIOKUTH OTPAaHIYCHNE.

14.1.3. BecnpedukcHbIe KOAbl

MBI MOXEM yCTPaHHUTB JTI00YIO IBYCMBICIEHHOCTh, HACTOSB HA IPUMEHEHHH KOIa
0e3 npegukcog. ITO O3HAYAET, YTO JJIS KAKION Mapbl pa3HbIX CUMBOJIOB d, b € X
KOJIMPOBKA a HE sBIsieTcs pedurcoM b, 1 Ha0060poT. Kaxprit kon pukcupoBaH-
HOU JUTMHBI IT0 YMOJTYAHHIO HE COMePKUT mpedukcoB. Kox mepeMeHHO! JIHHBI
B IPEABITYIIEM paszeiie TAKOBBIM HE SIBIISCTCS: KOAWPOBKA «A» SBISETCS Tpe-
(bukcoM «By, 1 CXOKUM 00pa3oM IPOUCXOAUT ¢ «D» 1 «C».

B cirydae GecrnpepuKCHOTO Kofia 3aKOAUPOBAHHEIC TOCICIOBATCILHOCTH SIBIISI-
IOTCA OJHO3HAYHBIMU U MOT'YT 6I)ITI) JCKOAUPOBaHbI OYE€BUAHBIM CHOCO6OM. Ecnu
mepBhIe 5 OUT MOCIIEI0BATEIEHOCTH COOTBETCTBYIOT KOAUPOBKE CUMBOJNA d, TO d
OInpeacJICHHO 6I)IJ'I TICPBBLIM 3aKOAUPOBAaHHBIM CUMBOJIOM — ITOCKOJIbKY KO/l HE CO-
JIEePKUT IPE(UKCOB, ITU 5 OUT HE MOTYT COOTBETCTBOBATH KOAUPOBKE (TIPEPHUKCY
KOJIMPOBKH) JIt0OOTO Jpyroro cumBoa. Ecin cienyrome 7 OUT COOTBETCTBYIOT
KOAUPOBKE b, TO b OBLIT BTOPBIM 3aKOMUPOBAHHBIM CHMBOJIOM, U T. 1.

Bot npumep 6ecnipedurcroro kona mis andasura £ = {4, B, C, D}, KOTOpsIi He
nMeeT (PUKCUPOBAHHOM JITHHBI:

Cumson Koauposanue
A 0
B 10
C 110
D 111

IMockonbky «0» ucnonb3yeTcs g KOAUPOBAaHUSA A, KOAUPOBAHUS OCTaIbHBIX
TPEX CUMBOJIOB JOJKHBI HaUMHAThCS ¢ «1». [lockonbky B kogupyercs kak «10»,
konupoBanus C u D HaunHatoTes ¢ «11».
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14.1.4. NpeumywiectBa 6ecnpePUKCHbIX KOOOB

BecmpedukcHbIe KOIBI TEpEeMEHHON [UTMHBI MOTYT OBITH 3()(heKTHBHEE, UM KOIBI
(PMKCUPOBAHHOM JUIMHBI, KOT/Ia CHMBOJIBI UMEIOT OYeHb pa3Hble 4acToThl. Hamnpu-
Mep, TPEIOIOKNM, YTO Y HAC €CTh CICAYIONIAsl CTATUCTHKA O YaCTOTAaX CHMBOJIOB
B HallleM MPUJIOKEHUH (BO3MOXKHO, M3 TIPOLIIOrO ONbITa MM U3 IIPEABAPUTEIbHOM

00paboTku (haiina, MoaIeKaIero KOAMPOBAHHIO):

Cvumson YacTtoTa
A 60 %
B 25 %
C 10 %
D 5%

CpaBHUM TIPOU3BOIUTEIHHOCTD OECIPEPUKCHBIX KOITOB (PUKCHPOBAHHOW H TIepe-

MEHHOH JJIMHBI:

Cumeon | Kop dukcupoBaHHON ANNHBI ii%l‘::g:':;";fuﬁi?
A 00 0
B 01 10
C 10 110
D 11 111

[ox «IpON3BOIUTENHFHOCTHIO» MBI IIOAPA3yMEBAEM CPEITHEE UHCIIO OUT, UCTIONb-
3yeMbIX JUI KOAUPOBAHUS CUMBOJIA, IPUYEM CUMBOJIbI B3BEIIEHBI B COOTBETCTBUH
¢ ux yacroramu. Koy pukcupoBaHHOH JUTMHBI BCET/Ia UCTIONB3YeT 2 OUTa, TO €CTh
9TO U €ro Cpe/iHss JUIMHA Ha CUMBOJI. A KaK HacyeT KoJla IepeMEeHHOM THHbI? MBI
MOIJIM OBl HAIGATHCS, YTO OH — JIy4llle, YYUTBIBAsl, YTO OH UCIOJIB3YET TOJIBKO
1 6ut Gospiryro yactb BpeMeHu (60 %) u mpuberaeT K 3 OUTaM TOJIBKO B PEIKUX

ciy4asx (15 %).

YIIPA’KHEHUE 14.2

Kakoso CpeaHee Yucio OuT Ha CHUMBOJI, UCTTIOJIb3yEMOC IPHUBCACHHBIM
BBIIIC KOJOM HCpeMeHHOﬁ IIJ'II/IHLI?
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a) 1,5
6) 1,55
B) 2

r) 2,5

(Pemenwuie n mosicHeHue cM. B paznene 14.1.6.)

14.1.5. OnpepeneHue 3apaum

B npeanpinyiem npuMepe nokazaHo, YTO HaWJIy4lIUi IBOMYHBIN KOJ AJIS 33 JaHUsI
3aBUCHUT OT 4aCTOThI CUMBOJIOB. DTa CJIOXKHAs AJITOPUTMUYECKAs 3a/1a4a paccMa-
TPUBAETCS HUIKE.

3AJAYA: OITUMAJIBHBIE BECIIPE®PUKCHBIE KO/IbI

Bxon: HeoTpunaTenpHas 4acToTa p, Ul KaXJJ0ro CUMBOJIA a anda-
BUTA X pazMepa n > 2.

Boixon: 6ecnipeKCcHBIN ABOMYHBINA KO/ ¢ MUHUMAaJIbHOM BO3MOYKHOM
cpelHel JJIMHOM KOIUPOBAaHMUS:

Z D, - (4ucao OGUT, UCIIONB3YEMBIX I KOAUPOBAaHMSA ).

ael

Kak y3HaTh 3apaHee 4acTOThl pa3HbIX CUMBOJIOB? B HEKOTOPBIX MPUIOKEHUAX
MIPUCYTCTBYET MHOTO IaHHBIX WJIM 3HAHUN O TOW MIJIM HHOW MpeIMEeTHON 001acTy.
Hanpumep, nr000# CHEIUATUCT MO0 TCHETUKE MOXKET COOOIINUTh BaM THITHYHYIO
4acTOTy KakJOro HyKJIeoOCHOBaHMs (afgeHuH A, nuro3ud C, ryanuH G u Tua-
muH T) B IHK uenoseka. B cinyuae koqupoBanus MP3-¢aiina koqupoBILKK BbI-
YHCIISIET YaCTOThI CHMBOJIOB ITPH MOJITOTOBKE HAYyaJIbHOU U(POBOH Bepchu (aiina
(BO3MOXKHO, TIOCIIE aHAJIOTO-IIU(POBOTO KOHBEPTHPOBAHNS ), & 3aTEM HCIIOIB3YET
ONTUMAJIbHBINA OecripeUKCHBIN KO 71 anbHelIIero cxxarus (aina.

Ha HepBBIﬁ B3I 3aJJjada BBIYHMCIICHUA ONTHMAJIbHOI'O 6CCHpe(1)I/IKCHOFO KOJa
€1Ba JIM TOAAAC€TCs pELICHUIO. Yucmo BO3MOKHBIX KOZOB paCTET OKCIIOHCHIIUAJIbHO
BMCCTE C 1, IO3TOMY JAXKE IMPHU CKPOMHBIX 3HAYCHUAX 77 HET HAACKIblI HA UCUYEP-
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MBIBAIOIIKI TIOMCK 110 BCeM M3 HuX'. Bripouewm, 3Ta 3amada MOKET OBITh perieHa
3¢ (HEKTHBHO C MOMOIIIBIO [IAJIKOTO JKaTHOTO aJlTOPUTMA.

14.1.6. PeweHunsa ynpaxxHenun 14.1-14.2

PeweHune ynpakHeHus 14.1

IMpaBuabnblii oTBeT: (1). [Ipennaraemsrii ko IEpeMEHHON JUTMHBI CO3AA€T HE-
OJTHO3HAYHOCTh, U 00Jee YeM OfHa MOCJIe0BaTeIbHOCTh CUMBOJIOB IIPUBEAET
K xomupoBke «001». Bo3moxubI Bapranuu AB (KOAUPOBAHHBIE COOTBETCTBEHHO
Kak «0» u «01») umu AAD (xomupoBanHbie Kak «0», «0» u «1»). [1pn Hammaun
TOJILKO KOIMPOBAHMsI HEBO3MOKHO Y3HATh, KAKOE€ BMEHSJIOCH 3HAYECHUE.

PeweHune ynpaxkxHeHuna 14.2

[paBuabublii oTBeT: (0). Pacummpss cpenHeB3BemIeHHOE 3HAYCHIE, MBI HMEEM
cpeaHee 4uciao OutT Ha cuMBod = 1x 0,6 +2x0,25+3x(0,1+0,05) =1,5.

"A" "B" "C"u"D"
7151 5TOr0 MHOJKECTBA YaCTOT CHMBOJIOB KOJI IEPEMEHHON JTTMHBI UCTIONB3YeT Ha
22,5 % OuT MeHbIle, YeM Ko (PUKCHPOBAHHOU JAJTHHBI (B CPEIHEM), UTO IO3BOJISICT
TOBOPUTH O 3HAYUTEIHHON SKOHOMHUHU.

14.2. Koabl B BUpe nepeBbneB

«becnpepukcHOe» orpaHrUeHIE B 3a/1a4e ONTHUMAIbHOTrO Oecnpe®UKCHOro Koia
3ByYUT HEMHOTO myraroie. Kak HCKIIOUUTh MPEPUKCHI U3 KOJa B MPOIIECCE €ro
cOopku? Perraroriee 3Ha4eHUE TS PACCYXKICHUH O 3a/1aue HMEET METOJI ACCOIH-
HPOBAHUS KOJOB C IOMEYEHHBIMU OMHAPHBIMU JIEPEBBAMH>.

' Hampumep, cyiiectByeT 7! pa3HbIX 0eCpehHKCHBIX KOJOB, KOJUPYOIIHX OHH CUMBOJ
C UCTIOJIb30BaHUEM OJIHOTO OuTa («0»), Ipyroi — ¢ MUCIOab30BaHKEM JIBYX OUT («10»),
TpeTUit — ¢ ucnosnb3oBaHueM Tpex OuT («110») u T. 1.

2 Kaxmplil y3ea OMHAPHOTO JIepeBa MOKET UMETH JIBBIHM JTOUCPHUI DJIEMEHT, MPaBblii
JIOYEPHHUH 2JIEMEHT, 00a WM HU OTHOTO. Y3ell 0e3 JOUepHHX DIEMEHTOB HA3bIBACTCS
aucmom. He-nmnct Taxoke Ha3bIBaeTCsl gHympenHuMm y3nom. Kak y3isl, Tak 1 pedpa MOryT
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14.2.1. Tpu npumepa

CBs13p MEXTy KOJIaMH | JIEPEBBSIMU MPOIIE BCETO OOBSICHUTH Ha TTpuMepax. Hamr
KO/l (PMKCUPOBAHHOM JITTUHBI

Cumson KopupoBaHue
A 00
B 01
C 10
D 11

MOYET OBITh IIPENICTABIEH ITOCPEICTBOM ITOTHOTO OWHAPHOTO JIepeBa C YSTHIPHMS
JIUCTBSIMU:

Kaxnoe pebpo, coeaunstoniee y3ei ¢ ero JeBbIM WU MPaBbIM JOYEPHUM Y3-
JIOM, TOMeYaeTcsi COOTBETCTBEHHO «0» 100 «1». JIMcThsl nepeBa MoMedeHbI
YEeTHIPbMS CHMBOJIaMU ajipaBuTa. KaK bl MyTh OT KOPHSI 10 TOMEYEHHOTO y3J1a
MPOXOAUT TO ABYM pebpaM. MBI MOXEM HHTEPIPETUPOBATH METKU 3TUX IBYX
pebep Kak KomupoBaHHE CUMBOJIA JTUcTa. Hampumep, MOCKONBKY IMTyTh OT KOPHS
K y3JIy ¢ METKOH «B» MPOXOIHT 10 JIEBOMY JIoUepHEMY peOpy («0»), 3a KOTOPBIM
ciexyer npasoe gouepHee pedpo («1»), Mbl MOXKEM HHTEPIPETUPOBATH MY Th KaK
KOJIMPOBaHME CUMBOJIA b TOCIEN0BaTEILHOCTRIO 01. DTO COOTBETCTBYET KOIH-
poBaHUIO B B HallleM Kojie (PUKCHPOBAHHOM JIUHBL. To jKe BEPHO W JJI APYIHX
TpPEX CUMBOJIOB.

ObITh moMeueHbl. [10 KaKko#-To MpUYMHE aWTHIIHUKH, TIOX0XKE, TyMAloT, YTO JAEPEBbs
pacTyT BHU3, U [IO9TOMY PUCYIOT CBOH JAEPEBBS TAKHMM 00Pa30oM.
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Jlasee BCIIOMHMM Halll TIepBhIi (OecripeUKCHBIN) KO/ IepEeMEHHOHN JITHHBI:

Cumson Koauposanue
A 0
B 01
C 10
D 1

OTOT KO MOXKET OBITB MIPEICTABIICH C TIOMOIIBIO TIOKA3aHHOTO HIYKE TOMEIEHHOTO
OMHApHOTO JepeBa

OnsTh-Taku UMEETCs YeThIpe y3Jia, [IOMEUEHHbIE CUMBOJIaMH ai(aBUTa — JBa
JIICTA U UX POAUTETH. DTO EPEBO ONPEACISCT KOMUPOBAHHUE JUIS KaXKI0TO CHMBOJIA
MTOCPEACTBOM ITOCIIEIOBAaTEIEHOCTH METOK pedep Ha ITyTH OT KOPHSI 10 y3J1a, TIOMe-
YEHHBIX 3TUM CUMBOJIOM. Hampumep, nepexos 0T KOpHsI K Y31y ¢ METKOH «4» Tpe-
OyeT MPOXOKACHHSI TOJIBKO OTHOTO JIEBOTO JOUEPHETO pedpa, COOTBETCTBYIOIIETO
xoauposanuto «0». KonupoBanus, onpeieseHHble 3TUM AEPEBOM, COOTBETCTBYIOT
KOJMPOBAHUSAM B IIPUBEICHHON BBILIE TaOIUIIE.

HakoHer1, MbI MOYKeM TTPEICTaBUTh HAlll OecIpePUKCHBINA KOJT IEPEMEHHOM JITTHHBI
JIEpEeBOM Cleylolei KoHurypamuuu.

CumBon KoaupoBaHue
A 0
B 10
C 110
D 111
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B Gonee o0riem cirydae kaarcoviti JBOUUHBIN KO MOXKET OBITh IPE/ICTABIICH B BUJIC
OUHAPHOTO JAepeBa, B KOTOPOM JIEBOE U MPABOE JOUEpHHE Pedpa MOMEUEHBI COOT-
BETCTBEHHO «0» 1 «1» M KayKAbIif CHMBOII aI(haBUTA UCTIONB3YETCSI B KAYECTBE METKH
TOJIBKO /ISl OTHOTO y37a'. 1 Ha060poT, KaXkI0€ TAKOe ePEBO ONPEICIISICT ABOMYHBII
KOJI, IPUYIEM METKH pedep Ha MyTSIX OT KOPHS 10 TOMEUCHHBIX y3JI0B 00€CTICUNBAIOT
KOIUPOBaHUE CUMBOJIOB. Uuc0 pebep B ITyTH PABHO YUCITY OUT, UCTIONb3YEMBbIX JUIs
KOZIMPOBaHUS COOTBETCTBYIOILETO CUMBOJIA, UTO I103BOJIIET YTBEPAKIATh CIEAYIOLLEE.

YrBepikaenne 14.1 (njuHa KOAMPOBAHNUSA W TIyOMHA nepeBa). /s Kaxicoo2o
080UUHO20 KOOA ONUHA KOOUPOBAHUSL 8 OUMAX CUMBOAA A € X pAGHA 2TyOuHe V31d
€ MemKol a 8 COomeemcmeayouem oepese.

Hanpumep, B npuBeieHHOM BbILIe OecnipeUKCHOM KOJIe JIUCT YpOoBHS 1 COOTHO-
CUTCSI C CUMBOJIOM 1-OMTHOTO KOIUpPOBaHHS (A4), JINCT YPOBHS 2 — C CHMBOJIOM
¢ 2-OUTHBIM KOTUPOBAaHUEM (B), INCThsI YPOBHS 3 — C AByMsI CUMBOJIaMH C 3-OUT-
HbIMU KopupoBaHusimu (C u D).

14.2.2. Kakue gepeBbs NnpeacTaBnsiioT
6ecnpeduKcHblie Koabi?

Mgl Buzens, 94To OWHAPHBIE AEPEBbs MOTYT MPEACTABISTH BCE TBOUYHBIC KOIBI,
¢ npedukcamu wian 6e3. CyIiecTByeT HEOPOBEPKUMOE JT0Ka3aTeIbCTBO, KOTa
KOJI, COOTBETCTBYIOILIHUIT IEPEBY, HE SBISICTCS OecIpeUKCHBIM.

! TIpeanonoxum, 9To HAUOOIIbIIIEE YHUCIIO OUT HCTIONB3YETCsI VTSl KOQUPOBaHHs CUMBOIIA L.

Copmupyiite noiHoe OuHapHoe epeBo riyouHsl £. KoaupoBaHue Kax10ro CHMBOIIA @
OIIPEIENISCT IyTh Yepe3 ACPEBO HAYMHAS C KOPHSL, M KOHEUHBIH y3€II 3TOTO ITYTH JOKESH
OBITh TOMEUEH CUMBOJIOM a. HakoHel[, MHOTOKpaTHO 00pe3aiiTe HeMOMEUSHHbIE JTHCThSI
JI0 TeX TI0p, IIOKA HE OCTAHETCs HH OJTHOTO.
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Bepremcst k TpeM paccMOTpeHHBIME HaMU ipuMepaM. [lepBoe i TpeThe nepeBss,
COOTBETCTBYIOIIUE JIByM OecCIpe(UKCHBIM KOJIaM, BBIIJISIIAT COBEPIIECHHO MO-
pasHomy. Ho 06a uMeroT 01HO CBOMCTBO: CUMBOJIAMH ajl(paBUTa MOMEUEHBI TOJIBKO
ucThs. Y HampoTHB, BO BTOPOM JIepeBe MOMEUCHBI 1Ba HE-IHCTA.

B o0mem cnyuyae kogupoBaHHe CUMBOJIA a SBISETCS NMpe(GUKCOM KOTUPOBAHHS
JIPYTOTO CUMBOJIA b TOTZA M TOJBKO TOT/A, KOT/AA y3€i, IOMEUCHHBIN a, SBISCTCS
MIPEIKOM y3J1a, TOMEeUeHHOT0 b. [loMedeHHbIi BHYTPEHHUI y3€l SABIAETCS IIPEIKOM
(TIOMEYeHHBIX ) JIUCTHEB B €0 MOJIEPEBE U MPUBOAUT K HAPYIICHHUIO Oecripedukc-
HOro orpanuyenus'. VI Ha000pOT, MOCKOIBKY HH OJMH JIUCT HE MOXKET ObITh ITpe/i-
KOM JIpyToro, IepeBo ¢ METKaMH TOJIbKO Ha JIMUCThAX OIpeesseT oecnpeuKCHbII
koj1. JleKkoIMpoBaHue TOCIe0BATEIbHOCTH OUT CBOIUTCS K CIEAYIOIIEMY: IIPOUTH
IO JIepeBy CBEPXy BHU3, IIOBOPAUMBas BIIEBO MM BIPABO BCSKHUH pas3, KOIa clie-
IOYIOIINA BXOOHOM OWUT paBeH coorBeTcTBeHHO 0 mum 1. Korma jaucT JOCTHTHYT,
€ro MEeTKa yKa3bIBaeT Ha CIIEIYIOIINN CHMBOI B TIOCIIEIOBATEIBHOCTH, M TIPOIIECC
Mepe3aIrycKaeTcst OT KOPHS C OCTaBIIMMUCS BXOIHBIME OnTamu. Hammpumep, B Tpe-
TheM Kozie AexkoaupoBanue Bxoaa «010111» npuBoauT k TpeM 00XoaaM OT KOPHS
K JICTY, 3aKaHYMBAIOIINMCS B A, 3aTeM B B 1, HakoHel, B D (puc. 14.1).

14.2.3. OnpepeneHuve 3agayn
(8 HOBOM pOpMYyNIMPOBKE)

Cdhopmynrpyem KOHKpETHEE 3ajady ONTHMaIbHOTO OecrpedukcHoro kona. [lox
Y-0epegom MBI TIOIpa3zyMeBacM OMHAPHOE JEPEBO, B KOTOPOM JIUCThSI TOMEUCHBI
B OAHO3HAYHOM COOTBETCTBHHU C CUMBOJIaMH aﬂq)aBI/ITa Z, Ipyu 3TOM ABOUYHLIC GCC-
peUKCHBIE KOJIBI ISl alihaBUTa X COOTBETCTBYIOT Y -AepeBbsiM. Jlist Z-nepesa T’
U 4acTOThl CUMBONIOB P = {p,} ., 0003HauuM yepe3 L (7, p) CpeAHIO NIyOUHY
JIUCTA B T, MIprU4EeM BKJIAJ KaXKIAOTO JIMCTAa B3BCIIUBACTCSA B COOTBETCTBUU C 4a-
CTOTOM €ro METKHU:

L(T,p)= Z p, - (rmyOuHa j1cTa, noMeueHHoro a B 7). (14.1)
acy

W3 yrBepxkaenus 14.1 Bertekaet, uro L (7, p) sBAsIeTCs B TOUHOCTH CpEAHEN JUTMHON
KOJMPOBAHUsI KOJIa, KOTOPBIA COOTBETCTBYET 7, YTO Mbl U XOTUM MUHUMHU3UPOBATH.

! MBI MOXKEM JIOIYCTHTD, YTO KaK/BIi JIUCT IepeBa HMEET METKY, TaK KaK yIaJICHHE He-
IIOMEUEHHBIX JINCTHEB HE U3MEHSAET KOJ, ONPE/ICIICHHBIN JIepeBOM.
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a) MpoxoxaeHne Ne1 ("A”) 6) MpoxoxaeHue Ne 2 ("B”) 8) MNpoxoxaeHne Ne 3 ("D”)

Puc. 14.1. JekoaupoBaHue cTpokun «010111» B «kKABD» MHOrokpaTHbIMU
o6xoaamm OT KOPHS K INCTY

CrnenoBaresibHO, MBI MOXEM MepedopMyIUpoBaTh 3a/1a4y ONTUMAJILHOTO Oectpe-
(PMKCHOTO KOJIa KaK 3339y NCKIIOYNTEIIFHO OMHAPHBIX JICPEBBEB.

3AJAYA: OITUMAJBHBIE BECIIPE®@UKCHBIE KO/ bI
(B HOBOM ®OPMYJIUPOBKE)

Bxon: HeoTpuLaTenbHas 4acTOTa p, ISl KKI0TO CUMBOJIA a ajda-
BUTa X pa3Mepa n > 2.

Bobixoa: X-71epeBo ¢ MUHUMAIBLHO BO3MOXHOW CpeHEU TTyOHHOM
mucra (14.1).

14.3. XXagHbih anropuntm XadbdpmaHa

14.3.1. NocTpoeHue pepeBbEB NyTemM
nocnenoBaTesibHbIX CJIUSAHUNA

CyTb unen Xaddmana B ToM, 4TOOBI pENIUTH 3a7a4y ONTHMaIbLHOTO Oecripe-
(DMKCHOTO KO/Ia, UCTIONB3YS BOCXOAIIHNIA MOAX0 (CHU3Y BBEpX)'. «BoCXOmSsIIImii»

! Kak B ciy4ae ¢ KypcoBoii pabotoit J[pBuaa A. XpiomeHa. PerieHre 3aMeHIUIIO HEOTI-
TUMAJIBHBIH aITOPUTM «CBEPXY BHHU3, pasJelisiii M BIACTBYi», paHee N300pETEHHBIN
PoGeprom M. ®ano.
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O3HaYaeT HavYaTh C 71 y3JIOB (/I 77 — ATO pa3Mep andaBuTa X), KOKIbIH U3 KOTOPHIX
MTOMEYECH JIPYTUM CUMBOJIOM X, U CTPOUTh JAEPEBO IMyTEM MOCIIE0BATEIbHBIX CIIH-
ssauuid. Hammpumep, ecin X = {4, B, C, D}, To TOCTpOEHUE HaUNHAETCA C JINCTHEB:

Cnepgylouwas napa
ANs CnnsiHUA

o 00 Ej//

A

Hamire nmepBoe ciusiHie MOIJIO ObI COCTOSITh U3 Y3JI0B, MOMEYCHHBIX «C» U «Dy,
peanu3oBaHHOE MyTEM BBEACHHUS OJJHOTO HOBOTO HEMEUEHOI'O BHYTPEHHETO y3Iia
C JICBBIM M TIPABBIM OTITPBICKAMH, KOTOPBIC B YKa3aHHOM ITOPSIIKE COOTBETCTBYIOT
Cub:

Cnepytouwas napa
ONs CAvsiHWSA

N
Nelley

AT~ c D

[o cytu, 310 cinusiHue GepeT AepeBO, B KOTOPOM JICThsI, TIOMEUCHHbIE Kak «C»
1 «Dy», SBISIOTCSI cecTpaMH (TO €CTh UMEIOT OOIIETO POIUTENs).

3areM MBI MOXKEM CJIENaTh TO e caMoe ¢ A U B, Ucnonb3ys 1epeBo, B KOTOPOM
JIMCTHSI, TOMEUCHHBIC KaK «A» U «B», SBISIOTCS CECTPaMHU:

Cnepgytouias napa
ONS CNUsHUS

Teneps 0CTaNOCh CIUTH BOSIMHO TOJBKO JIBE TPYIIIBI M MMOIYIHUTH ITOJTHOIICHHOE
OMHapHOE J1epeBo:
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310 OMHApHOE IePeBO — KOIHS TOTO, YTO MCIIONB30BAJIOCH IS TIPEACTAaBICHHS
Kozia (PMKCUPOBAHHOM AMMHEI B paszaene 14.2.1. Kak BapuaHT, BO BTOpOit HTepaluu
MBI MODJIH OBI CJIMTB y3eJI, TOMEUYCHHBIN KaK «B», ¢ AepeBoM, copepkammmM «Ch
A «D»:

>0

B pesynbrare 3akIIFOUUTENIFHOTO CIUSHUSI 00pa3yercsi OMHapHOE JEepeBO, MC-
MoJIb3yeMoe JUIsl IpeJcTaBleHus OecnperKCHOTO Kojla TIePeMEHHOU JIJTUHBI
B pazzaene 14.2.1:

B obmiem ciygae xaaHbIi anroput™ XadgmaHna HOAICPKUBACT 1ec, TO €CTh KOJI-
JIEKLIMIO OTHOTO MJIM HECKOJIbKUX OMHAPHBIX I€PEBbEB, JINCThS KOTOPBIX HAXOAATCS
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B OTHO3HAYHOM COOTBETCTBHH C CHMBOJIAMH z Kamnaﬂ uTepanusa aaroputMma
BBI6I/IpaCT JABa AC€PEBA B TCKYILIEM JICCY U O6LCHI/IH${CT HX, Acjiias X KOpHU JICBbI-
MU U IIPpaBbIMU JOUYCPHUMHU BJICMEHTAMU HOBOTO HEMCEUYCHOI'O BHYTPEHHETO Yy3J1a.
AHTOpI/ITM OCTaHaBJIMBACTCA, KOrga OCTACTCA TOJIBKO OAHO AEPEBO.

YIIPA’KHEHUE 14.3

CKONbKO CIUsIHUIN OyZIeT BBIMOJIHATH XKalHbIA anroput™ Xaddmana
1o ocranoBku? (Ilycts n = | X | 0003Ha4aET YHUCIIO CUMBOJIOB'.)

a) n—1

0) n

B) (n+1)n
2

I') 7SI OTBETa HEJOCTAaTOYHO HH(POPMAIUN

(Pemenuie u nosicienue cMm. B pazaene 14.3.7.)

14.3.2. XXapHbih kputepun XadpPpmaHa

Kakyto napy nepeBbeB Mbl JOJIKHbBI O0ObETUHATE IOCPEICTBOM OUEPEIHON UTepa-
MM JUTS 33JaHHOTO MHOYXECTBA YaCTOT CUMBOJIOB {p, } .7 Kaxknoe cnusiHue yBe-
JMYUBACT ITyOHHY BCEX JIMCTHEB JIBYX YUaCTBYIOIINX JCPEBHEB U, CICIOBATEIHHO,
JUIMHBI KOIMPOBaHMS COOTBETCTBYIOIIMX CUMBOJIOB. Hanpumep, B npuBeIeHHOM
BBIIIC MPEANOCICTHEM CIUSHUN IIyOUHA y3710B, TOMEUEHHBIX Kak «C» U «Dy,
yBeTHUUBaeTCs ¢ 1 110 2, a IryOuMHA y371a, IOMEIEHHOTO KaK «B», yBeTHIHBaCTCS
¢ 0 mo 1. Takum oOpa3om, Kaxa0€ CIAUSHUE YBEIMUMBACT LIEJEBYIO0 (DYHKIIHIO,
KOTOPYIO MBI XOTUM MMUHUMM3HUPOBATh: CpeHIO0 IyOuny mucra (14.1). Kaxmas
WTEpAaIs )KaTHOTO aropuT™Ma XapdmaHa OTU30pYKO BBHITIOTHSIET CIUSIHAE, KOTO-
poe yBeIM4MBaeT 3Ty LeJeBYI0 (QyHKIHIO B HAMMEHBIIICH CTEHeHH.

KAJHBIV KPUTEPU XADPMAHA

CnusiHUEe Maphl AepeBbEB MPUBOAUT K MUHUMAJIBHO BO3MOKHOMY
YBEIIMYCHUIO CPEIHEH TITyOUHBI JIHCTA.

' | S| msst KOHEYHOTO MHOXKECTBA S 0003HAYAET YHUCIIO IITEMEHTOB S.
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Jst KaXKJ0TO CMMBOJIA @ B OHOM M3 JIBYX YYacTBYIOIIHX JIEPEBbEB TIIyONHA CO-
OTBETCTBYIOILETO JICTa YBEINYUBACTCS Ha 1, a BKJIa]] COOTBETCTBYIOIIETO WiIeHa
B cymmy (14.1) yBenuuuBaercs Ha p,. Takum 00pa3om, CIUSIHUE ABYX A€PEBLEB 7|
n T, yBenTUYUBAET CPEIHIOI ITyOWHY JINCTa HA CYyMMY YacTOT y4YacTBYIOIINX
CHMBOJIOB:

D Pt Pus (14.2)

acl acl,

IJIec CyMMHPOBaHHUE MMPOU3BOIUTCS TI0 BCEM CHMBOJIaM alipaBUTa, JUI KOTOPBIX
COOTBETCTBYIOIIMH JIUCT IPUHAIEIKUT COOTBETCTBEHHO 1| nnu 7,. XKangusii
kputepuit Xahpmana nmoapazymeBaeT 00bEIHHEHIE Tap ICPEBLEB, IS KOTOPBIX
cymma (14.2) Oynet Kak MOKHO MEHBIIIE.

14.3.3. NceBnokon

Anroput™m XadgmaHa CTpOUT Z-IE€pPEBO CHU3Y BBEPX, M HA KaX10H UTEpallui OH
0ObEMHSIET JIBa JIEPEBa, UMEIOIINE HAMMEHBIIINE CYyMMbI YaCTOT COOTBETCTBYIO-
LIMX CUMBOJIOB.

HUFFMAN

Bxon: HeoTpuaTenbHas 9acToTa p, Ul KaXI0T0 CHUMBOJIA a anda-
BHTA X.

Boixoa: X-nepeBo ¢ MUHUMAIBHOM CpeHel TITyOuHOM JTHCTa, Tpe-
CTaBJISIIOIIEE IBOMYHBIN OecrpehUKCHBIN KOJT ¢ MUHUMAJIBHOH Cpe/I-
HeW NJIMHON KOJUPOBAHUSA.

// WHuumanusaumsa
for ecachae X do
T, := nepeBo, coaeprKallee ONHUH y3€il, IOMEYCHHBIN KaK «a»
P(T) =p,
F:={T},.s // wneapnant: VT € F,P(T)= P(T)= Zpa
actl
// TnaBHbIA UKUKN

while F conmepxur no kpaiine mepe nBa aepesa do
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T, :=argmin,_. P(T) // cymMma MMHUMaNbHbIX 4acToOT
T, := argminTeE Tl P(T) // sTopas HaumeHbuwas
yaamuts 1) u T, u3 F

// xopuu T,, T, cTaHOBATCA /NeBbIMU, MPABLIMMU
// NOTOMKaMu HOBOrO BHYTpEHHEero y3na

T, :=cmusune T, u T,
P(T,) :=P(T)) + P(T,) // nopnepxuBaeT WHBapuaHT
Hob6asuts T, B F

return yHUKaJbHOE epeBo B F

O NCEBAOOKOAE

B 3T0i1 KHUXHOW cepumn 06bACHSAOTCS afirOPUTMbI, UCMOJb3YOLLME KOMOMWHA-
LiMtO BbICOKOYPOBHEBOT O NMCEBA0KOAA M PYCCKOr0 f13blKa (Kak NoKa3aHo BhILLE).

MpennonaraeTcs, YTO y YnTaTeNEeN eCTb HaBblKM TPAHCASALNN TaKNX BbICO-
KOYPOBHEBbIX (0OLLMX) OnucaHnii B pabounii kog Ha NtoOMMOM s13blke Npo-
rpamMmupoBaHus. Heckonbko opyrux KHUr u pecypcos B CeTn npegnaratoT
KOHKPETHbIE peann3aLmmn pasnimnyHbiX anroOpuUTMOB Ha ONpeaeeHHbIX A3blKax
NPOrpaMMmMpPOBaHUS.

Bo-nepBbIX, NPeEMYLLECTBO aKLEHTMPOBAHMS BbICOKOYPOBHEBbLIX OMMCAHNIA
Haj, peanvsaumsaMum, cneumduyHbIMN A8 KOHKPETHOr O S3blka, 3aK/toHaeTcs
B rMOKOCTU: TaK, HAJIM4YMe OCBEAOMIIEHHOCTU HEe YBA3bIBAETCSH C KakuM-/1Mb0
KOHKPETHbIM $13bIKOM MpPOrpaMMmnpoBaHunsi. Bo-BTopbIX, 3TOT Noaxon, crno-
CO6CTBYET MOHMMAHWMIO aNrOPUTMOB Ha rMyH6OKOM, KOHLLENTYyalbHOM YPOBHE,
He 06peMEHEHHOM BTOPOCTENEHHbIMY AeTansiMun. OnbITHbIE MPOrPamMMUCTbI
1 cneynanucTbl B 061actv HGOPMaTUKM 0ObIYHO MbICIST 1 0OMEHMBAIOTCS
nHdopmMaLmeli 06 anropMTMax Ha CTOJIb XXe BbICOKOM YPOBHE.

TeM He MeHee HNYTO HE MOXET 3aMeHUTL NOAPOOHOIr0 MOHVMaHUS anropuTMa,
KOTOPOE BbITEKaET 13 pa3paboTkuy YuTaTensaMm COOCTBEHHOM paboyeli peanu-
3aumun. HactosTenbHO pekoMeHAyeTCs peann3oBaTh CTOJIbKO alIrOPUTMOB 13
3TOI KHUTK, CKOJIbKO NMO3BOIAET BpeMs. OTO TakXe OTNINYHbIA NOBO, NO3Ha-
KOMUTBLCS C HOBbIM A3bIKOM NPOrPaMMUPOBaHUSA U €ro BO3MOXHOCTAMMN (CM.
pasgen 3aga4y no NPOrpaMMUPOBaHMIO B KOHLLE [T1aBbl U CONMPOBOANTENbHbIE
TECTOBbIE CLLeHapun).
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14.3.4. NMNpumep

JaBaiiTe BepHEMCsI K HAIIEMY YETHIPEXCHMBOIBHOMY all(PaBUTY CO CICAYIOIIUMH
HUKE 4YaCTOTaMU:

CumBon YacToTa
A 0,60
B 0,25
C 0,10
D 0,05

IlepBoHauanbHO aNropuT™ Huffman co3aaer jec U3 uyeTbipex aepesbeB — 1, T,
T, T), KaXkJ10€ U3 KOTOPBIX COJEPKUT OJIUH Y3€ll, TOMEYEHHBIN IPYITUM CUMBOJIOM
andasura. Ilepsas nreparus arroputMa 0ObEIUHSIET y3IIbl, COOTBETCTBYIOIIIE
JBYM CHUMBOJIaM C HAaUMEHBIIUMM YaCTOTaMU — B JAHHOM ciydae «Cy» U «D».
ITocne nrepanuu jiec anropuTMa COAEPKUT TOJIBKO TPH JIEPEBA CO CIEAYOIUMHA

CyMMaMH 4aCTOT CUMBOJIOB:

CumBon CyMMa 4acToT CUMBOJIOB
JepeBo, coneprkaruee A 0,60
JHepeso, cogep:xaiee B 0,25
JepeBo, conepsxariee C u D 0,05+ 0,10=0,15

BTOpI:IB JBa ncpe€Ba UMCIOT HAUMCHBIINE CYMMbl 4aCTOT CUMBOJIOB, ITIO3TOMY
MMEHHO 3TH JIepEBbsl 00BEIMHSAIOTCS Ha BTOpOr urepanuu. Ha Tperbeit nteparuun
niec I coaep KuT TOJIBKO J1Ba IepeBa; OHU OOBEIUHAIOTCS BOSINHO, 1aBasi KOHEUHBIN
PE3YyNBbTAT, TO €CTh UMEHHO TO JEPEBO, KOTOPOE UCIIOIb3YETCs AJIs IPEACTABICHUS
OecrpepUKCHOTO KoJla IIEPeMEHHOM JNTMHBI B pasnene 14.2.1:

0,15
06 025 010 0,05

B

9 O (CD O 06 025 ™ 06

O O QO
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14.3.5. Bonee KpynHbIi npumMmep

Arst mydmero moHuMaHus (pyHKIMOHUPOBAHS JKaHOTO anropuTMa Xaddmana
IIOCMOTPUM, KaK 00pa3yeTcsi OKOHUATEIbHOE AEPEBO, Ha Oojee MOAPOOHOM HpH-
Mepe:

CumBon YacToTa

3

SESECENEN
AN N oo NN

Ecnu Bac 6ecrokouT, 4TO 4aCTOTHl CUMBOJIOB B CYMM€ HE COCTaBJISIIOT 1, TO BbI
MOYKETE CBOOOJIHO TIOJCITUTh KAXKI0€ U3 HUX Ha 27 — 3TO HE MEHSET CyTh 3a/1a4H.
Kak 00bI4HO, TIepBBIN Iar 00bEIHHSET 1BA CHMBOJIA C HAMMEHBITMMH YaCTOTAMH,
a IMEHHO «B» u «E»:

6 0 & 0 & & —
A B C D E F C3)C6)(8)C6)(/\)
A D

B necy ocranercs nath A€peBbEB:

CumBon CyMMa 4acToT CUMBOJIOB
JlepeBo, conepxkaree A 3
Jepeso, conepxkariee C 6
JepeBo, conepxkariee D 8
JepeBo, conepxkaiee F 6
JlepeBo, conepxkariee B u £ 2+2=4

" TCTICPH aJITOPUTM O6’be}II/IH$I€T IMEPBOEC U MOCJIECAHEC U3 HUX:

4

Q
3686(/\>:>686
2 2 9 @ § B @ % ?
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Ocranercs 4eThIpe aepeBa:

CumBon CyMMa 4acToT CUMBOJIOB
JepeBo, conepxkariee C 6
JepeBo, conepxkariee D 8
JlepeBo, conepixkaiiee F 6
JlepeBo, conepxariee A, Bu E 4+3=7

[Janee anroput™ oObeIUHSET y3Ibl, TOMEYEHHBIC KaK «C» U «F»:

7 12 7
Q
6 8 6 8
o O O O d o
C A B E D C F A B F
Ocranercs Tpu JiepeBa:
CumBon CyMMa 4acToT CUMBOJIOB

JlepeBo, conepxkariee D 8

Jepeso, conepxaiee C u F 6+6=12

JlepeBo, conepxariee A, Bu E 7

Hpe):[HOCJ'Ie}lHI/IM SABJISICTCA CIIUSTHUC MTEPBOT'O U TPETHEIO ICPCBHEB:

12 7 15
12
g c& /?%
D
Q
¢ F A B E A B E C F

1 OKOHYATCJIBbHOC CIIMAHUEC IIPOU3BOAUT PEIYIBTAT aJITOPUTMaA Ha BBIXOAEC:
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3TO 1epeBO COOTBETCTBYET CIIEAYIONIEMY HIDKE OecTIpepUKCHOMY KOAY:

CumBon KoaupoBaHue
A 000
B 0010
C 10
D 01
E 0011
F 11

14.3.6. Bpems BbINONIHEHUS

ITpocras peanusanus anroputMma Huffman BeinonHsiercs 3a Bpems O (n?), Tue
1 — 3TO YUCIO CUMBOJIOB. Kak oTMeueHo B ympaxHeHHH 14.3, kaxaoe clnusHue
YMEHBIIIAET YUCIIO IEPEBLEB B ' Ha 1, mpuBoas K 7 — 1 nTepanysM NaBHOTO LUKIIA.
Kaxxnas ntepanus oTBeyaeT 3a BbISABICHHUE JIByX TEKYILHX JI€PEBbEB C HAUMEHBILIHU-
MU CyMMaMH YaCTOT CUMBOJIOB; 3TO MOKET OBbITh CIEJIAHO ITyTEM HCUEPITBIBAIOIIETO
noucka o O (n) nepeBbsam sieca F. OctanbHas 4acTh pabOThl — HHULUAIN3ALIHS,
obnosnenue F, mepe3anuch ykasarenel IpH CIUSHUU ABYX JEPEBEEB — BHOCHUT
B COBOKYIIHYO IPaHMIly BPEMEHHU BBINONHEHUS ToNbKO O (1) onepauuii pu cym-
MapHoM 3HadeHuu O (n?).

Uurarenu, 3HAKOMbIE C Ky4eBOH CTPYKTYpOi JaHHBIX (cM. maBy 10 uacmu 2 v pasnen
15.3), HOMmKHBI HANTH BO3MOKHOCTH JOOUTHCS JIYUIIIEro pe3ynsrara. CMBICH KydeBOH
CTPYKTYPBI TaHHBIX COCTOHT B TOM, YTOOBI yCKOPSITH MHOTOKPATHBIE MUHIMAJTLHEIC
BBIUMCIICHUS TaK, YTOOBI KQKJ0€ BBIYMCIICHUE 3aHUMAJIO JIoTapu(MUUYECKOe, a He
nuHelHoe BpeMs. B pabote, BBIMOTHIEMOW Ha KaXI0W NTEPALIMH TTIABHOTO ITUKJIA
B alropurMe Huffman, JOMUHUPYIOT JBa MUHUMAJIbHBIX BBIUMCIIEHUS, [I03TOMY
Bac JIOJDKHO OCEHHUTbH: ITOT aNroputM TpedyeT Kyuu! lcmonp3oBanue Kydu Uis
YCKOPEHHSI MUHUMAJIbHBIX BBIYHUCIICHU cOKpaIaeT BpeMs BeimonHenus ¢ O (n?) 1o
O (n log n), uto KBATHHUITUPYETCS KaK HEBEPOSTHO OBICTpast peann3arnusi'.

' OOBEeKTHI B Kyue COOTBETCTBYIOT JepeBbsiM sieca F. Kitrou, acconnupoBaHHbIi ¢ 00beK-

TOM, TIPEACTABIISET COOOH CyMMY YacTOT CHMBOJIOB, COOTBETCTBYIOLIMX JIUCTBSIM J€PEBa.
Ha xaxxnoit ureparmu nepesbst 7, 1 7, MOTYT OBITh yAAJIE€HBI U3 Ky4H € IOMOIIBIO IBYX
noapsi onepanuii M3BJIEYL MUHUMYM, a 00beTHHEHHOE TepeBo 1 T00aBIAETCs OMHOM
omnepanueit BCTABUTD (¢ kimrouoM fepeBa 7, yCTaHOBIEHHBIM PaBHBIM CyMMe KiTrouei 7,
uT)).
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Brpouewm, anroputm Huffman MOXKET OBITH pean30BaH MyTeM COPTHPOBKH CHMBO-
JIOB B OPSIAKE BO3PACTAHUS YaCTOTHI C ITOCIICTYFOIIIM BBIITOITHCHUEM JIMHEHHOTO
o0beMa JIOMOTHUTENBHOI 00paboTku. DTa peanuzarys U30eraeT Kydu B MOJIb3Y
erre 0osiee MPOCTON CTPYKTYPHI JaHHBIX: odepenn ((PaKTHUECKH JIBYX Ovepelei,
noapoOHee cM. B 3aa4e 14). 7 CHMBOJIOB MOT'YT OBITh OTCOPTUPOBAHBI IO YaCTOTE
3a Bpems O (n log n) (cM. cHOcky 1 Ha c. 24), TOSTOMY BpeMsl BBIIIOJHEHHS pea-
nmu3arun pasHo O (n log ). Kpome Toro, B 4acTHBIX cllydasx, KOTJa COPTUPOBKA
BO3MOJKHA 32 JJMHEITHOE BpeMsI, 3Ta peanu3anys aaroputMa Huffman taxxe Oyaer
BBIMOJHSITHCS 32 JIMHEHHOE Bpemsi'.

14.3.7. PewneHue ynpaxHeHusa 14.3

IIpaBuabHbIii oTBeT: (a). [IepBoHaYaNBHBIN JIEC UMEET 11 IEPEBBEB, I/I€ /1 — ITO
YHCI0 CUMBOJIOB andasura. Kaxkmoe ciusHAe 3aMEHSCT Tapy IEPEeBHEB OTHIM
JIEPEBOM H, CIIEIOBATEIbHO, YMEHBILIAET YHUCIIO JepeBbeB Ha 1. AIropuT™M ocra-
HaBJIMBAETCsl, KAK TOJIbKO OCTAETCs OHO JEPEBO, TO €CTb 110CIIE 1 — | CIAMSIHUMA.

*14.4. Jloka3aTenbCTBO NPaBUJIbHOCTU

Autroput™ Huffman MpaBHJIBHO PEIIACT 33/1auy ONTHMAIBLHOTO OecnpeUuKCHOro
KozmaZ.

Teopema 14.2 (MpaBWILHOCTH aJropuT™Ma Huffman). /s kasxcooeo arghasuma X
U HEOMPUYAMENbHBIX YACMOM CUMB0108 {p )} .5 aneopumm Huffman evieooum
becnpepuKcHblll KOO ¢ MUHUMATLHO 803MONCHOU CPeOHell OTUHOU KOOUPOBAHUSL.

! Jlns anroputMa COPTHPOBKH «OOIIEr0 Ha3HAYCHHs», CBOOOTHOTO OT MPE/ITOI0KEHHUIT

OTHOCHUTENIBHO JAHHBIX, TOUICKAIINX COPTUPOBKE, HAMITYUIINM JOCTH>KMMBIM BpeMEHEM
BBINOJTHEHUS 3ajaHus cienyer cuurarbk O (n log n). BripoyeM, HEKOTOpBIE CieAAIIN-
3MPOBAHHBIE AITOPUTMBI COPTUPOBKU MOTYT paboTaTh OblcTpee. Hanmpumep, anroputm
RadixSort criocoOeH cripaBUTHCS ¢ COPTUPOBKOIM MacCHBa IaHHBIX, COCTOSIIIETO TOJIILKO
U3 IeIIBIX YHCEN BETNINHOM He 6omee n'°, 3a Bpems, paHoe O (n). [TogpobHee cM. pas-
nen 5.6 uacmu 1.

Pazpmensl, oTMeueHHbIE 31ech U qanee *, 0ojee CIIOXKHBI ISl YCBOCHHS U MOTYT OBITh
MPOITYIIEHBI TPU MIEPBOM UTECHUH.
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AHAIIOTMYHBIM 00pa30M YKa3aHHBIN aJITOPUTM BBEIBOIUT H X-JIEPEBO C MUHUMAJIBHO
BO3MOXHOM cpenHelt ryouHo mucta (14.1).

14.4.1. BbiICOKOYpOBHEBbIU MNJ1aH

JlokazarenbcTBO TeopeMbl 14.2 cMeIMBaeT JIBE OOIICTIPHHSATHIC CTPATETUH JIO-
Ka3aTeJIbCTBA MPABIILHOCTH JKaJIHBIX AJITOPUTMOB, YIIOMSIHYThIE B paznene 13.4:
WHAYKIUIO U OOMEH apryMeHTaMHU.

MpbI HagyHEM ¢ MHAYKIIUH 0 pa3Mepy aidaBuTa, CKOHIEHTPUPOBABIIUCH HA ABYX
naesx, HeoOXOANMBIX IS pean3allid UHAYKINOHHOTO Imara. 3aguKcupyeM
C 3TOT0 MOMEHTA BXO[ C aji()aBUTOM X ¥ CHMBOJIbHBIMH YacToTamu p. I1ycTs a
1 b 0003HAYAIOT CUMBOJIBI C HAUMEHBIIMMHU U BTOPBIMU HAUMEHBIITUMH 4acTO-
TaMM COOTBETCTBEHHO. PaccMOTpUM NEpBYIO UTEpaLuIo ajaropurma Huffman,
B KOTOPOW OH OOBEIUHSIET JIUCThS, COOTBETCTBYIOIIUE ¢ U b. 3aTeM yKa3aHHBIH
aJTOPUTM MPAKTUYECKH B35 X-€PEBO, B KOTOPOM JIUCThS, COOTBETCTBYIOIIHE
a " b, ABIAIOTCS dIEMEHTaAMH OIHOTO ypoBHS. [Ipexne Bcero ciemyeT moKa-
3aTh, YTO CPEAM BCEX TAKUX JEPEBBLEB aJrOPUTM Huffman Ha BBIXOJE BbIIAET
HauJy4Iiee.

IVTABHAS UJTESI Ne 1

Jlokasarp, 4To BBIXOJ AJITOpUTMA Huffman MUHUMU3HPYET CPEAHIO0
DIyOUHY JINCTA MO BCEM X-ACPEBBAM, B KOTOPBIX @ U b SBISIOTCS
2JIEMEHTaMU OJJHOI'O YPOBHSI.

DTOT mar CBOAUTCS K TOMY, YTOOBI IMOKa3aTh, YTO 3a/lauya BBIUMCIICHUS JTyYIIETo
X-nepeBa, B KOTOPOM a U b SBISIOTCS SIEMEHTaMHU OJTHOTO YPOBHS, DKBUBAJICHTHA
3a/1a4e BBIYMCIICHUS JyUIIero X'-AepeBa, TAe X' COBIAIaeT ¢ X, 3a UCKIIOUCHUEM
TOTO, YTO @ ¥ b CIIUTHI B €AMHBIH CUMBOJL. [T0CKONBKY andaBuT X' MEHbIIIE, YeM 2,
MBI MOXEM 3aBEPILIUTh JOKA3aTEIBCTBO C MOMOIIBIO0 MHIYKIHH.

Oroii uaeu, BIpoueM, HeocTaTouHo. Ecnu kaxxaoe X-1epeBo ¢ a 1 b B KayecTBe
9JIEMEHTOB OJTHOTO YPOBHS SABISETCS CyOONTUMANBHBIM, TO U HE CTOUT MX OITH-
MU3HUPOBATb.
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Bropas mraBHast mest pemaet 3Ty mpoOiIeMy B JOKA3bIBACT, UYTO BCETAa OE30IacHO
Oparh IepeBo, B KOTOPOM JIBa CHMBOJIA C CAMOI HI3KOH 9aCTOTOU COOTBETCTBYIOT
OJTHOYPOBHEBBIM JIUCTBSIM.

TJTABHAS UJIES Ne 2

Jlokazars, 4TO CyIIECTBYET ONTHUMAILHOE X-/1€PEBO, B KOTOPOM @ U b
SBJIAIOTCS 2JIEMEHTaMH OJHOTO yYPOBHS.

B nanHOM ciydae HEOOXOAMMO IMOKA3aTh, YTO KAXKA0E X-AEPEBO MOXKET OBbITH
BBE/ICHO B OTMHAKOBO XOPOIIIEE WM JIydIlIee X-TICPEBO, B KOTOPOM a U b SIBISIOTCS
3NIEMEHTaMH{ OTHOTO YPOBHS, ITyTe€M NEePECTaHOBKH MECTaMH METOK @ U b ¢ MeT-
KaMH X 1 ) JIByX JIHCTbEB Ha CAMOM INTyOOKOM ypOBHE AepeBa. IHTYUTHBHO 3TO
BOCIIPMHUMACTCS KaK YHUCTBIH BRIMTPHIII, IIOHMDKAIONHN CHMBOJIBI @ U b ¢ MEHBIIICH
YaCTOTOH J0 CaMOTo IIyOOKOTO YPOBHS JiepeBa 1 IIPOJIBUTAIOINIT BBICOKOYACTOT-
HBIE CUMBOJIBI X U y OJIMKE K KOPHIO.

Ecan o6e riaBHBIE HleW MOTYT OBITh PeaT30BaHbl, TO HHAYKIIMOHHBIN IIar U Teo-
pema 14.2 nerko BEINOIHSIOTCS. M3 IepBoit uaeu ClieayeT, 4To aropuTM Huffman
ONITUMAIIBHO pPEIIaeT MpodIeMy A OTPAaHUYEHHOTO CEMEWCTBa X-II€PEBbLEB,
B KOTOPBIX a U b SBISIOTCS 37€MEHTaMU OJHOro ypoBHs. Bropas rapanTtupyer,
YTO ONTUMAJIBHOE JIEPEBO 3TOrO OrPAHUUCHHOTO THUIA (PAKTHUECKH SIBIISIETCS OII-
TUMaJIbHBIM JIJIsl IEPBOHAYAJIbHOM 3a1a4H.

14.4.2. NogpoOHOCTHN
0630p MHAYKUMKN

Jns popmanpHOro H0Ka3aTenbcTBa OOPATHMCS K HAIIEMy CTApoMy ApYTY (Win
Heme3suze?), To ecth k nHaykuun'. HanoMHUM, I0Ka3aTenbCTBa 110 WHIYKIUH
CIICIYIOT JOBOJIBHO KECTKOMY IIA0IOHY C IEIIBIO ITOATBEPIKACHHS TOTO, YTO JIOTH-
yeckoe yTBeprkeHue P (k) codmonaercs st CKOITb YTOTHO OOJIBIINX HATYPaTbHBIX
gucen k. B nokazarensctBe TeopeMbl 14.2 Mbl iprHUMaeM P (k) Kak yTBEpIKIeHUE:

! Jlis 0O3HAKOMJICHHSI C BBOIHBIM KypcoM OOydYeHHs M. mpuiiokerue A (vacmo 1) niu

KHUTY «MaTemarrka Ui computer sciencey», yIOMSHYTYIO B IIPEIUCIOBHH.
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«AATOpUTM Huffman MPaBIIIFHO peIlaeT 33ady ONTHMAaIBHOTO Oecripedukc-
HOTO KOJia, KoTza pazmep aiadaBuTa He MPEBHIIIACT k».

AHAIOrMYHO PEKYPCUBHOMY aJITrOPUTMY, TOKa3aTeIbCTBO MO UHIYKIIUUA COCTOUT
U3 IBYX 9acCTeH: 6308020 cyuas U UHOYKYUOHHO20 wiazd. J1is Hac eCTeCTBEHHBIM
0a30BbIM CllyuaeM sIBIsieTcs yTBepakaeHue P(2) (3agaya ontuMalibHOTO Oecrpe-
(hMKCHOTO KOJIa HEMHTEPECHA C OJJHOCUMBOIIBHBIM asihaButoM). Ha HHAYyKIIMOHHOM
mare MbI JIOIycKaem, 4to k > 2. MblI Takke JomyckaeM, 4to Bce P(2), P(3), ...,
P (k— 1) AIBIsIOTCSA UCTUHHBIMU — 3TO HAa3bIBACTCS UHOVKYUOHHOUL 2UNOmMe30u, —
Y UCTIONTB3YEM 3TO JIOIYIICHUE JIJIS I0Ka3aTeNbCTBa Toro, uto P(k), cienoBarenbHo,
TaKOKe SBISICTCS HCTUHHBIM. Ecm MBI TOKa)keM 1 0a30BBIN CITydaif, M MHIYKIIHOH-
HBIH 11ar, To P (k) neficTBUTEIHHO OyeT HCTHHHBIM JUTS KaKIOTO ITOJIOXKUTEIEHOTO
nenoro uncina k> 2: P(2) MCTUHHO 110 6a30BOMY CITy4ar0 U, KaK Ma IaroIlue JIOMHHO,
MIpUMEHEHNE MHAYKIIMOHHOTO IIIara CHOBA M CHOBA MOKA3BIBACT, uTo P (k) ABseTcs
HCTHHHBIM JUTS1 CKOJIb YTOIHO OONBINNX 3HAYCHUH k.

Anroput™ Huffman SBJISETCS ONTHUMAIBHBIM JUISI TBYXCUMBOJBHBIX al(aBHTOB:
YKa3aHHBIN allTOPUTM UCTIONB3YeT | OUT A5t KogupoBaHUs Kaxa0ro cumBona (0 st
OJTHOTO CHMBOJIA U | ISt PYTOTO), UTO SABJISAETCS MHHUMAIBHO BO3MOXHBIM. DTO
JIOKa3bIBaeT 0a30BBIN CITydaid.

JUJIsi MHAYKIIMOHHOTO TIIara JIOIyCTUM, 4To & > 2, 3a7aB andaBuT X pa3mepa k

U HEOTPULATENIbHbIE YaCTOThl CUMBOJIOB P = {p } ;. [ ocTanpHOl yacTu no-

xex-
Ka3aTeIbCTBA 0003HAUNUM uepe3 @ U b J1Ba CUMBOJA X, COOTBETCTBEHHO C HaW-
MEHBIIIEH W BTOPOW HAaWMEHBIIIEH YacTOTaMH, pa3pbIBas COBNAACHUS 3HAYCHUN

MIPON3BOJILHBIM 06pa30M.

MepBas rnaBHas uaesa B HOBOW (popMynMpoBke

UYrtoObl peann3oBaTh MepBylo, 0oJiee CIMKHYO IMaBHYH0 Ueto U3 pasznena 14.4.1,
OTIpeAeTNM

T z -1€PEBBSA, BKOTOPLIX g U b ABAATIOTCH COOTBETCTBEHHO
b =

a

JIEBBIM U MPaBbIM MOTOMKOM o01Lero poauTEIA

Anroput™ Huffman Ha BBIXOZE BbIIAET JiepeBo J,, ¥ MBI XOTHM JI0Ka3aTh, YTO 3TO
JIEPEBO SIBIISIETCS JIYUIIIUM TAKHM JIEPEBOM:
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(*) cpemu Bcex aepeBbeB B I, aNrOpUTM Huffman BBIJAET AEPEBO C MUHIMAJIb-
HO BO3MOXHOH cpeHel mTyOMHOM JTuCTa.

Hamomuum, cpennsist mmyOuna iaucta X-aepeBa 7' OTHOCHTENBHO YaCTOT CHMBO-
JIOB P paBHa

L(T,p) = Z P, ~{rny61/ma [IOMEUYEHHOTO B JIUCTHAX X B T}.
xeX

OTa BeJIMYMHAa COBMAJIAET CO CPEIHEN ATMHOM KOAUPOBAHMSI COOTBETCTBYIOILETO
OecnpepuKCHOTO KoJa.

NMpuMmeHeHune MHAYKLIVIOHHOi“I rMnoTesbl K OCTaTOYHOM 3apaue

WHnyknuoHHas THIIOTE3a MPUMEHUMA TOJIBKO K a(haBUTaM C MEHEe UeM k CHUM-
BoJIaMU. BeIBesieM Ipou3BOAHYIO X' U3 X, 00hETUHIB CUMBOJIBI @ 1 b — CHMBOJTBI
C HAMMEHBIIIMMHU U BTOPHIMU HAMMEHBIIIMMHU YaCTOTAMH — B €IMHBIN «METaCUM-
BoI» ab. CyliecTByeT B3aMMHO OJIHO3HAYHOE COOTBETCTBUE MEKY X'-1€PEBbSIMH
U OrpaHHYeHHbIM MHOXkecTBoM T, Z-nepeBbeB (puc. 14.2). Kaxnoe X'-nepeso

>-gepeBo T >'-pnepeso T’

OTobpaxeHune a

@ OTobpaxeHune B

Puc. 14.2. CyuwecTByeT B3aMHO OHO3HA4YHOE COOTBETCTBME MEXAY
2'-nepeBbAMN N Z-0ePEBbAMU, B KOTOPLIX & U b ABASIOTCS NEBLIMU U NMPaBbIMU
[Oo4YepHUMK 31eMeHTaMn 00LLLEr0 poauTenst
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T moxet ObITh IpeoOpa3zoBaHo B X-nepeBo 7 € T, myTeM 3aMeHBI TOMEYEHHOTO
B JINCTE «ab» HA HETIOMEUCHHBIH y3ell, KOTOPBIA UMEET TOYSPHUE DIEMEHTHI, I10-
MEUEHHBIE KaK «a» U «b». O003HaunM 510 otoOpaxenue 7' — T uepe3 B(7T"). U,
Ha000poT, Kaxkoe fepeBo 7€ T, MOXKET ObITh TPEBPAILEeHO B X'-1epeBo 7', BITHYB
JIMCTHsI, IOMEUCHHBIC KaK a U b, B BX (0OIIET0) pOAUTEIS U IOMETUB MOTYICHHBIH
«MeTay3em» Kak «aby. O003HaunM 310 0O6patHoe otoOpakenue 7' — T "aepes o (7).

[ ’
YactoTel p'= {p' }
HCKIIFOYEHHEM YacTOTHI p!, HOBOTO CUMBOJIA ab, OIpeieIeHHOH Kak cymma p, + p,

e3> KOTOPBIC MBI ITPHUCBANBACM CUMBOJIAM Z,, COBIIAAAKOT C 2, 3a

YJacTOT ABYX CUMBOJIOB, KOTOPBIC OH MPEACTABIIACT.

[lepBas nteparust anroput™a Huffman 0ObEANHSIET IUCTHS, TOMEUCHHBIC KaK d U b,
IOCJIe YEeTO PAcCMaTPUBACT MX KaK HENEIUMYIO SIHHUIY C CYMMapHOH 9acTOTOM
P, T p,- DTO O3HAUAET, YTO KOHEUHBIH PE3yIbTaT aIrOPUTMA SIBISIETCS TAKUM Ke,
Kak eciu Obl OH OBLT Iepe3anylicH ¢ Hy s ¢ BXoJaMu X' U P’, a pe3yJIbTHpYIoIIee
Y'-nepeBo TpaHCIUpyeTcs: oToOpaxeHneM B oopatHO B X-nepeBo T ;.

Yr1Bep:kaenue 14.3 (coxpaneHue noBeJeHus ajaropurma Huffman). Boixoo ai-
eopumma Huffman co exodom X u p paser B(T"), 20e T'— 3mo 6vix00 areopumma
Huffman co éxodom X" u p'.

[ononHuTenbHbIe CBOMCTBa COOTBETCTBUSA

CootBeTcTBHE MEKAY X'-A€PEBbIMU U X-fiepeBbsiMu B T ,, 3a71aHHOE OTOOpasKe-
HusAMH o 1 P (puc. 14.2), Takke coXpaHseT CPeHIO [IyOHHY JINCTa BIUIOTH 110
KOHCTaHTHI, KOTOpasl He 3aBUCHT OT BEIOOpa JepeBa.

YrBep:kaenue 14.4 (coxpaneHue cpeaneii ryOuHbI JucTa). s kaxcoozo
2-0epesa Tuz T, c cumgonvbHbiMU vacmomamu p U coomgemcmayiouje2o 2"-0epesa
T' = o(T) u cumgonvrwvix yacmom p'

L(T,p)=L{T"p)+ p,+p,
—

Hezasucumvie om 1’

Hoxazamenvcmeo: mucthbs T, HEe TOMEYCHHBIC KaK ¢ WX b, 3aHUMAIOT OJIHY H Ty K€
nmo3unuio B 7. IX CUMBOJIBI HMEIOT OJIMHAKOBBIC YaCTOTHI B P U P’, MO3TOMY 3TH
JIUCThSI BHOCSIT OJTMHAKOBBIN BKJIA/I B CPETHIOIO TIIyOUHY JINCTHEB 00OUX JICPEBHEB.
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CymmapHas 9yactota ¢ U b B p sIBJISIETCS TaKOW e, 4TO U 'y ab B p’, HO TIIyOuHA
COOTBETCTBYIOIIUX JIUCTHEB HA €AMHUILYy Oonbine. Takum oOpa3oM, BKIAX a u b
B CpeIHIO0 MyOuHy aucta 1 6omblie p, + p,, 4eM BKIaI ab B CPEHIOI TIyONHY
macta I'. 4. T. J].

ITockonbKy COOTBETCTBHE MEKAY X'-1€PEBbAMU U X-€PEBbAMHU B I, COXpAHSET
CPEIHIO ITyOHHY JIHCTa (0 HE3aBUCHMOH OT AepeBa KOHCTAHTHI p, + p,), OHO
acCcOLMUPYET ONTUMAIBHOE X'-IEPEBO C ONTUMAIbHBIM X-/1epeBoM B T,

Hauty4ee X -nepeso B T, #Hapmquee Y -nepeso

BTOpOE HaWTy4Iiee > -nepeBo B 7, #BTOPO@ Haumydinee Y. -1epeBo

Hauxyquree 2. -1epeso B 7, #Hamyz{mee 2. -mepeBo

CaencrBue 14.5 (coxpaHeHHe ONTUMAJILHBIX pemeHuii). X'-oepeso T * mu-
numusupyem L(T', p') nao ecemu X'-0epesvamu T' moeda u monrvko moeoa,
Ko20a coomeemcmayioujee L-oepeso P (T*) munumuszupyem L(T, p) Hao ecemu
X-oepesvamu Te T ,.

Peannsauus nepBou rnaBHon naeun

Ternepb Bce MOATOTOBICHO TS JI0OKA3aTENbCTBA YTBEPKAeHHUs (*), UTO Cpe/in Bcex
nepeBbeB T, alrOpUTM Huffman BBIBOJIUT JAE€PEBO C MUHMMAJIBHO BO3SMOXHOM
CpeHel TIyOuHOM HcTa!

1. Cormacuo yrBepxnenuto 14.3, Bbixon amroputma Huffman co BxomoM X
u p paseH B(7"), rne 7" siBusieTCsl BEIXOJIOM airopuTMma Huffman ¢ BXOJHBI-
MuX'up.

2. Tlockonbky |X'| < k, U3 HHIYKIIMOHHOW THITOTE3bI BBITEKAET, YTO BBIXOA 1’
ajropurMa Huffman ¢ BXOIHBIMU X' 1 P’ AABJISIETCS. ONITUMAJIBHBIM.

3. Ucxons w3 cnencreust 14.5, Z-nepeo B(7") siBaseTcs ONTHMAIBHBIM JUIs
[IEpBOHAYAIILHOM 337]a4 C BXOJHBIMU X U P.

Peanusauusa BTOpou rnmaBHON uaeun

Bropast yacTh MHAYKIIMOHHOTO IIara MpoIle U OCHOBaHa Ha 0OMEHe apryMeHTa-
MH. 3/1eCh MBI XOTUM JIOKA3aTh, YTO alITOPUTM Huffman He omuodcs, B3SB JIepeBO,
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B KOTOPOM JIBa CUMBOJIa HAMMEHbILENH YaCTOThI SIBJISIFOTCS 2JIEMEHTAMU OIHOTO
YPOBHS:

() cymectByet nepeBo 7T, KOTOpO€ MUHUMH3HPYET CPEIHIO0 TIIyOUHY
mucta L(7, p) o BceM Z-nepeBbsim 7.

YroObI Toka3ath (1), pacCCMOTPUM MPOU3BOJIBHOE X-aepeBo 7. Mbl MOXeM 3a-
BEPLINTH 0KA3aTEIbCTBO, MOKA3aB AepeBo I* € T ,, B KOTOPOM a U b SBIAIOTCA
AJIEMEHTaMHU OJJHOTO YpoBHs, ipudeM L(T*, p) < L(T, p). be3 norepu oOmHOCTH
Kax 161 y3er 7 mubo SBISETCS JIMCTOM, MO0 MMEET IBYX MMOTOMKOB'. Takum 00-
pa3oM, CyLIECTBYET /IBa JIMCTA C OOLIMM POJUTEIIEM, KOTOPbIE HACEISIOT CaMblid
r1yOOKHN ypoBeHb 7, CKa)KeM, C JIEBBIM JJOYEPHUM X M IPaBbIM JIOUYEPHUM ).
Bosbsmem Z-nepeBo 7* € T, MyTeM NepecTaHOBKH METOK JICTHEB, TOMEUEHHBIX
a ¥ X, 1 METOK JINCTHEB, IOMEUECHHBIX b 1 y:

—
b y
X y a a b X

Kak m3mensiercst cpenusis nryouHa nucra? Pacmmpus onpeneneHue (14.1) u an-
HYJIUPOBAB YJICHBI, KOTOPbIE COOTBETCTBYIOT JHUCThSM, OTIHYHBIM OT a, b, X, ,
MbI UMEEM

L(TYy-L(T*) = Z p. ><(2Jzy6uHaz ¢ T —enybuna z 6 T*).

zela,b,x,y}

I'my6unst B 7* MoryT OBITh epeNUCaHbI ¢ TOUKHU 3peHUs TiyouH B 7. Hampu-
Mep, 1youHa a B T* coBmanaer ¢ riyouHo# x B 7, rinyOuHa y B T* coBnagaeT

Jiist popMHUpOBaHHS IPYTOro X-AepeBa ¢ MEHbIICH CpeTHeH ITyOHHOM JTMCTa BHY TPCHHHN
y3€ell ¢ eJMHCTBEHHBIM JIOYEPHUM DJIEMEHTOM MOXKET OBITh CpallleH.

B ynporieHHOM BapraHTe X U y MOXKHO pacCMaTpyBarh Kak OTIHYAIOMINECS OT a ¥ b, HO
JIOK3aTebCTBO MCTHHHO M JIJISI CITy4YaeB IepeKpblBaHus {X, y} u {a, b}.
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¢ rryOunoit b B 71 T. A. [To3TOMY MBI MOXEM HE3aMETHO IEPECTABUTD WICHBI,
MOJIYYUB

L(T)— L(T*)=(p, — p,)x(eny6una x ¢ T —enyouna a 6 T )+
[ ——

>0 =0

+(py —pb)x(eﬂy6uHay3 T —enybuna b 6 T) 0.

| —
0

0

v
v

BcenencrBue nepectaHOBKY pa3HULA B JIEBOM CTOPOHE SIBISIETCS HEOTPULIATENBHOI:
P, — D, ¥ P, — P, ABISIOTCS. HEOTPULATENBHBIMA, IOTOMY 4TO d U b Oblin BhIOpa-
HbI KaK CUMBOJIbI C HAUMCHBIIUMHU YaCTOTaMH, a JiBa APYrux yCJIOBHUA B npaBoﬁ
YaCTH ABJIAIOTCSA HEOTPHLATEIILHBIMH, TIOTOMY UTO X H ) OBLIN BEIOPAHBI U3 CaMO-
ro TyOOKOTo YpOBHS AepeBa 7. 3HAUMT, CpeaHss NryouHa ouctees 7+ € T, He

6ompire TiryouHsl 7. Ilockombky nepeBo T, paBHSIETCS KaXIOMY X-IepeBy JTHOO

ab

UX MpeBOCXOUT, T, COICPIKUT IEPEBO, KOTOPOE SBISACTCS ONTUMAIBLHBIM CPEAU
BCEX X-JIEPEBHEB. DTUM 3aBEPIACTCS JOKA3aTEIbCTBO (7).

W3 yrBepxaenus (*) ciemyer, 9To ¢ BXOAHBIMH X U P aITOpUTM Huffman Ha BeIXOzIE
BBIJIaCT HAMJIy4Illee JepeBo U3 orpannyeHHoro Mmuoxkectsa I ,. Io (1) ato nepeso
JOJDKHO OBITH ONTUMAJBHBIM IJISI IEPBOHAYAIBHON 3aa4i. DTHM 3aBepIIacTCs
JIOKa3aTeJIbCTBO MHAYKIIMOHHOTO 1mara u Teopemsl 14.2. Y. T. J].

BbIBO/JbI

X becnpedukcHbBIe ABOMYHBIC KOIBI MEPEMEHHON IINHBI MOTYT
MMETh MEHbBIINE CPEAHNE JIHHBI KOAUPOBAHMS, YeM KOABI (QHK-
CHUPOBAaHHOM AJIMHBI, KOTAAa pa3Hble CUMBOJbI aaaBUTa UMEIOT
pa3HbIE 4YaCTOTBHI.

* BecnpeduKcHbIe KOJbI MOTYT ObITh BU3yaJIH3HUPOBAHbI KaK OMHAp-
HBIE JIePeBBS, B KOTOPBIX JIHCTHA HAXOIATCS BO B3aHMMHO OJIHO-
3HAYHOM COOTBETCTBHMHM C CUMBoJamMu anaButa. KognpoBku coort-
BETCTBYIOT ITyTSIM OT KOPHS K JIHCTY, TJI€ JIEBOE U MPABOE JOUCPHUE
pedpa HHTEPIPETHPYIOTCS COOTBETCTBEHHO KaK HYIN M €AWHUIIBL,
TOrJa KaK CpeaHssl AJUHA KOAUPOBAHMS COOTBETCTBYET CpenHeit
ITyOWHE JIHCTA.
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X JKamguerit anroput™m XaddmaHa momaepKUBaeT JeC, INE JUCThS
HAXOJSATCSA B COOTBETCTBUH C CHMBOJIAMH andaBuTa, U HA KOXKIOH
WTEPALAN KaTHO BBITIONHSIET CIVSHUE Maphl JIEPEBHEB, BBHI3BIBAS
MHUHHAMAJIbHO BO3MOXKHOE YBEIMUCHHUE CPEIHEH ITIyOHUHBI JHCTA.

X AunroputM XadpmaHa rapaHTHPOBAHHO BEIYUCIISIET OeCripehUKCHBII
KOJ C MUHMMAaJIbHO BO3MO)KHOM CpeHEN JUIMHOW KOAUPOBAHUS.

* Anroput™ XaddmaHna MoXKeT ObITh peajiM30BaH ¢ paboToi 32 BpeMst
O (n log n), tae n — 3TO YHUCIIO CHMBOJIOB.

% Jloka3aTenbCTBO MPABMIILHOCTH HCIIONB3yEeT 0OMEH apryMEHTaMH,
MOKa3bIBas CyIECTBOBAHHE ONTHUMAJIBHOTO PELIEHHs, B KOTOPOM
JIBa CHMBOJIa HAaUMEHBIICH YacTOThI SBISIOTCS CECTPaMH, U UH-
JTYKIUIO, IOKa3bIBasi, YTO YKa3aHHBIMA aJrOPUTM BBIYMCIISET TaKOE
peLieHue.

3apaum Ha 3aKpenjieHme martepuana

3agaua 14.1. PaccmoTpuTe citeyronuie 9acToThl CHMBOJIOB JIJIS ISITHCUMBOIIEHOTO
andasura:

Cumson YacTtoTa
A 0,32
B 0,25
C 0,2
D 0,18
E 0,05

KaxkoBa cpennsis JUIMHA KOAWPOBAaHHS ONTUMAIBHOTO OecnpedukcHoro kona?
a) 2,23
0) 2,4
B) 3
r) 3,45
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3agaua 14.2. PaccmoTpuTte ciieyronue 9acToThl CHMBOJIOB JIJIS ISITHCUMBOJIEHOTO

andaswura:
Cumeon YacTtoTa
A 0,16
B 0,08
C 0,35
D 0,07
E 0,34

KaxoBa cpesHsist JUIMHA KOMUPOBAHUS ONTUMAIBLHOTO GecrpehuKCHOTO Kosa?
a) 2,11
6) 2,31
B) 2,49
r) 2,5

3amaua 14.3. Kakoe MakCUMaJIbHOE YHUCIIO OUT MOKET MCIOIb30BaTh KA HBIN
anroput™ Xaddmana Juis KoaupoBaHus ogHoro cumpoia? (Kak o0braHO, 7 = | X|
o0o3HavaeT pa3mep ajdaBura.)

a) log,n
0) Inn

B) n—1
r) n

3agaua 14.4. Kakue u3 cieayronmx yTBEpKICHHN 0 KaJHOM aaroput™e Xadd-
MaHa SIBIIIIOTCA UCTMHHBIMH? Bynem cuuTaTh, 4YTO 4yacTOTa CUMBOJIOB paBHa 1.
(BeIOepuTe Bee, 4TO MPUMEHUMO. )

a) byksa ¢ wactoroii He meHee 0,4 HuKOrna He OyneT KOAMPOBATHCS JBYMSI
iy Oosiee OUTaMH.

0) byksa ¢ gacroroii He MeHee 0,5 HHKOrIA HEe OyIeT KOIUPOBATHCS ABYMsI
wim 6osee OUTaMu.



78 Fnaea 14. Kogbl XadpdmaHa

B) Ecmu Bce yacrorsl cuMBoioB Menblie 0,33, To Bce CUMBOJIBI OYAyT KOJIH-
POBAThCs IO MEHBIICH Mepe IBYMs OUTaMH.

r) Ecnwm Bce 9acToThl CHMBOJIOB MeHbIIe 0,5, TO Bce CUMBOIIBI OyITyT KOTUPO-
BAaThCs 110 KpaiiHeil Mepe IByMs OUTaMH.

CnoXHble 3apa4um

3amaua 14.5. [IpuBenaure peann3aiuio KaJHOTO anropuTMa Xadgmana, KOTOPbIi
HCIIONIb3YET OJIMH BBI30B MOANPOTPAMMBI COPTUPOBKH, 32 KOTOPBIM CJEIYET JIH-
HEHHBIH 00BEM JTOTIOJIHUTENLHON PaOOTHI.

3apauun no NporpaMmmMupoBaHMIO

3anauya 14.6. Peanusyiite Ha cBoeM JIFOOMMOM SI3BIKE IPOTPAMMUPOBAHUS AJITO-
put™ Xaddmana u3 paszaena 14.3 i 3a/1a41 ONTUMAIBHOTO Oecripe(YUKCHOTO KOJIa.
Hacxkonbko ObicTpee peanu3alys Ha OCHOBE Ky4H (OMHMCaHHasi B CHOCKE Ha c. 66),
YeM IpocTasi KBapaTHuHO-BpeMeHHas peaiu3aiiusi?’ Hackombko peanusariys B 3a-
nade 14.5 ObicTpee, ueM peann3aliysi Ha ocHOBe Kyuu? TecToBble citydan 1 HaOOpbI
JAHHBIX JJI CIIOKHBIX 3a7a4 CM. Ha BeO-carite www.algorithmsilluminated.org.

' TIpoBepsTe, BCTPOCHA JIM CTPYKTYPa JAHHBIX KYYH B Balll TFOOUMBIH S3BIK [IPOrPAMMHU-
poBanus (Hampumep, 11 Java — B Kiacc PriorityQueue).



MunumaivHoie
OCMOBHbIE Oepesbsl
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B aT0ii T1aBe mapagurMa MPOSKTUPOBAHUS JKaJHOTO aITOPUTMA NMPUMEHSICT-
Csl K 3HAMEHUTOH 3amaue rpada — 3amaue 0 MUHUMATLHOM OCHOBHOM Oepege
(minimum spanning tree, MST)!. 3azaua 0 MUHUMAaJIBHOM OCTOBHOM JIEPEBE —
9TO YHUKAIBHAS IUTOMIAIKA TS U3YUICHUS JKaJHBIX alTOPUTMOB, B KOTOPOI ITOYTH
Tr000M JKaTHBIH ANTOPUTM, KOTOPBIA BBl MOXKETE TPUIyMaTh, OKa3bIBACTCS TIpa-
BuIbHBIM. [locne paccmorpenus rpados u (GpopMarbHOTO OMpEeNeHUs 3aJaun
(pazmen 15.1) Mb1 06cynuM J1Ba HanOoIee u3BeCcTHRIX anroputMa MST — anroputm
[puma (paznmen 15.2) u anroputm Kpackana (pazgen 15.5). O6a anropurma gorry-
CKaIOT HEBEPOSTHO OBICTPBIC pealn3aliu, UCIIONb3ys TAKUE CTPYKTYPHI JaHHBIX,
KaK Ky4a ¥ cucTema Herepecekarommxcs MHokecTB (Union-Find). B paznene 15.8
OIIMCHIBAETCSI TIPUMEHEHHE anroputMa Kpackana B MalIMHHOM OOyYCHUH LIS
KJIACTEPU3AIMU C OJMHOYHOH CBSI3BIO.

15.1. OnpeanenexHue 3apaum

3ajaya 0 MUHMMAJIbHOM OCTOBHOM JIepeBe 3aKJII0YaeTCsl B COCAMHEHUH TPYIIIBI
00BEKTOB HANOOIIEE JICTIIEBBIM U3 BOBMOXKHBIX CITOCO00M. OOBEKThI ¥ COSTUHEHHS
MOTYT IPEICTABIATH YTO-TO (pr3ndeckoe, Kak KOMITBIOTEPHBIE CEPBEPHI M KAHAIIBI
CBSI3U MKy HUMH. JIn00, BO3MOXKHO, KaxKIblii 0OBEKT ABJISETCS IPEACTABICHUEM
JIOKYMEHTa (CKa)eM, KaK BEKTOP YaCTOT CJIOB), TJI€ COSIMHEHHUSIM COOTBETCTBYIOT
Taphl CIIOXOXKHUX» JOKYMEHTOB. 3a/1aua BO3HUKAET €CTECTBEHHBIM 00pa3oM B He-
CKOJIBKMX MPUKIIAJAHBIX 00IaCTIX, BKIIIOUash KOMIIBIOTEPHOE CETEBOE B3aUMOJICH-
cTBHE (OMTPOOYHTE TOUCKATh BO BceMUpHOI MayTHHE «IIPOTOKOJ TIOKPHIBAIOIIIETO
nepesay, Spanning Tree Protocol (STP), rne oHO Takke UMEHYETCS CBA3YFOIINM )
" ManHHoe o0yueHue (cm. pazaen 15.8).

15.1.1. padbi

OOBEKTHI U COCTMHEHUSI MEXAYy HIMHU HanOoIee €CTECTBEHHO MOACIHPYIOTCS
rpadamu. Ipag G = (V, E) umeeT ABe COCTaBISIIONINE: MHOXKECTBO V' gepuiun
1 MHOXeCTBO E pebep (puc. 15.1). B 3Toii Ti1aBe paccMaTpuBaroTCs TOIBKO Heopu-
enmupoganHule Tpadrl, B KOTOPBIX KaXI0€ pedpo £ ABIsSeTCs HEYOPsT0ICHHON

I Cymectsyert anajnor 3agaud MST 1jst OpHEeHTHPOBAHHBIX IpadoB (TaKk Ha3bIBaEMast

«3aJja4a MHHUMAJIbHON CTOMMOCTH JIpeBa» WM «3a/1a4a ONTUMAJIbHOTO BETBICHHUS).
BbicTpble aaropuTMbl 7151 €€ peleHus B paMKax ATOW Cepuu KHUT HE pacCMaTpUBarOTCS.
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mapoii {v, w} BepIInH (3aN1CHIBACMBIX KakK e = (v, W) WIH e = (W, V)), KOTOpBIC Ha-
3BIBAIOTCS KOHEeuHbIMU moukamy pebpa. Yucna | V| u | E| BepiuuH U pebep 00bIYHO
0003HAYAIOTCSI COOTBETCTBEHHO Yepe3 11 U 711.

Puc. 15.1. HeopreHTnpoBaHHkIl rpad C NaTbio BEPLUMHAMU 1 BOCEMbIO pebpamu

['pads! MOTYT KOIMPOBATHCS Pa3IUIHBIMHU CIIOCOOAMU JUTS UCTIONB30BAHUS B ajl-
roput™e. B 3Toii 11aBe Mbl HCXOJMM U3 TOTO, YTO BXOJIHOM rpad mpeacraBieH
CTIIMCKAaMH CMEXHOCTH C MAaCCHBOM BEpIINH, MACCHBOM pedep, yKa3aTelsIMH OT
Ka)KJI0T0 pedpa K ero IByM KOHEUHBIM TOUYKaM H YKa3aTeISIMHU OT KayKI0H BEPILIIHBI
K ee MHIHJCHTHBIM pebpam’.

15.1.2. OcTtoBHbIE AEpEBbLSA

BXOIIOM B 3aZla4yy O MUHUMAJIbHOM OCTOBHOM JI€PEBE SABJISACTCA HECOPHUCHTUPO-
BaHHEIN rpad G = {V, E), B KOTOpOM Kaxxjoe peOpo £ MMeeT BElIeCTBCHHYIO
CTOUMOCTH c,. Hampumep, ¢, MOXKET yKa3blBaTb CTOUMOCTb COEAMHEHUS JIBYX
KOMITBIOTEPHBIX cepBepoB. L{esb B TOM, 4TOOBI BEIYUCIUTE OCTOBHOE AEPEBO Ipa-
(ha ¢ MUHIMaIHLHO BO3MOXKHOM CyMMOH pebepHBIX cToumocteit. [lox ocmosnbiu
(ceszyrowum) oepesom rpada G MBI UIMEEM B BHIY OAMHOKeCTBO T € E pedep,
KOTOpOE YJOBJIETBOPSIET JIByM CBOMCTBaM. Bo-mepBbix, 7 HE JOIKHO COAEPKATh
UK («IpeBeCHas» 4acThb)’. Bo-BTOPBIX, A1 KaKI0# mapsl v, w € V BepuuH T
JIOJDKHO BKITIOYATH MYTh MEXY V U W («CBA3YIOIIAs 4acTh)’.

! Tlompobree o TpadhMKax U UX MPEACTABICHUAX CM. TJIaBy 7 uacmu 2.

ukn B rpade G = (V, E) — nyTb, BO3BpAILIAIOIIUICS K MECTY CBOETO Hayaa, — Mpe/-
CTaBJIAET MOCIIEN0BATENBHOCTD PEOEP €, = (Vy, V), €, = (V}, V), oy €= (Vi ) C V= V.
Jnst ynoOGcTBa MBI OOBIYHO paspemraeM myTH (v, v,), (v, v,), ..., (v,_,, v,) B Tpade BKIro-
YaTh HOBTOPSIIOLINECS BEPIINHBI JTNO0 CONEpKaTh ONUH MM HECKOJIBKO LUKIOB. [o-
JOOHBIN «COCTAaBHOM» IyTh MOXHO IIPeo0pazoBaTh B Iy Th 0€3 IIUKJIOB ¢ OAMHAKOBBEIMU
KOHEUHBIMH TOUKaMH V,, U V,, TOCNIE0BATENBHO BBIIEISA CYOIMyTH MEXK Iy TTOBTOPHBIMH
MIPOXOXKACHUSIMHE OJTHOM U TO¥ e BEpUIMHBI (CM. B 3TOHM CBs3M puc. 15.2).

2
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Puc. 15.2. [NyTb C NOBTOPSIOLLMMUCS BEPLUMHAMN MOXET ObITb NpeobpaszoBaH
B NyTb 6€3 NOBTOPSIOLLMXCS BEPLUMH U C TEMU XE KOHEYHBIMY TOYKaMMU

YHPAKHEHHUE 15.1

KakoBa MuHUMasbHAs cyMMa peOCpPHBIX CTOMMOCTEH OCTOBHOTO
nepesa creayroniero Hwke rpada? (Kaxmoe peOpo momMedeHo ero
CTOUMOCTBIO. )

a) 6
6) 7
B) 8
r) 9

(Pemenwuie u nosicieHne cM. B paznene 15.1.3.)

Hmeet cMBICT TOBOPUTH 00 OCTOBHBIX JEPEBBSX TOIBKO cé:3HbIX TpadoB G = (V, E),
B KOTOPBIX MOYKHO TIEpEMEIIaThCsl U3 JF000H BEPIINHEI v € VB MO0YI0 IpyTyIo
BepunHy w € V, ucnomns3ys myth pedep B £'. Eciu B £ HET myTH MEXIY Bep-

! Hampumep, rpaduk Ha puc. 15.1 sBiseTcs 3aMKHYTBIM, a rpaduk Ha puc. 15.3 — HeT.
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IIMHAMHU V B W, TO, pa3yMeeTcs, HeT HU OJTHOTO B JIFOOOM moaMHoxecTBe 7 C E
pebep. Ilo 2T0it mpuvwHE B TaHHOM TITaBe MBI OyIeM CUHTAaTh, YTO BXOTHOM rpad
SIBIISICTCS CBA3HBIM Irpadom.

Puc. 15.3. 'pad, KOTOPLIN He ABNSETCS CBSA3HbLIM

JONNYUWEHHUE 3AJJAYU O OCTOBHOM JIEPEBE

Bxomanoii rpad G = (V, E) coenuneH, 1o kpaiiHel Mepe, OAHUM ITyTeM
MEXTy Ka)/JI0M mapoil BEpIIuH.

BbluncnuTh MUHHMAIbHOE OCTOBHOE AEPEBO UETHIPEXBEPIIUHHOIO rpada, Kak
B yIpakHeHuH 15.1, JOCTAaTOUHO JIETKO; a KaK Hac4YeT OOIIero ciydas?

3AJAYA O MUHUMAJIBHOM OCTOBHOM JEPEBE (MST)

Bxon: cBs3HBIN HeoprueHTHpoBaHHEIH rpad G = (V, E) 1 BeniecTBeH-
Hast CTOUMOCTS ¢, JUT KaXJ10To pedpa e € E.

Bsixon: ocroBHoe niepeBo 7' C E rpada G ¢ MUHUMaJIbHO BO3MOXKHOM

CyMMOH Zcer ¢, pebepHBIX CTOMMOCTEi'.

MBI MOXEM JIOITyCTHTD, YTO BXOAHOH Tpad mMeeT He 6onee 0gHOTO pedpa Mex Iy
KXI0# napoil BepIuuH; Bce, KPOME CaMOro JCLICBOrO U3 MHOXECTBA Mapai-

HeszamxHyTBIE Tpadbl JOIYCTUMO paccMaTpUBaTh B KOHTEKCTE MUHUMAIIBHOH Ipo0iie-
MBI TOKPBIBAIOLIETO JIeCa, CBOMSIICHCS K OTBICKAHUIO MAKCUMAJIBHOTO AlIMKIMYECKOTO
noarpada ¢ MUHMMaJIbHO BO3MOKHOH CyMMOM KpaeBbIX 3arpar. [Ipobiema pernaercs
MOCJICZIOBATEIIBHBIM BBIYMCICHHEM 3aMKHYTHIX KOMIIOHEHTOB BXOIHOTO rpada 3a
JIuHEeHHoe BpeMs (MCIONb3ys MOUCK MO IIMPHHE WM TIIyOHHe, cM. TIaBy 8 vacmu 2)
U IIpUMEHeHueM anroputMa uis 3agaud MST Kk KaKkIoMy KOMIIOHEHTY B OTJEITBHOCTH.
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JeJIbHBIX pedep, MOryT ObITh OTOpOIIeHBl 0e3 u3MeHeHus 3a7aun. [1ogo0HO
MUHHMU3AIHA CYMMEBI B3BEIICHHBIX CPOKOB 3aBepIieHus (rmaBa 13) mwin 3amadn
ONTUMAaNBHOTO OecnpedukcHOro Kona (rmasa 14), 4UCI0 BO3MOXKHBIX PEIICHHMA
MOXKET OBbITh SKCIIOHCHIMAIBHBIM 0 pa3Mepy 3a1a4n'. MoXeT JIH CyIecTBOBATh
QITOPUTM, KOTOPBIH BONIIEOHBIM 00pa30M HABOIUT Ha UTOJIKY MUHHUMAIBHOU
CTOMMOCTH B CTOre ceHa?

15.1.3. PeweHue ynpaxHeHusa 15.1

I[paBuabHblii oTBeT: (60). MUHMMAaILHOE OCTOBHOE JIEPEBO COCTOUT M3 pedep

(a, b), (b,d)u (a,c):

Cymma ctoumocTeit pedep paBHa 7. PeOpa He comepikaT UKJIA U MOTYT UCIIONb-
30BaThCA YIS IEPEMEIICHUS 13 JII000i BEpIIUHEI B JTI00YIO IPYTYIO BepIInHy. Bot
JIBa OCTOBHBIX JIEpeBa C Xy/AIIeld CyMMapHOW CTOMMOCTBIO &:

' Hampumep, popmysa Kamu — pe3ynsrar KOMOMHATOPHUKH, YTBEPIKIAFONIEH, YTO MOTHBIH

n -2
rpad ¢ n-BepuMHaAMH (B KOTOPOM TPHCYTCTBYIOT (2) BO3MOXKHBIX pedpa) nmeer n"
Pa3TUYHBIX OCTOBHBIX JAepeBbeB. Ho mpu 7 > 50 9T0 unciIo MpeBhICUT MpeAroiaraeMoe
KOJIMYECTBO aTOMOB BO BcesieHHOI.
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Tpu pedpa — (a, b), (b, d) u (a, d) — UMEIOT MEHBIIYIO OOIIYI CTOUMOCTH O:

HO 3T pedpa He 00pa3yIoT 0CTOBHOE JepeBo. DAKTHUECKH OHU TEPIIAT HEynady Mo
00OUM ITyHKTaM, IOCKOJIBKY 00pa3yIoT LIUKJI, IIPX 3TOM HEBO3MOXKHO HCIIOJIB30BaTh
WX JUIS TIEPEMEIIEHHs U3 ¢ B JII00YIO IPYTYIO BEPIINHY.

15.2. Anroputm lNpuma

Hammm nepBsIM anroputMoM Ut 3a1a98 0 MUHAMAaIFHOM OCTOBHOM JiepeBe Oy-
net aneopumm IIpuma, nazBaHHbli B yecTb Pobepra C. [Ipuma, KOTOpBI 3asBUIT
0 CyILIECTBOBaHUU ajlropurMma B 1957 rony. YkazaHHBIN aJIrOPUTM OYEHb Halo-
MHHAET aJITOPUTM OTBICKaHUs Kpardaiiiero mytu JleiikcTps (rmaBa 9 uacmu 2),
MO3TOMY HE CTOMT YAWBIATHCA, UTO ABYMs ronamu noxe Jxacrep B. Jleiikcrpa
HE3aBUCHUMO IPUILECIT K TOMY XKC aJITOPUTMY. ToJbKO MO3KE CTAjI0 IIOHATHO, YTO
YKa3aHHBIN aJTOPUTM OBLT OTKPBIT elnie panbiie, B 1930 roxy, Boitrexom SpHrkoM.
COOTBETCTBEHHO QJITOPUTM Ha3bIBACTCS U anc0pummom Apuuka, U aneopummom
Ipuma—Apnuxa'.

15.2.1. NMNpumep

[Ipoiinemces mo anroputmy [Iprma Ha KOHKpETHOM IpuUMepe (CM. BHOBB yIIpax-
Henue 15.1):

! B KOHTEKCTE CKa3aHHOTO CIIEIyeT KPUTHUCCKU IIEPEOCMBICIHTh cTaThio «O0 HcTOpuu
po0IeMbl MHHUMAIILHOTO OCTOBHOTO JiepeBa» Ponanbna JI. ['paxema u [TaBona Ana
(«JIeTomuch UCTOPUH BBIUUCIICHHI, 1985).
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MoKeT 1MoKasarbCsi CTPaHHBIM, YTO MbI OyZIeM ITOIIAr0BO aHAJIM3UPOBATH TPUMEDP
AITOpPUTMa JI0 TOTO, KaK BbI YBUJHUTE €T0 KOJ, HO MOBEPHTE: MOCIE TOTO, KaK BbI
BHUKHETE B ITPUMED, IICEBIOKO HAIMUIIETCSI caM co0oii!.

Anroputum IprMa HaYMHACTCS ¢ IPOM3BOIBHOTO BBIOOpA BEPILIUHEL, CKaXKEM, B Ha-
IIeM IpuMepe — BepIInHEI b. [1maH cocTonT B TOM, 9TOOBI CTPOUTH IEPEBO MO Of1-
HOMY peOpy 3a pa3, HauuHasi ¢ b 1 BbIpalllMBas €ro, KaK IeCHEBbIN rpHo, 10 TeX Iop
IOKa AEPEBO HE OXBATUT BCE MHOXKECTBO BepIUH. Ha kax10it urepanuu Mol 6yyiem
KaJIHO TOOABIATH caMoe JeIIeBOe peOpo, PaCIIUPSIIONIee OXBAT TEKYIIETO JepeBa.

HavanbsHoe (1ycToe) IepeBo alropuT™Ma OXBaThIBACT TOJIBKO CTAPTOBYIO BEPIINHY b.
CyIecTByeT J1Ba BapHaHTa PaCUIMPEHHS ero oxBara: pedpo (a, b) u pedpo (b, d).

BepLumHbl,
oxBaTblBaeMble
K 9TOMY MOMEHTY

INepBoe neriesie, HO3TOMY aJIrOPUTM BBIOHpaeT ero. Tekyliee JepeBo OXBaThIBaeT
BEPIIUHBI @ U b.

' Te, xTo paHee nMpoyes yacms 2, IO-BUITUMOMY, TOJDKHBI IPU3HATH PA3UTEIIBHOE CXOICTBO

C QITOPUTMOM KpaTdauinero myTu JleHKcTpsl.
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Ha BTOpoii nTepanuu oxBar JiepeBa BBIIOIHEH TpeMsi pedpamu: (a, ¢), (a, d) u (b, d).

BepLumHbl,
oxBaTblBaeMble
K 3TOMY MOMEHTY

CaMbIM JiemieBbIM U3 HUX siBisiercs (b, d). [Tocne ero nobasieHus TeKyIee 1epeBo
OXBaTBIBACT d, b u d. O0e KOHEUHBIE TOYKH pedpa (a, d) ObLTH BTIHYTH B MHOKECTBO
BEpILIMH, OXBaThIBAEMbIX K 3TOMY MOMEHTY; 100aBjeHre 3Toro pedpa B Oyayiiem
€O37aJ10 OBI ITUKJI, TO3TOMY aJITOPUTM HE PACCMATPHBACT €0 JalbIIe.

Ha 3akirountenbHON UTEpaLuyu €CTh JiBa BapUaHTA PACLIMPEHUs AOCATaEMOCTH
Jiepesa Jio ¢, pedpa (a, ¢) u (¢, d):

BepwuHsbl,
oxBaTblBaeMble
K 3TOMY MOMEHTY
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Anroputm [Ipuma BeIOMpaeT Oosee aemeBoe pedpo (@, ¢), TPUXOIS K TOMY XKe
MHHUMAJIbHOMY OCTOBHOMY JIEPEBY, YTO M B yrpakHeHuu 15.1:

15.2.2. NceBpokon

B obmem ciyuae anroputm [Ipuma BeIpaninBaeT OCTOBHOE JEPEBO U3 CTAPTOBOM
BEPIUIMHBI IO OHOMY peOpy 3a pa3, MpuyeM KakIas UTepalusl pacuIupsieT OXBaT
TEKYILETo JiepeBa Ha OJIHY JONOJIHUTEIbHYIO BEPIIUHY. Byaydn »aJHbIM, 3TOT
QJITOPUTM B TIpoliecce paboThI BCEria BRIOUPAET caMoge JIeIIeBoe pedpo.

PRIM

Bxon: cBs3HBIM HeopueHTHpOBaHHBIH rpad G = (V, E), npeacras-
JICHHBIHA B BHJE CIIMCKOB CMEXHOCTH, U CTOMMOCTS C, I KayKAOTO
pebpaee E.

Boixoa: pebpa MUHUMAaIILHOTO OCTOBHOTO JiepeBa rpada G.

// WHuumanusauma

X:={s} // s— 3To npousBoNbHO BbIBpaHHas BepwuHa

T:=@ // vuBapnanT: pebpa B I oxsaTbiBawT X

// TRnaBHbIA LUKN

while cymecTByeT pedpo (v, w), Tne ve X, w ¢ X do
(v¥*, w¥*) := MUHUMAaIIbHO-CTOUMOCTHOE TaKoe pedpo
Jn00aBUTh BepIIUHY w* B X
n06aBuTh pedpo (v, w*)B T

return 7'
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MuoxectBa T 11 X OTCIICKUBAIOT BEIOpaHHBIC peOpa W BEPIIMHBI, OXBAThIBACMEIC
K TOMY MOMEHTY. AJITOPUTM HHUIHATU3UPYET X TPOU3BOIBHO BEIOPAHHOH CTap-
TOBOM BepHIPIHOﬁ S, KaK Mbl YBUJIUM, AJITOPUTM ABJISICTCA IIPABUJIbHBIM HE3aBUCUMO
OT TOT0, KaKyr0 IMEHHO BepIHHY OH BbiOMpaet'. Kaxxaas urepanus orBedyaet 3a
no0aBneHue 0THOTO HOBOTO pedpa B 7. Bo n30ekanne n30bITOYHBIX pedep U ¢ 11e-
JIBIO 00ECIICUEHNUS TOTO, YTOOBI J0OaBIEHHE pedpa pacnpsiIo 0xXBaT 7, arOpUTM
paccMaTpHBaeT TOJIBKO T€ pedpa, KOTOPhIE «IIepeceKaroT TPaHHIly», C OXHON KO-
HEYHOM TOUKOH B KaxaoM u3 X u V' — X (puc. 15.4). Ecau Takux pebep MHOTO, TO
QJITOPUTM >KaJIHO BBIOMpaeT camoe aetreBoe. [locne n — 1 utepanwuii (rae n — 310
YHCIIO BEPIIUH) X COIEPIKUT BCE BEPIIMHBI, H AITOPUTM OCTaHaBINBaeTcs. B pam-
KaX HAIIIeTO JOITYIICHUS O TOM, YTO BXOAHOHU Ipad) G SBISETCS CBSI3HBIM, aJITOPUTM
HE MOXET 3aCTPATh; €ClU OBl KOTa-TH00 NMEIach UTepanus, B KOTOPOH HU OTHO
pebpo He npoxoamio G Mexay X M V' — X, To MBI MOTJIM OBl 3aKIIFOUHTH, 4TO G HE
SIBISICTCS CBSI3HBIM (ITOTOMY YTO OH HE COINCP)KUT ITyTH W3 JIIO00H BEpPIIUHEI B X
10 1r000# BepinHbl B V' — X).

O6pabotaHo Ewe He obpaboTtaHo

KaHdudamebl
ons (v*, w¥)

lpaHuua

Puc. 15.4. Kaxngasa utepaums anroputma lNMprma BeiOMpaeT 0a4HO HOBOe pebdpo,
KoTopoe npoxoant nua Xe V- X

ANropuT™M Prim BEIYMCIIAET MUHUMAIbHOE OCTOBHOE IEPEBO B UETHIPEXBEPLIMHHOM
msTapebepHOM rpade yrpaxxaeHus 15.1, 9To npuOIMKEHHO 03HAYACT... HUYETO.

' B onpenenennn 3amaun MST HET CCHUIKH Ha HAYATbHYIO BEPIIHMHY, B CBSI3H C YeM €€

HCKYCCTBEHHOE BBEICHHE MOXET ITOKA3aThCsl CTpaHHBIM. OJHAKO HayaabHas BEpLIMHA
MO3BOJISIET BeChbMa TOYHO UMUTHPOBATH AITOPUTM JIeHKCTphI MO KpaTdyaiieMy MyTH
(0OpeMeHEeHHOMY HaYaJIbHOM BEPIIMHON B paMKax 3a[a4i O IOUCKE KpaT4aIero myTu
U3 OJHOTO NCTOYHUKA). CyTh 3a/1a4M OT 3TOTO HE MEHSIETCSI: COeJMHEHNE KKIOH Iaphl
BEPIIMH — TO K€, YTO M COCMHEHHE HEKOTOPBIX BEPIIHH C JIO0O0H Ipyroi BepIInHON
(n1s MOMyYeHHs IyTH V—W BCTaBbTE IyTH U3 V B S L U3 S B W).
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ToT ¢haxT, 9TO aNTOPUTM MPABIIIEHO paboTaeT Ha KOHKPETHOM IIPUMEpE, He 03Ha-
YaeT, UTO OH SIBJISICTCS MPABUILHBIM B 0011eM ciaydae!! Bbl TOIDKHBI H3HAYATBHO
CKENTUYECKH OTHOCHUTBCSI K aJTOPUTMY Prim M TpeOOBaTh JOKA3aTEILCTBA €TO
MIPaBUJIbHOCTH.

Teopema 15.1 (MpaBMIABHOCTH AJATOPUTMA Prim). /[s Kaxco02o céa31020 epagha
G = (V, E) u gewyecmsennvix pebepHoix Cmoumocmeil aneopumm Prim eosgpawjaem
MUHUMAnbHOe ocmogHoe depeso epaga G.

Cwm. pazgen 15.4 ¢ noka3arenbcTBOM TeOpeMsbI 15.1.

15.2.3. NpocTas peannsauus

AHanI3 BpEMEHH BBIITOIHEHHS aITOPUTMa Prim (MCXOIS U3 IPOCTOH pearn3anim)
HaMHOTI'0 IIPOILIE, YeM JI0Ka3aTeIbCTBO €ro MPaBMUJIbHOCTU (UTO BIOJIHE TUITUYHO
JUIS KAJIHBIX allTOPUTMOB).

YHPA’KHEHME 15.2

Kakoe u3 cienyonmx HKEe BPEMEH BBIITOJIHCHHUS JIYYIIE BCETO
OIHCHIBACT MPOCTYIO PEATH3AIHIO aJTOPUTMa Prim OTHICKAHHUS MU-
HUMAaJILHOTO OCTOBHOTO JiepeBa JUIs rpadoB, IPENICTABIICHHBIX B BUIIC
CIMCKOB cMexkHOCTH? Kak 00BIYHO, 72 M1 m 0003HAYAIOT COOTBETCTBEH-
HO YHCJIO BEPIIMH U pedep BXoHOTO rpada.

a) O(m+n)
0) O (mlogn)
B) O (n?)

r) O (mn)

(PewieHuie 1 MOsICHEHHE CM. HIKE.)

IIpaBuabublii oTBeT: (T). [IpocTas peannzanys oTCIEKUBAET TO, KAKHE BEPITHHBI
HaXomsATCs B X, accoruupys OyiIeBy IepeMEeHHYIO ¢ Kax o1 BepnHoi. Ha kax-

I Kak H3BCCTHO, AK€ CJIOMaHHBIC YaChl ABAXKIBI B CYTKH ITOKa3bIBAIOT MPABHUJIIBHOC BPEMS.
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JIOM UTEpAINH BBITIOIHACTCS NCUCPIBIBAIONIHI ITONCK IO BCEM pedpam ¢ IeNbio
BBISIBJIEHHS] CAMOTO JEIIEBOTO0 C OJTHON KOHEYHOU TOYKOM B KayKaoM 3 X u V' — X.
[Mocne n — 1 urepauunii y anropuTMa UCCSKAIOT HOBbIE BEPIIUHBI [T JOOABICHHS
B CBO€ MHOXKECTBO X, M OH OCTaHaBIMBaeTCsl. [[0CKOIIBbKY YHCIIO0 UTEpannuii paBHO
O (n) n kaxnaaa u3 Hux 3aaumaet O (m) BpeMeHU, CyMMapHOe BpeMs BBITIOJIHEHUS
cocrassier O (mn).

Yr1Bepxaenue 15.2 (BpeMsi BbINOTHEHHUs aJJTOPUTMA Prim (B IPOCTOMH BepcHn)).
Jna kasicoozo epapa G = (V, E) u sewgecmeenuvix pebepHulx cmoumocmeti npo-
cmas peanuzayusi aneopumma Prim goinonnsiemes 3a epems O (mn), 20e m = | E |
un=1\V|.

*15.3. YckopeHue anroputma Npuma
nocpeacTBOM Ky

15.3.1. B nouckax BpeMeHHU BbiNOJIHeHUS,
G/IN3KOro K JIMHEMHOMY

BpeMs BBIIOTHEHHS TPOCTOM pearu3aliii anroputMa Prim (yTBepskaeHue 15.2) —
HE YTO MHOE, KaK TIOJIMHOMHUAIbHAs (DYHKIHS pa3Mepa 3a1a4uH, ToTia Kak HCUepITbiBa-
FOIIINI TIOKCK TI0 BCEM OCTOBHBIM JICPEBBsIM rpada MOXKET 3aHATh SKCIIOHCHITHATLHOES
KOJIMYECTBO BPEMEHH (CM. CHOCKY Ha . 84). DTa peanuzaiys SBIsSeTcs JOCTaTOYHO
OBICTPOH, JIJIsl TOTO YTOOBI CIPABIATHCS ¢ 00PadOTKOM TpadoB CpemHero pa3mepa
(c THICSTYAMU BEPIIHH U pedep) 3a pasyMHOE KOIHMYECTBO BPEMEHH, HO HE TpadoB
¢ MIJUTHOHAMH BepuInH U pedep. IloMHUTE MaHTpy 1000T0 MPOEKTUPOBIIHKA
AITOPUTMOB: MOYKEM JIM MbI JIOOUThCs Jiydniero? Cesaroid ['paans B pa3padboTke
QITOPUTMOB — 3TO JIMHEHHO-BPEMEHHOH ajlropuT™ (Wil OJIM3KUM K HEMY), U 3TO
HWMEHHO TO, Yer0 Mbl XOTHUM JUIs 33JIa4K O MUHUMAaJIbHOM 0CcTOBHOM Jepese (MST).

s perenus 3aga4uu 3a Bpems, OJIM3Koe K IMHEHHOMY, HaM He HyKeH OoJee Xo-
pormit areopumm — HyKHa Oosiee ONTUMaNbHas pearuzayus anropurma [Ipuma.
KitoueBoe 3HaueHue MUMEET TOo, UTO MIPOCTas peau3alus CHOBA U CHOBA BBIIIOJIHSAET
MUHUMAaJIbHbIE BEIYUCIICHUS, UCIIOIb3YS McUepIbIBaloLIuii mouck. JIrob6oit metox
BBIUMCIICHUS] TOBTOPHBIX MHHUMAJIBHBIX BBIUMCIICHUH, KOTOPBI OyzeT ObicTpee,
9YeM UCUCPIIBIBAIONINN TIOMCK, IPUBENET K Ooiee OBICTPOI peaTn3alliy alropuT-
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ma [Ipuma. B paznene 14.3.6 MbI KpaTko yIOMSIHYIIH, YTO CYIIECTBYET CTPYKTypa
JAHHBIX, CMBICII KOTOPOH 3aKIIFOYaeTCs B OBICTPHIX MHHUMAIBHBIX BEIYUCICHUSX
TaK Ha3bIBaeMasi Kyuegas CTPyKTypa AaHHbIX. ClieoBaTeNbHO, U anroputM [puma
TpeOyeT Kyun!

15.3.2. KyyeBasa CTpyKTypa AaHHbIX

Kyua nogaep:kuBaeT 3BOJIIOLIUOHUPYIOLIEE MHOXKECTBO OOBEKTOB € KIIHOUaMH,
a TaKXKe HECKOJIBKO OBICTPBIX OTIEpPAIlHii, U3 KOTOPBIX HaM MOTpeOyeTcs TPH.

KY4YU: TPU NIOAJEP)KUBAEMBIE OITEPALIMHA
BCTABHTH: € y4eTOM Kyuu H ¥ HOBOTO OOBEKTa X T00aBHUTH X B H.

VI3BIEUL MUHUMYM: C Y4€TOM Ky4H H yIaluTh U BEPHYTh U3 [ 00bEKT
C HAMMEHBIIIUM KJIFOUOM (JTMOO0 yKazaTelslb Ha HEro).

VIATUTL: ¢ yueToM Kyuu H u ykaszatesst Ha 00BeKT x B H ynanuThb
xu3 H.

Harnpumep, eciiu BbI3BaTh ONepaLuio BCTABUTH UETBIPE pasa, 4TOObI J0OABUTh 00b-
eKTBbI ¢ Kiarouamu 12, 7,29 u 15 B mycryto Kyuy, To onepauus M3BjEYs MUHUMYM
BEpHET OOBEKT C KIIFOYOM 7.

CranpapTHbIe peanu3aliu Ky4d FrapaHTHPOBaHHO 00€CIEeYNBAIOT CIIEAYIONIEE.

Teopema 15.3 (BpeMsi BLINOJIHEHHUSI TPeX Ky4YeBbIX onepanuii). B kyue ¢ n oov-
exmamu onepayuu BcTABUTD, VI3BJIEUD MUHUMYM U Y IAJIUTh 6bINOTHAIOMCA 34
epems O (log n).

B kauecTBe 60HyCa B THIIMYHBIX peaU3alusaX KOHCTAHTa, CKPBITast 0003HaYeHUEM
O-0o7b1110€, U 00bEM MPOCTPAHCTBEHHBIX HAKIAIHBIX PACXOJOB OTHOCHTEIHHO
HEBEIUKH' .

' B KoHTEKCTE pasaciia HC TaK BaXXHO 3HAaTh, KAK UMCHHO pE€aJIM30BaHbl Ky4Yd U KaK OHU

BBIVIAAAT H3HYTpU. OOydeHre B JaHHOM Clly4yae CTPOHMTCS Ha IIPEUMYIecTBax onepa-
Ui ¢ Torapu(pMUIECKUM BpeMeHeM (O JOTMOTHUTEIBHBIX ONEePALUSIX U HOAPOOHOCTIX
peanuzaiuu cM. masy 10 vacmu 2).
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15.3.3. Kak ucnonb3soBatb Kyum
B anroputme NMpuma

Kyun obecrieunBaroT HEBEPOSTHO OBICTPYIO, ITOYTH JTHHEHHO-BPEMEHHYIO peall-
3anuto anropur™a Ilpuma'.

Teopema 15.4 (Bpems BbinoJinenust aaroputma [Ipuma (Ha ocHoBe Kyumn)). /[
Kasrcooeo epagha G = (V, E) u seupecmseennvix pebepHulx cmoumocmell peaiuzayus
aneopumma Ilpuma na ocrnose Kyuu svinonusemcs 3a epems O ((m + n) log n), 20e
m=|E|lun=|V|

OrpaHuveHre BPEMEHH BBIMIOJIHEHUS B TeopeMe 15.4 — 3TO TOJNBKO JIoTapud-
MUYECKUH (hakTop, MPEBHIIAIOLINN BpeMsl, HEOOXOIUMOE AJISl YTEHUS BXOTHBIX
JaHHBIX. Takum 00pa3oM, 3ajjaya MUHUMAJIBHOTO OCTOBHOTO JiepeBa KBalu(u-
UPYyeTCsl KaK «CBOOOAHBIN IPHUMUTHBY, OOBEIMHSIOMNI TaKue AIEMEHTHI, KaK
COPTHUPOBKA, BHIYHCIICHHE CBSI3HBIX KOMIIOHEHTOB rpada U 3aj1aya Kparyaiiero
IMyTH C €AUHCTBEHHBIM UCTOKOM.

BECMJIATHbIE NPUMUTUBDLI

ANropuTM C INHEAHBIM U NOYTU IMHENHBIM BPEMEHEM BbINOJIHEHUS MOXHO
paccmaTpuBaTh kKak «6ecnnaTHblii» MPUMUTUB, MOTOMY YTO OO bEM NCMONb3Ye-
MbIX BbIYMCIEHNI eBa NPEBLILLIAET 0O0BEM, HEOOXOAVNMBIN TONBLKO AJ151 HTEHUS
BXO[HbIX AaHHbIX. Korga 'y Bac eCTb NPUMUTUB, MMEIOLLII OTHOLLEHME K BaLLEN
3agaye, K TOMy Xe HeoObl4aHO ObICTPbIA, NoYeMy Obl UM HE BOCMOJIb30-
BaTbCHA? Hanpumep, Bbl BCerga MoXeTe BblYUCINTb MUHUMaIbHOE OCTOBHOE
[EepeBo A9 AaHHbIX HEOPUEHTUPOBAHHOIO rpada Ha aTane NnpenobpaboTku,
[axe ecnn He yBepeHbl, 4eM 3T0 ob6epHeTcs B aanbHerwem. K cnosy, oaHa
N3 LieNel 3TON KHUXHOM cepumn — cHabauTb BaLl anropuTMUYECKUIA MHCTPY-
MEHTapUin Kak MOXHO 6GMbLLMM YNCNOM BecnaTHbIX MPUMUTUBOB, FOTOBbIX
K MPYIMEHEHMIO B 060N MOMEHT.

! Tem, KTO y»e TpoUe uacms 2, BEPOSTHO, 3HAKOMBI peaTH3aIlii alTOPUTMa KpaTdaiIiiero

nyTu JleiikeTpbl Ha ocHOBE KyuH (cM. paszaen 10.4).

Hcxonst U3 mpeonoKeHns: 0 TOM, 4TO BXOJHOW rpad CBsi3aH, a m pPaBHO MO KpaiHen
Mmepe n — 1, moxkHO ynpoctutb O ((m + n) log n) no O (m log n) (B npenenax BpeMeH!
BBITTOJTHCHUS ).

2
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B kyu4eBoii peanu3zaruu anroputMa [IpruMa 00beKThI B Kyde COOTBETCTBYIOT €IIIe
HeoOpaboranubsiM BepinnHaM (V' — X B mceBnokoje anropurma Prim)' 2. Kirrou
BepIIUHBI W € V — X onpeensieTcs Kak MUHAMAJIbHAas CTOMMOCTb HHITHJIEHTHOTO
nepecekaromiero pedpa (puc. 15.5).

HNHBAPUAHT

Kimtou Bepmmnbl w € V' — X ecTh MHHUMAaJIbHAs CTOMMOCTh pedpa
(v, w), tme v € X (inbo +oo, eciu Takoro pedpa He CYIIECTBYET).

O6paboTaHo Ewe He obpaboTaHo

KMoy (z) = +0

Puc. 15.5. Knto4y BepwvHbl w € V — X onpegensietcs kak MUHMMabHas CTOMMOCTb
pebpa (v, w), roe v e X (nmbo +oo, ecnu Takoro pedpa He CyLLLeCTBYET)

WuTepnperupys 3TH KIIOYM, IPEACTABETE UCIOIb30BAHUE JIBYXPAYHIHOIO Typ-
HUpa ¢ BBEIOBIBAHMEM JUIS BBISABICHHS MHHUMAJIbHO-CTOMMOCTHOTO pebpa (v, w),
rae v e Xuw ¢ X. IlepBblii payH]] COCTOUT U3 JIOKAJIBHOIO TypHHpA UL KaX 101

! MBI ccputaeMest Ha BEPUIMHBI BXOJHOTO Tpadha M COOTBETCTBYIOLINE OOBCKTHI B Kyde

B3aMMO3aMCHSICMO.
Jla, MOKHO XpaHHUTh pedpa BXOAHOro rpada B Kyde Ui MOCIeIYIONICH 3aMeHbI MHHH-
MaJTbHBIX BBIYMCIICHUH (TI0 peOpam) B IPOCTOM pealtn3alny ¢ 00pallieHueM K ExtractMin.
Ho Gosee coBepleHHas peann3anisi XpaHUT BEPIINHbL B Kyde.

2
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BEpIIUHBI W € V — X, TIe yuacTHUKaMU sBISIFOTCS pebpa (v, w) ¢ v € X, u mobe-
JIUTETIh B TIEPBOM TYPE SIBJISIETCS CAMBIM JICIICBBIM M3 YY4aCTHUKOB (JTMOO +00, eCiu
HeT Takux pebdep). [lobeaurenu nepBoro payHaa (He 0ojee OAHOTO HA BEpPIIMHY
w € V — X) mepexonsiT BO BTOPOH payHJ, a OKOHYATESIbHBIA YEMITHOH SIBISCTCS
caMbIM JICIIEBBIM ITOOCAUTEIEM MTEPBOTO payHaa. Takum 00pa3oM, KIFOUOM Bep-
UHBI W € V — X IBASIETCSI UMEHHO CTOMMOCTD BBIMTPHIIITHOTO peOpa B JTOKATLHOM
TypHHpE B w. V3BIIeueHNE BEPIIMHBI ¢ MUHHMAJIbHBIM KJIFOYOM 3aTEeM peajin3yeT
BTOPOM payHJ TYPHUPA W BO3BpAIAcT HA CepeOPSHOM OJTFONIeUKe ¢ ToyOol Kae-
MOYKOH ciIeyrollee JONOIHEeHUE B TeKy1lee pemeHue. [oCKonbKy MbI IIaTUM 3a
MY3BIKY U TIOJIJICPKUBACM WHBAPUAHT, COXPAHSS KIIFOYH OOBEKTOB B aKTYaTIhbHOM
COCTOSTHUH, MBI MO’KEM pean30BaTh KaXayto utepanuto anroputma [Ipuma ¢ mo-
MOIIbIO OJJTHOW Ky4eBOW OIepanuu.

15.3.4. NceBpokon

Torna nceBaokoa OyJeT BBIMISAACTh TaK:

PRIM (HA OCHOBE KY4YHN)

Bxon: cBsi3HBIN HeopueHTHpPOBaHHLIH Tpad G = (V, E), npencras-
JICHHBIH B BHJE CIIMCKOB CMEXHOCTH, U CTOMMOCTb C, I KayKIOTO
pebpaee E.

Boixoa: pebpa MHHUMAJIBEHOTO OCTOBHOTO JiepeBa rpada G.

// WHuumanusauma
1 X = {s}, T=0, H := mycTas Ky4a
2 for xaxxuapiii v # s do
3 if cymectByeT pebpo (s, v) € E then
key(v) :=c

sv2

winner(v) := (s, v)
else  //vHe umeeT nmepecekawwMx WHUMAEHTHbIX pebep
key(v) := +oo, winner(v) := NULL

BcrtaButh vB H

N SN A

// TnaBHbIA UUKN
8 while H e apnsercs mycteim do
9 w* := U3BnEus MUHUMYM(H)
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10  ngoGasuth w* B X
11 npoGasuth winner(w*) B T
// OGHOBUTb K/IWYM ANA NOAAEPKKU WMHBApUaHTa

12 for xaxmoe pedpo (w*,y)cye V- Xdo

13 if ¢, <key(y) then

14 Yaanuts y uz H

15 key(y) := ¢, winner(y) := (w*, y)
16 BctaButh y B H

17 return T

Kaxnmast eme He oOpaboTaHHasi BEpIIMHA W 3aMMMCBHIBACT B TOJSIX noOedumens
winner U k1fou key naHHbIe 00 WACHTUYHOCTH U CTOUMOCTH MOOEAUTENS CBOETO
JOKaJBHOTO TypHHpPAa — CaMOTO JACUICBOTO pedpa, HHIIMIACHTHOTO W, KOTOPOE
nepecekaer rpanuLy (To ectb pedpa (v, w), rae v € X). CTpoku 2—7 HHULHATU3HU-
PYIOT 9T 3HAYEHUS /ISl BCEX BEPILIWH, OTJIMYHBIX OT S, C [EJIBIO YIOBICTBOPEHHUS
WHBapUaHTa, ¥ BCTABJISIOT 3TH BepIIUHEI B Kyuy. Ctpoku 9—11 peanusyroT ogHy
UTEpalHIo IIaBHOTO UK anroputMa [Ipuma. iHBapuanT obecneunBaet, 4To0bI
JIOKaJIbHBIN TTOOEIUTENh U3BICUEHHOM BEPIIMHBI OB CAMBIM JICIIEBBIM PEOpOM,
MIEPECEKAIONIIM IPAHHMITY, TO €CTh SBISUICS NMPABWILHBIM PeOpoM, T00aBIICMbIM
CJIEAYIOLINM B TeKylee aepeBo 7. YiupaxHenue 15.3 wumocTpupyer, Kak u3Bie-
YEHHE MOXET MEHSTh IPaHUILy, TpeOyst OOHOBIICHUS KIIFOYEH BEPILWH, BCE €IIe
HaXoJsImuxcs B V' — X ¢ 1esbio o0ecreueHus HHBapHaHTa.

YIIPA’KHEHHME 15.3

Ha puc. 15.5 npeanonoxum, 4To BEpIIMHA X U3BIEYEHA U Hepe-
MellleHa B MHOXeCTBO X. Kakumu 1OKHBI OBITh HOBBIE 3HAYEHHUS
COOTBETCTBEHHO KJIIOYEH y U 27

a) lu?2

0) 2ul

B) Su -+
r) +oo i +oo

(Pemenue u nosicieHue cM. B pazaene 15.3.6.)
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Crpoku 12—16 1ceBnoko/ia BEITIOIHSIOT HEOOXOMMbIe OOHOBIICHHS KITFOUCH Bep-
muH, ocraBmuxcs B V' — X. Korga w* nepemeniaercs u3 V' — X B X, pedpa popmsl
(w*,y),tne y € V—X, nepecekaroT rpaHully B IEPBbIH pa3; B IOKANIBHBIX TyPHUpPaX
B BepmmHax V' — X UMEIOTCSl HOBbIE YYaCTHUKH. MBI MOXXEM UTHOPUPOBATH TOT
(baxr, uro pedpa Gopmsl (i, w*), rae u € X BTArBaroTCs B X ¥ OOJIBIIE HE TIepece-
KalOT TPaHHMILY, TOCKOJIbKY Mbl HE HECEM OTBETCTBEHHOCTH 3a COXPAaHEHUE KITIOuei
Juts BepinvH B X. J{inst BeprmHbl y € V' — X HOBBIM MOOEAUTEIEM €€ JTIOKAThHOTO
TypHHpA ABJISIETCS 00 CTapblii nobedumens (COXpaHEHHBIH B winner(y)), 1100
HOBBIH yyacTHHK (W¥, y). Crpoka 12 nepeGupaer HOBBIX yuacTHUKOB'. CTpo-
ka 13 mpoBepsiet, sBisIeTCs U pedpo (W*, 1) HOBBIM TOOETUTENIEM JIOKATIBHOTO
TypHUpA y; €CIU J1a, TO CTPOKU 14—16 OOHOBISIFOT COOTBETCTBEHHO TOJIS K1I0Ud
u nobeoumens y v kyuy H?>.

15.3.5. AHann3 BpemMeHu BbINOJIHEHUS

daza uaMnManu3anuy (CTpoku 1—7) BRIMONHSET 7 — 1 KydeBBIX omepanuii (1o
OJIHOH onepanuu BCTABUTH B BEPILUHY, OTIAMYHYIO OT §) U O (m) NONOIHUTENb-
HOU paboThl, IAe 7 U m 0003HAUAIOT COOTBETCTBEHHO YHCIO BEPIIUH U pedep.
CymectByer n — 1 urepanuii rmaBHOro 1ukia while (ctpoku 8—16), mosTomy
ctpoku 9—11 BHOCAT B cymmapHOe Bpemst BhIToHeHusI O (1) Ky4eBBIX UTEpaIuit
u O(n) nonomHUTENbHON padoThl. OTpaHHYeHHe CyMMapHOTO BPEMEHH, MPOBO-
JUMOro B cTpokax 12—16, sBiisieTcst 3aKOBBIPUCTON YaCTblO; KIIOYEBOE 3HAUEHUE
HUMEET TO, UTO Kavicooe pedpo epappa G paccmampusaemcs 6 cmpoke 12 monvko
00un pas, B UTEpalluu, B KOTOPOIl mepBast U3 €ro KOHEYHbIX TOUYEK BCACHIBACTCSA
B X (To ecTh mrpaet pons w*). Korma peOpo mcciemyercsi, anrOpuTM BBITIOIHSICT
JIBE Ky4deBble oreparuu (B ctpokax 14 u 16) u O (1) mononHuTEnsHON pabOTHI,
MO3TOMY CyMMAapHBIH BKJIaJ CTPOK 12—16 BO BpeMsl BBINOTHEHUS (110 BCEM UTepa-
UM 1uKITa) coctapmsiet O (m) KydeBbIx onepanuid miroc O (1) JOTOTHUTEIBHON
pabotbl. OKOHYATENbHBIH NepedeHb oKa3aresell BhIVISIUT TaK:

O (m + n) xyueBbIX onepanuii + O (m + n) TOTIOIHUATEILHOW PAOOTHI.

! Ha sTOM 1mare BechbMa y00HO IPEACTABISTE BXOAHOM rpad) yepes CIHUCKH CMEKHOCTH,
MOCKOJIBKY K KpasiM GopMbI (W*, 1) MOXKHO 00pamarhcsi HaIpsIMyro 4epe3 MacCHB Ia-
Jaroiux peoep w*.

2 HexoTophle peann3alii Ky4r 3KCIIOPTHPYIOT ONepaliio DecreaseKey, YTO MO3BOISECT
peanu3oBarh CTPOKU 14—16 ¢ TOMOIIIBIO BCETO OAHOM Ky4eBOM Omeparuy, a He IByX.
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Kyua nuxorna e xpanut 6osee 7 — 1 00BEKTOB, MOITOMY KakJaast KydeBasi ore-
panust BeimomnHsieTcst 3a Bpemst O (log n) (teopema 15.3). CymMmMapHOe BpeMst BbI-
nonHenus cocrapnset O ((m + n) log n), cormacHo Teopeme 15.4. Y. T. /1.

15.3.6. PewueHue ynpaxHeHusa 15.3

IMpaBuabHblii oTBeT: (0). [Tocne nepemeniennst BepuHbl X 13 V' — X B X HOBOE
1300pa)keHUe BBINIAIUT TaK:

ObpaboTaHo Ewle He obpaboTaHo

Pe6pa dhopmst (v, x), Tie v € X, BcachiBatoTcs B X 1 OOJIbIIE HE MEPECEKAOT TPAHHUILY
(xak u B cimyvae ¢ pedpamu co croumoctsivu 3 u 7). [lpyrue pedpa, MHIUIEHTHBIE X,
(x,y) u (x, z), YaCTUYHO BBLICPTUBAIOTCS U3 V' — X W Telneph MepeceKaroT TpaHHMILy.
Kax 11t y, Tak 1 ISt Z 9TH HOBBIC MHIIMICHTHbIC TIEpeceKaroline pedpa aemiese,
yeM Bce ux crapbie. C Hebio Mo/IepyKaHus MHBApUAHTa 002 UX KITI0Ya JOJDKHBI
OBITh OOHOBJICHBI: KITIOY ) M3 5 B 2, a KITFO4Y z U3 +o B 1.

*15.4. Anroputm lNMNpuma:
A[OKa3aTenbCTBO NPaBUJIbHOCTU

BrInmonHUTh 10Ka3aTeNnbCcTBO MpaBUWIIbHOCTH anroputma [Ipuma (teopema 15.1)
MpoIIie, Korjaa Bce pedepHble CTOMMOCTH Pa3IMYHbI (cM. yrpakHeHue 15.5). Jlo-
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Ka3aTeJIbCTBO BBINIOJIHUM B JiBa 3Tana. CHavasa onpeneaM CBOUCTBO, UMEHYEMOE
«CBOMCTBOM MUHHMMAJIBHOTO Y3KOI'0 MECTa», KOTOPBIM 00J1aaeT BbIXO alIrOPUT-
Ma [Ipuma. BTopoit 3Tan no3BoisieT yCTaHOBUTD, YTO B rpade ¢ PasIndyHbIMU
peOepHBIMH CTOMMOCTSIMU OCTOBHOE JIEPEBO C 3TUM CBOHCTBOM JIOJKHO OBITH
MHHHUMaJbHBIM OCTOBHBIM JIEPEBOM .

15.4.1. CBOMNCTBO MMHMMAJIbHOIO Y3KOIro MecTa

Ms!I MOxeM 00yCIOBUTbH CBOMCTBO MHHHUMAJIBHOTO Y3KOTO MECTa MO aHaJOruu
C aJITOPUTMOM ITOMCKa KpaTuaiiiero mytu JeikcTpel. EquHCTBEHHOE CylleCTBEH-
HOE pasnuyue Mex1y anropurMmamu IIpuma u JIefKkcTpbl — 3TO KpUTepuid, uc-
MIOJIb3yEMBIi JIsl BEIOOpA IMEepeCEKaroero pedpa Ha Kax 101 uTepauu. AIropuT™
JlefiKcTpBl ’KaAHO BBIOMpAET Moaxosiee pedpo, KOTOpoe MUHUMH3UPYET PaccTo-
siHUE (TO €CTh cyMMY JUIMH peOep) OT CTApTOBOM BEPILUHBI S U IO ATOH NPUYNHE
BBIUHCIIAET KpaT4alIluii My Tk OT § 10 JIF00O0H Ipyroil BepinHbl (IPH YCIOBUH, YTO
JUTHHBI peOep He SBISIOTCS OTPHIATEIFHBIMA). AnroputM [Iprma, Bcerna BeIOupast
nozrxoziAnee pedpo ¢ MUHUMAIBHOI HHIMBH/TyJIBHOW CTOMMOCTBIO, TPAKTHIECKH
CTPEMUTCS] MUHUMHU3UPOBATh MAKCUMAIbHYIO PEOEPHYIO0 CTOMMOCTD BIOJb Ka3K10T0
nytu®. CBOWCTBO MUHMMaIIbHOTO y3koro mecta (Minimum Bottleneck Property,
MBP) orpaxkaet 3Ty Heto ToUHee: ¢ yueToM rpada ¢ BeIecTBEHHBIMI PeOepPHBIMH
CTOMMOCTSIMH OIPEAEIUTh Y3KOE MECTO MyTH P KaK MaKCUMAJIbHYI CTOMMOCTb
max, ., ¢, OJIHOIO U3 €ro pedep.

! TlomynsipHbIid, XTSI 1 60JIee aOCTPAKTHBIN MTOAXO K JOKA3aTeIbCTBY PABUIBHOCTH all-

roputma [Ipuma (n Kpackasna) cBOAUTCS K UCTIOIB30BAHUIO TaK HA3bIBAEMOT'O CBOMCTBA
o6pes3kn MST (monpoOHee cm. ynpaxkHenue 15.7).

D10 HAOMIO/IEHUE CBA3aHO CO CICAYIOIICH 3arakoi: moyeMy anroputm J{edkeTpsl pa-
00TaeT MpaBUIILHO TOJIBKO ¢ HEOTPUIIATEIbHBIMY ATHHAMU pedep, TOrAa Kak alrOpUTM
TIpuMa — ¢ IPOU3BOJILHBIMU (TIOJIOKUTEIILHBIMU HITH OTpULIATEIbHBIMHI)? KittoueBoit
KOMITOHEHT JI0Ka3aTeIbCTBA IMPaBUILHOCTH anroputMma JleHKCTpbl — Tak Ha3blBacMast
MOHOTOHHOCTb ITyTH, O3HAYAIOIIas, YTO JOOABJICHNE JIOTIOMHUTENBHBIX pedep B KOHIIE
IIyTH MOYKET TOJIBKO YXYIIIUTE ero. [Ipukperuienne Kpast OTpHLaTeIbHON JITHHBI K [Ty TH
YMEHBLIUT €r0 00IIYI0 UIHHY, II03TOMY-TO JUISl COXPAHEHUSI MOHOTOHHOCTH ITyTH U He-
00XOMMBI HEOTpPHUIIATEIbHBIC JIIMHEI Kpas. CiieayeT, KpoMe TOro, IOMHHUTB, YTO JJIS
anroput™a [TprMa Mepoit «M3MepeHHsD CITY’KUT MaKCHMalbHasi CTOMMOCTB pedpa B Iy TH
M 9Ta Mepa HE MOXKET YMEHBIIHUTHCS, TaK KaK JOTOJHUTEIbHBIE (TIONOKHUTEIbHBIE HITH
OTpHILIATEIIbHBIC) peOpa MPUBSA3aHbI K Ty TH.
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CBOICTBO MUHHAMAJILHOI'O Y3KOI'O MECTA (MBP)

Husarpada G = (V, E) ¢ BemecTBEHHBIMI peOSPHBIMU CTOMMOCTSIMH
pedpo (v, w) € E yAOBIETBOPSET CEOLCMBY MUHUMATLHOZO Y3K020 Me-
cma, eCIy OHO SIBIISETCS IyTEM V—W C MUHUMAIBHBIM y3KHM MECTOM.

Hpyrumu ciioBamu, peGpo (v, w) yIOBIETBOPSIET CBOWCTBY MHHUMAIBHOTO yY3KOTO
MeCTa TOT/Ia M TOJILKO TOTJIA, KOTAa HET IMyTH V—W, COCTOSIIETO UCKIFOYUTEIBHO
n3 pebep co CTOMMOCTBIO MEHBIIIE ¢, . B Hamem npumMepe:

pebpo (a, d) He ynoBIETBOPSET CBOMCTBY MUHUMAJIBHOTO Y3KOTO MecCTa (Kaxa0e
pebpo Ha yTH @ — b — d nemesne, 4yeM (a, d)), kak u pedpo (¢, d) (kaxaoe pedpo
Ha yTH ¢ — a — d Jeuesne, 4yeM (¢, d)). OcTtanbHbie TpU pedpa TakxKe yI0oBIeT-
BOPSIIOT yKa3aHHOMY CBOHCTBY'. Clie/iyroliasi HUKe JIeMMa pean3yeT epBblii aTar
HAIIIeTO0 TJIaHa I0Ka3aTeNIbCTBA, CBA3bIBAsl BBIXOJ asiropuTMa [Iprma co cBoiicTBOM
MUHHMAJIBHOTO Y3KOTO MECTa.

Jlemma 15.5 (anroput™m Prim qocturaer csoiicrea MBP). /[na kasxcoozo cesasnoco
epagha G = (V, E) u sewgecmeenuvix pebepHuix cmoumocmeil Kaxcooe pebpo, 6blopar-
HOe aneopummom Prim, yoognemeopsaenm cEOUCMEY MUHUMATLHOZO Y3K020 MeCmd.

Jokazamenvcmeo: paccMoTpuM pedpo (v, w*), BeIOpaHHOE HA UTEPALlUU aJro-
putma [Ipuma, e v € X uw* € V' — X. I1o xagHOMY NIPaBHITY aJrOPHTMA,

cv*\

W

<c, (15.1)

JUIA Kaxoro peopa (x,y) € E,tnexe Xuye V—X.

I OTMeTHM, BOBCE He CIyJaiiHO pebpa, ymoBmeTBopsiomune MBP B manHoM mpumepe,

SBJIAIOTCS ¥ pedpaMu B MHHUMAaJIbHOM OCTOBHOM JIEpEBe.
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Urto0bI ToKka3zark, uto (v¥, w*) ymnosierBopseT ycioBuro MBP, paccMorpum mpo-
M3BONIBHBIN v —w*-myTh P. [Tockonbky v¥ € X u w* ¢ X, myTh P pOXOIUT B He-
KOTOPOIf Touke U3 X B V' — X, ckaxeMm, uepes pebpo (x, y), tnex € Xnye V—X
(puc. 15.6). Y3kum mecTom P sBiisieTcst ¢,,, KoTopast 1o HepaseHCTBy (15.1) pasha,
10 KpaiiHeit Mepe, ¢, .. [lockonbky P ObUT IPOH3BOIBHBEIM, peOpo (v¥, w*) apisercs
MUHHUMAJIBHBIM Y3KUM MECTOM IyTH v¥—w*. Y. T. J].

O6paboTaHo Ewwe He o6paboTaHo

pannua

Puc. 15.6. Kaxgpii nyTb v*—w* NpoxoamT, No KpanHen mepe,
oauH pa3 n3 X B V — X. NyHKTUPHbIE NNHUN NPEACTaBNSIOT OANH TAKOW NyTb

MBI BBI3BAITKCH PEITUTH 33/1a9y MHHUMAJILHOTO OCTOBHOTO JIepeBa, a He JOCTHYb
CBOMCTBa MUHUMAJIBHOTO y3KOro Mecta. Ho 51 ObI He CTasl OTHUMATh BAllle BPEMS;
B rpaax ¢ pa3HBIMH PEOSPHBIMU CTOMMOCTSMH U3 MOCICTHETO aBTOMAaTUIECKH
BBITEKAET TepBoe’.

Teopema 15.6 (13 cBolicTBAa MUHHMAJLHOTO Y3KOI0 MeCTa BBITEKAET MH-
HUMAJbHOE 0CTOBHOE JepeBo). [lycmv G = (V, E) ecmv epagh ¢ pasnuunvimu
sewjecmeenHbiMu pebeprbimu cmoumocmamu, a T— ocmosnoe oepeso epaga G.
Ecnu kadxcooe pebpo depesa T yoosnemeopsiem c80Uicmaey MUHAMAITBHOTO Y3KOTO
Mmecta, mo T A61semcs MUHUMATIbHBIM OCIOBHbIM 0EPeBOM.

I1n0xast HOBOCTh — JIOKA3aTEIILCTBO TEOPEMBI 15.6 BKITIOUYAaET HECKOJIBKO ATAIIOB.
Xopomaﬂ HOBOCTb — MbI MO’KEM IMOBTOPHO HUCIOJIB30BATh UX BCE IJIA TOIO, YTO-
OBI YCTAaHOBHUTH U MPABUIIBHOCTH €€ OMAHOI'O BaXXHOTO aJITOPUTMa OTBICKAHUSA

! BepHo 1 06paTHOE yTBEpKICHHE TeopeMbl 15.6 (Iaxe ¢ HeompeaeIeHHBIMU 3aTpaTaMn

Ha pebpa): kaxaoe pedpo MST ynosnerBopsier MBP (cMm. 3amauy 15.4).
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MHHUMAaIILHOTO OCTOBHOTO JiepeBa, anroputma Kpackana (teopema 15.11 B pas-
nene 15.5)!

15.4.2. UHTepecHble ¢paKTbl 00 OCTOBHbIX AepPeBbsaX

[IpexBapuTenpHO TOKAaKEM HECKOIBKO IPOCTHIX U MOJIE3HBIX (PAaKTOB O HEOPHEH-
THPOBAHHBIX TPpaax U X OCTOBHBIX NEPEBhIX. HECKOIBKO CIIOB O TEPMUHOJIOTHH.
I'pad G=(V, E) — He o0s13aTeNbHO CBSI3HBIN — €CTeCTBEHHBIM 00pa3oM pacmnaia-
eTCsl Ha «JaCTH», UMEHYEMBIC C8A3HbIMU KoMnonenmamu rpada. bonee popmaibHo
CBsI3HAs KOMITOHEHTA MPEACTABISICT COO0H MaKCUMaIbHOE MOAMHOXECTBO S C V
BEpIINH, B KOTOPOM CYILIECTBYET IyTh B G U3 J1000i1 BepuIMHEI B S 10 110001
Jpyroi BepmuHbI B S. Hanpumep, cBSI3HBIMEH KOMITOHEHTaMU rpada Ha puc. 15.7, a
sieisitorest {1,3,5,7,9%, {2,4} u {6, 8, 10}. I'pad cBs3aH ¢ myTeM MEXIY KaKI0H
TIapoi BEPILMH TOT/[A U TOJIBKO TOT/IA, KOT/Ia OH NMEET OJIHY CBSI3HYIO KOMIIOHEHTY?.

a) Tpy KOMMOHEHTHI 6) CnnsiHne KOMMOHEHT 8) CospgaHue uukna

Puc. 15.7. B (a) rpad ¢ MHOXecTBOM BepluH {1, 2, 3,..., 10} u Tpems CBA3HbIMU
KoMMnoHeHTamu. B (6) nobasneHne pebpa (4, 8) 06beanHAEeT ABE KOMMOHEHTbI.
B (B) no6asneHue pebpa (7, 9) co3gaeT HOBbIN LUK

Temnepb mpeacTaBbTe, YTO BBl HAYMHACTE C ITyCTOTO Tpada (¢ BepUIMHaMHU, HO 03
pebep) u nobasisere K HeMy pebpa o ogHoMy. UTo MeHseTCsl IpH [00aBICHUN
HOBOTO pedpa? OHa U3 BO3MOXKHOCTEH 3aKITI0UaeTCsl B TOM, YTO HOBOE peOpo 00b-
eIMHSIET JIBE CBSI3HBIC KOMITOHEHTHI (puc. 15.7, 6). MBI Ha3pIBaeM 3TO dobasieHuem
pebpa ¢ munom F («F» ot aunen. fusion). Eiie ofiHa BO3MOKHOCTh 3aKJTHOYACTCS

' Teopema 15.6 He BBIOMHSIETCS B Tpadax ¢ HEOMpPEACICHHBIMHU 3aTpaTaMu Ha pebpa.

B kauecTBe KOHTpHIpHMEpa pacCCMOTPUM TPEYTOJIBHHUK C OTHUM PeOpPOM CO CTOMMO-
CThIO | M IByMs peOpaMu CO CTOMMOCTBIO 2 K11, Tem He MeHee, anropuT™Mel [IprmMa
u Kpackaia octarorcsi BepHBIMU C IIPOM3BOJIBHBIMU ACHCTBUTEILHBIMU CTONMOCTHBIMH
pebpamu (cM. 3amauy 15.5).

IompoGHee 0 3aMKHYTBIX KOMIIOHEHTaX, aITOPUTME UX BBIUMCIICHHUS 32 IMHEHHOE BpeMst
cM. aBy 8 uacmu 2.
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B TOM, 9TO HOBOE peOpo 3aKpBIBACT YK€ CYIIECTBYIOMINH IMyTh, CO3/1aBasl ITHKJI
(puc. 15.7, ). MBI Ha3pIBaeM 310 dobasnenuem pebpa ¢ munom C («C» oT anen.
cycle). Hama nepBas nemma yTBepIKAaeT, 4TO Kaxjaoe godasneHue pedpa (v, w)
umeet oo tun C, mudo tun F (Ho He 00a), B 3aBUCUMOCTH OT TOTO, HMEET JIU
yke rpad myTh v—w. Ecir 9T0 YTBep)KICHHE KOKETCSl BaM OUSBHIHBIM, TO MOXHO,
MUHYsI JOKA3aTeIbCTBO, IBUTATHCS JalIbIIIe.

Jlemma 15.7 (co3nanue muKJa/ciausinue KOMNoHueHr). /lycmos G = (V, E) ecmo
HeopueHmuposanuvill epag, u v, w € V — dee pasuvie gepuiunbvl, maxue 4mo
(v,w) ¢ E.

a) (mun C) Eciu v u w Haxo0simcesi 6 00HOU U MOU Jice C8SA3HOU KOMHNOHEHMme
epagpa G, mo dobagnenue peopa (v, w) ¢ G cozoaem no kpatineii mepe 0OuH
HOGBIIL YUKIL U HE UBMEHSIeN YUCTIO CEA3HbIX KOMIOHEHNI.

0) (mun F) Eciu v u w Haxo0smcs @ pasHwiX CE:A3HbIX KOMNOHEHMAxX epaga
G, mo dobasnenue pebpa (v, w) ¢ G ne coz0aem HUKAKUX HOBLIX YUKIO8
U yMeHbulaem 4yucio céa3nblx Komnonenm na 1.

Hoxasamenvcmeo: 11 4acTH (a) €CIH vV U W HaXOAATCS B OJHOM U TOIH ke CBSI3-
HOU KoMIoHeHTe G, To cymecTByeT v—w-iyTh P B G. [locie nobasienus pedpa
P U {(v, w)} oOpa3syet HOBbIH 11K, CBSI3HBIC KOMITOHEHTBI OCTAIOTCS MIPEIKHH-
MH, IIPU 3TOM HOBOE pedpo (v, W) MOMIONIAETCS CBI3HOM KOMIIOHEHTOH, KOTOpast
y’Ke COIEPKUT 00€ ero KoHeuHbIe ToUKH. [t gacTn (0) o6o3Haunm yepes S, u S,
(pa3Hble) CBSI3HBIC KOMIIOHEHTHI Tpada G, comepiKaliue COOTBETCTBEHHO V U W.
Bo-nepBeIx, nocne nodaieHus pedpa CBSI3HbIE KOMIOHEHTHI S, U S, CIMBAIOTCA
B €MHYI0 KOMIIOHEHTY S, U §,, yMEHbIlIas YUCIO KOMIOHEHT Ha 1. Iy BeplIuH
x € S, uy € S, BBl MOXKETE CO37aTh ITyTh X—) B HOBOM Tpade, CKIEUB IIyTh X—V
B G, pebpo (v, w) u myTb w—y B G. Bo-BTOPBIX, IPEANIOI0KUM OT IPOTHUBHOTO, YTO
nobasiieHue pedpa co31ano HoBbIM UK C. DTOT UK JOJDKEH BKJIIOYATh HOBOE
pedpo (v, w). Ho Torna C — {(v, w)} Oyznet myrem v—w B G, 9TO IPOTHBOPEYHT Ha-
eMy JIOMYIIEHHUIO, YTO V U W HAXOAATCS B Pa3HbIX CBSA3HBIX KoMIIOHeHTax. Y. T. /1.

Hmes B cBOEM pacriopsbKeHUHU 1eMMY 15.7, Mbl MOXKEM ObICTPO BBIBECTH HEKOTOPbIE
UHTEpECHBIC (PAKTHI 00 OCTOBHBIX JICPEBBSIX.

CaencrBue 15.8 (ocToBHBIE 1epeBbsi HMMEIOT POBHO 71 — 1 pedep). Kaocooe
ocmosHoe 0epeso n-eepuluHino2o epaga umeem n — 1 pebep.
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Jokazamenvcmeo: ycth T paBHO OCcTOBHOMY JepeBy rpada G = (V, E) ¢ n Bep-
muHamMu. HagreM c mycrtoro rpada ¢ MHOXXeCTBOM BeplnH V 1 OyaeM 100aBisITh
pebpa T no oxHOMY. [Tockonbky 7' He MMEET LIUKJIOB, Kax/Ji0e Jo0aBieHne pedpa
HUMeeT TN F ¥ yMEHBIIACT YUCIIO CBSI3HBIX KOMITOHEHT Ha 1 (Jiemma 15.7):

o o C/Jo o/)—o f—o o)
o o o o = f--vc( (/3--.*'
o o o o o o o

Ipotiecc HAYMHACTCS C 11 CBA3HBIX KOMITOHEHT (T71€ KaXK/1asi BEPIIUHA HAXOAUTCS
B CBOCH KOMIIOHCHTE) U 3aKaHUYMUBACTCSI SAUHUIICH (ITOTOMY 4TO 7' — 3TO OCTOB-
HOE JIEPEBO), MOATOMY YHCIIO peOepHBIX J0OaBICHHH JOIKHO COCTABIATh 11 — 1.
q T 1.

Ectb aBa ciaydast, koraa moarpad MoKeT He ObITh OCTOBHBIM JIEPEBOM: OH COZCP-
JKUT LUKII; OH HE siBIsieTcst CBsi3HbIM. [loarpad ¢ n — | pebpamu — KaHAnAaT Ha
OCTOBHOE JIEPEBO M0 CIEACTBHIO 15.8 — He coOmoaaeT o1HO U3 YCIOBUi, TOIBKO
€CJIM OH He COOJIIONaeT HU OJHO U3 HUX.

CaeacrBue 15.9 (CBA3HOCTH M ANMKJIUYHOCTH COMPOBOXKAAIOT JAPYT APYra).
Ilycmo G = (V, E) ecmb epagh u T C E — noomuoscecmeo n— 1 pebep, 20en = | V|.
I'pag (V, T) asnsemca césa3HbIM M020a U MOALKO M020d, KO20A OH He COOePHCUN
YUKTI08.

Joxazamenvcmeo: NIOBTOpUM Tipoliecc godaBieHus pedep u3 cienctsus 15.8. Ecim
Kaxoe 13 n — 1 pebepHbIX J00aBleHud nMeeT TUTI F, To iemma 15.7 (0) mpuBoIuT
K TOMY, 4TO IIPOIECC 3aBEPIIACTCS OIHOU CBS3HOW KOMITOHEHTOW M 0€3 IMKIIOB
(TO ecTh K OCTOBHOMY JIepeBy). B mpoTuBHOM ciiyuyae umeercs no0aBieHue pedpa
¢ tunoMm C, koTopoe 1o yieMMe 15.7 (a) co3naer UK, a TaKKe HE YMEHbIIAeT
YHCIIO CBS3HBIX KOMIIOHCHT:

o o (/ao C/)—o c/)—o W
o o= o o = (/3-‘-‘." C/)-:«
o o o o o o o o) o
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B aTom citydae niporiecc HauWHAETCS € 72 CBSI3HBIX KOMITOHEHT, U 71 — 1 peOepHBIX
J00aBJICHUI YMEHBIIIAIOT YMCIIO CBSI3HBIX KOMIIOHEHT He OoJjiee ueM B 1 — 2 pas,
ocraBisist KoHeuHblH rpad (V, T), mo kpaitHel Mepe, ¢ IByMsI CBSI3HBIMU KOMITOHEH-
tamu. CnenoBatenbHO, (V, T) He SABISCTCS HU CBSI3HBIM, HU anukimdeckum. Y. T, /1.

MBI MOXeM NPOapryMEHTHPOBATh CXO0KHUM 00pa30oM, UTO BBIXOJ anroputma Ilpu-
Ma SBIIIETCS] OCTOBHBIM JAE€PEBOM, HE YTBEPIKAas IIPH OTOM, YTO OCTOBHOE JICPEBO
SIBILAETCS. MUHUMATLHBIM.

Caencrue 15.10 (Aaroputm Prim BBIBOAUT OCTOBHOE 1€PeBO). /[iist Kaji 0020
CBA3H020 6X00H020 epagha aneopumm Prim 661600Um 0CMOGHOE 0epeeo.

Jlokazamenbcmeo: Ha MPOTSHKEHUU BCETO aITOPUTMA BEPIIUHBI X 00pa3yroT OHY
cBsi3HYI0 KomnioHeHTy (V, T), u kaxnas BepmuHa V' — X M30IMpoBaHa B CBOCH
cOoOCTBEHHOH CBsI3HO# KommoHeHTe. Kaxnoe u3 n — 1 pebepHbIX H00aBICHHI
BKJTIOYAET BEpIIUHY W* V' — X 1, ciieoBaTeibHO, UMEET THII F, TOATOMY KOHEYHBIM
pe3yIbTaToM SIBIIIeTCS OcTOBHOE Aepeso. Y. T /1.

15.4.3. loka3saTenbCcTBO Teopembl 15.6
(U3 cBOMCTBA MMHUMAJIBHOIO Y3KOIro MecTa
cnepyet MMHUMasibHOE OCTOBHOE AepeBo)

I[OKaSaTeJ'IBCTBO TCOPEMbI 15.6 — 570 KaK pa3 TO MECTO, I'’IC MbI UCIIOJIbB3YCM
Hall€ NOCTOAHHOC AOIMYHICHUE O TOM, YTO CTOUMOCTHU pe6ep SABJIAIOTCA pa3HbIMHU.

Joxazamenvcmeo meopemwl 15.6 (ot iporuBHOTO). [IycTh T paBHO CBSZyIOIIEMY
JICPEBY, B KOTOPOM KaX10€ PeOPO YAOBIETBOPSIET CBOICTBY MUHIUMAJIBHOTO Y3KOTO
MecTa. [Ipennonokum, MEHUMaIbHOE OCTOBHOEC JIepeBO T* MMEeT CTPOro MEeHb-
IIyI0 CyMMY peOepHBIX CTOMMOCTEH. B KoHTeKkcTe moka3aTenbcTBa TeopeMsr 13.1
cleayeT OOMEHATh OIHO pedpo Ha JIpyroe, co3aaB OCTOBHOE JiepeBo 7' ¢ oluieit
CTOMMOCTBIO MEHBIIIC, 4eM 7'*, TeM caMBbIM ITPOTHBOPEYA TIPE/IIOIaraeMO ONITH-
MaibHOCTH T*. Jlepebst T'u T* MOMKHBI OBITH pa3HBIMH M UMETh 1 — 1 pebep,
rae n = | V| (cneactBue 15.8). Takum oOpa3om, T comepkUT N0 KpaitHeil Mmepe
ozHO pedpo e, = (v, w), KoTopoe He HaxoauTcs B 1*. JlobaBieHue e, B 7* cozmaer
nukn C, KOTOpbIi copepkut e, (nemma 15.7 (a)):
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SBnssice pebpom T, e, yIOBIETBOPSIET CBOWCTBY MUHMMAIBHOTO Y3KOTO MECTa,
MIO3TOMY CYIIECTBYET, IT0 KpaliHEH Mepe, OMHO pedpo e, = (X, ) B v—w-IIyTH
C — {e,} co cTouMOCThIO HE MeHee ¢,,. B pamMkax Hamlero JOMyIIEHUs, YTO
pebepHBIe CTOMMOCTH SBJISIOTCS Pa3HBIMH, CTOMMOCTD €, JOJKHA OBITh CTPOTO
Oonpue: ¢, > c,,.

Teneps BoiBeneM 7" u3 T U {e,}, ynanus pedpo e,:

O O

[Mockonbky T* umeer n — 1 pebep, To ke cnpaBeuBo U nas 1'. [Tockonabky
T* saBnsieTCsl CBS3HBIM, TO JK€ CIIPAaBEUIMBO U 1iis 1. YianeHue pedpa u3 UK
oTMeHsieT nobasneHue pedpa tuna C, koropoe 1o jsemme 15.7 (a) He BiauseT Ha
YHCJIO CBSI3HBIX KOMIIOHEHT. M3 cinencrBust 15.9 BeiTekaeT, uyTo 7" TaKKe SABISICTCS
ALUKJINYECKUM U, CIIE0BATEIbHO, OCTOBHBIM 1epeBoM. I1ocKkobKy CTOMMOCTE e,
OorbIle, YeM CTOUMOCTS e, I’ nmeeT Oojee HU3KYI0 CyMMapHYIO CTOMMOCTb,
yeM 7, 4TO MPOTUBOPEUUT MPEANONAaraeMoil onTUMaibHOCTH 1 U 3aBepIuact
nokazatenbceTBo. Y. 7. /1.
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15.4.4. CBoas BCce BOeAUHO

Tenepb y Hac ecTh Bce IS J10Ka3aTelIbCTBA MpaBUiIbHOCTU anropurma Ilpuma
B rpadax ¢ pa3HbIMH PeOEpHBIMU CTOMMOCTSIMH.

Joxazamenvcmeo meopemor 15.1: cnenctue 15.10 m0Ka3bIBaCT, 4TO BBIXOJIOM
anroputma Ilpuma siBnsiercst octoBHOE aepeBo. M3 gemmel 15.5 BbITeKkaet, 4to
KaX10€ peOpo 3TOr0 OCTOBHOTO JIepeBa YJOBICTBOPSET CBOMCTBY MUHUMAIBHOTO
y3koro mecta. Teopema 15.6 rapaHTHpyeT, 4TO 3TO OCTOBHOE JEPEBO SIBISETCS
MHUHHUMAJIHBIM OCTOBHBIM JiepeBoM. Y. T. /1.

15.5. Anroputm Kpackana

B aToMm paszerne onmuchiBacTCS BTOPOM aJTOPUTM IS 3a7a4U O MUHUMAJIbHOM
OCTOBHOM JnepeBe, areopumm Kpackara'. Ho mouemy Hac J0DKeH 3a00THTH
anroput™ Kpackania mpu HaJWYWHM B HAIIEM PACIOpPsDKEHUM anropuTMa [Ipuma
Ha OCHOBE Kyun? Bo-IepBbIX, 3TOT aJITOPUTM HAXOJUTCS B 3aJIe CJIABBI OTHUM U3
MIEPBBIX, TO3TOMY Ka bl ONIBITHBII IPOrPaMMUCT U HH(OPMATUK JJOIKCH 3HATh
o HeM. Hasexkaie peaqn3oBaHHBINA, OH COMTEPHUYACT ¢ anroputMoM [Ipnma kak
B TEOPHH, TAK U HA TIPAKTHKE. BO-BTOPHIX, 3TO Ja€T BOBMOYKHOCTh H3yUHUTh HOBYHO
Y TIOJIC3HYIO CTPYKTYPY HaHHbIX — Union-Find, unu nenepecexarouyuxcst (Ousvron-
KMUBHbIX) MHONCEeCm8. B-TPEThUX, CYIIECTBYIOT OUYCHb HHTEPECHBIE CBSI3H MEXKILY
anroputMoM Kpackaa v IMpOKO UCTIONIb3yEMbIMH aJITOPUTMAMU KIIACTePH3AIH
(cm. paznen 15.8).

15.5.1. NMNpumep

Kak u B cmyuae ¢ anropurmom [Ipuma, rmone3no yBuaeTh NMpuMep aaropurMa
Kpackana B neiicTBUY, 1 TOJIBKO IIOTOM TIEPEUTH K €TO MCEBIOKOY. BOT BXOAHOMN

rpad:

! Bessien Jxo3zepom b. Kpackanom B cepenune 1950-x, TO eCTh IPHMEPHO TOT/IA, KOTIA
IIpum u [leiikcTpa 3aHOBO OTKPBIBAJIN TO, YTO ceifyac Ha3bIBaeTcs anroputMom llprma.
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Aunroput™ Kpackana, xak u anroputm [IprmMa, kagHO CTPOUT OCTOBHOE JIEPEBO
1o oJiHOMY peOpy 3a pa3. Ho BMecTo Toro, 4To0BI BHIPAIMBATE OJIHO JIEPEBO M3
HavaJIbHOM BEpIIMHEL, aropuT™ Kpackasia MOKeT BbIpAIllBaTh MHOTOYHCIICHHbBIC
JIePEBbS MAPAIIICIBHO U B KOHKYPCHTHBIX YCIOBHSIX, CIIUBAsI PE3YIIBTAThI B CIIHHOC
JICPEBO TOJIBKO B KOHIIE aaroput™a. Takum o0pa3om, B ominuue ot aropurma [pu-
Ma, KOTOPBIi ObLT OrpaHUYEH BEIOOPOM CaMOTO JICIIEBOTO pedpa, MepeceKaronero
TEKYIIYIO paHHIly, anroput™M Kpackaia cBOOOICH B BRIOOpE caMOro JCHICBOTO
ocraBiierocst pebpa Bo BceM rpade, oTaBas peArnouTeHHEe CaMOMY JICIIEBOMY
pedpy, He co3Ial0IIeMYy ITHKIL.

B namem npumepe anroputm Kpackana HadrHaeT ¢ mycToro MaHoxkecTBa pebep T
Y Ha CBOEH IEPBOil HTEPAIMH JKa[HO PACCMaTPHBAET camoe JetiieBoe peopo (pedpo
CO CTOMMOCTEIO 1) 1 mobaisier ero B 7. Bropas ureparus ciiemyer Toi ke mpo-
neaype, BeIOUpas Cieayroliee caMoe JiereBoe pedpo (pedpo co CTOMMOCTBIO 2).
B 3TOM MecTe MHOKECTBO 7 TEKYIIEro PEIICHHs BBIIISIIUT TAK:
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Ba peOpa, BEIOpaHHBIE K HACTOSAINIEMY MOMEHTY, HE IEPECEKAIOTCSI, TOITOMY
QITOPUTM MPAKTUYECKU BBIPALIMBACT JIBa JepeBa mapauienbHo. Ha cremyromeit
UTEepalny paccMaTpUBACTCs pedpo co cToUMOCThI0 3. Ero BKIIIOUeHHE HE CO3/1aeT
[IUKITA, CTy9aitHBIM 00pa3oM COSIUHSIS IBa TEKYIINX JAepeBa:

Janee aaroputM paccMarpuBaeT pedpo co cTouMOCThi0 4. JloGaBineHune 3TOro
pebpa B T co3mact mMKI (C ydacTHeM pedep cO CTOMMOCTIMH 2 U 3), O3TOMY
AJITOPUTM BBIHYXKEH €ro mporyctuth. CIeayonuM OnTHMAIBHBIM BAPUAHTOM
SIBISIETCST peOPO CO CTOMMOCTBIO 5; €ro BKIIOUSHHE HE CO3/IaeT UKJIIA U, [0 CYTH
Jienia, TIPUBOIUT K OCTOBHOMY JICPCBY:

AJTOPUTM MPOIyCKaeT pedpo CO CTOMMOCTBIO 6 (KOTOPOE CO3/1a110 ObI TPEYTOILHUK
C y4acTueM pedep CO CTOMMOCTSIMHE 3 | 5), a Takke KOHETHOE Pedpo CO CTOMMO-
CTbIO 7 (KOTOpOE CO3/1aJ10 ObI TPEYTOJIBHUK C y4acTHeM pedep co CTOMMOCTIMH |
u 5). [IpuBeIcHHBII BBIIIe KOHEUHBIN BBIXOJ] MPEICTABISAET COOOH MUHUMAJIBHOE
OCTOBHOE J€peBO rpada.
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15.5.2. NceBpokon

KRUSKAL

Bxon: cBs3HBI HeopueHTUpOBaHHEIH rpad G = (V, E), npeacras-
JIEHHBIN B BHJE CIIMUCKOB CMEXHOCTH, U CTOMMOCTb C, AT KaKA0T0
pebpaec E.

Bsixoa: pebpa MHHUMaIBHOTO OCTOBHOTO JiepeBa rpada G.

// TpepobpaboTka
T:=0
OTCOPTUPOBATH pebpa E 1Mo CTOMMOCTH // Hanp., COpTUPOBKOM
// cnuaHuem MergeSort
// TnaBHbIA UKUKA
for xaxnplii e € E, B HEyMEHBIIAIOMIEMCS TTOPSIKE CTOMMOCTH do
if TV {e} sBnsercsa annkanyeckuM then
T:=Tu {e}
return 7'

Adxroputm Kpackaia mociieioBarelisHO paccMaTpruBaeT pedpa BXoaHOro rpada (oT
CaMoro JETIIEBOTO 10 CAMOTO0 JIOPOTOT0), TOTOMY Ha dTaIe MPeaoOpadOTKH HMEET
CMBICJI OTCOPTHPOBATH UX B HEYMEHBIIAIOIIEMCs IOPSAKE CTOUMOCTH (MCIIOB3YS
MIPEATIOYTUTEIBHBIN aITOPUTM COPTHPOBKH; CM. CHOCKY | Ha c. 24 B miase 13).
CBsi3u MeXIy peOdpaMu MOXXHO pa3phIBaTh MPOU3BOIBHO. OCHOBHOW MUK MPO-
XOAUT Yepe3 pebpa B 9TOM HOpsiAKe, 10OaBIsis pedpo B TEKyllee pelieHue, eci
OHO He co3zaet nuki'. B ntore anroput™ Kpackana Bo3BpaiaeT 0CTOBHOE AEPEBO.

Teopema 15.11 (mpaBWIBLHOCTB ajaropuT™a Kruskal). /s kaxcooeo césa3Ho2o
epagpa G = (V, E) u seugecmsenno-3HayHblx pebepHblX CHouMocmell aieopumm
Kpackana sozepawyaem munumanvnoe ocmosnoe doepeso zpaga G.

! OnHa HecIo)KHAs ONITUMHU3AIIHS: AJITOPUTM MOKET OBITH OCTAHOBJIEH paHbIIC, B MOMCHT

nobasnenus | V| — 1 pedep B T, mockonbKy 7' yxke OyIeT SBIATHCS OCTOBHBIM JIEPEBOM
(cormacho cnencteuto 15.9).
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HaunbGonee Tpynoemkas paboTra yke mpojesiaHa B MPOIECCE JA0Ka3aTelIbCTBa
npaBuibHOCTH anroputMa [Ipuma (Teopema 15.1). B paznene 15.7 nmpuBoastcs
OCTaJIbHBIE I€TaJIM J0Ka3aTeNIbCTBa TeopeMsl 15.11.

15.5.3. NpocTas peannsauuns

YIIPA’KHEHHUME 15.4

KaKoe nu3 CJ'ICI[y}OH_II/IX HUXE BpeMeH BbIITOJIHEHU S nylune BCECIroO
OIMUCHIBACT MPOCTYIO peanu3anuio anroputMa Kpackana oTbICKaHHs
MHHHMAJIBHOTO OCTOBHOTO IepeBa sl TpadoB, MPEaCTaBICHHBIX
B BHJIE CITUCKOB cMekHocTtn? Kak 00bIUHO, 77 M m 0003HAYaAroT CO-
OTBETCTBEHHO YHCJIO BEPLIMH U pebep BXOAHOTO rpada.

a) O(mlogn)
0) O(n?)

B) O(mn)

r) O(m?

(Penrenne v osICHEHHE CM. HIKE.)

I[IpaBunbHelii oTBeT: (B). Ha sTane npenoOpaboTKu anropuT™ COPTUPYET Mac-
cUB pedep BXOMHOTO rpada, KOTOpHIH COAepKUT m dmeMenToB. [1pn xopomem
AITOPUTME COPTUPOBKH (HAIpUMep, COPTUPOBKE CIUSIHUEM MergeSort) 3TOT LIar
BHOCHUT BKJIaz B O (m log n)-paboTy B COBOKYITHOE BPeMsI BBINOIHEHN:' . DTa paboTa
BCELIEJIO 3aBUCUT OT TOT'O, YTO JEJIAETCs INIaBHBIM LIMKJIOM aJIFOPUTMa, KOTOPBIH
MBI [IPOAHAIU3UPYEM JlajIee.

I'maBHbI# HUKIT HMeeT m utepanuil. Kaxaas urepanus OTBe4aeT 3a MpOBEPKY TOTO,
MOYKHO WJIH HeJb3sl 100aBUTh paccMaTpruBaeMoe pedpo e = (v, w) B TeKyliee pelie-

! Mexny O(m log n) u O(m log m) B A€ACTBUTENLHOCTH HET HUKAKON pa3HUIlbl. YHCI0

pebep cBsizHOTO Tpada ¢ 7 BepiinHaMu 0e3 napaielibHbIX pedep He MeHbIe 7 — 1 (1o-
CTHTaeTCsl C MOMOIIIBIO JIepeBa) 1 He Ooliee (’27 ) =n(n—1)/2 (nocTuraercs ¢ MOMOIIbIO
nostHoro rpada). Takum oOpazom, log m nexut mexay log (n— 1) u 2 log n i kax0ro
cBsi3HOTO Tpada 0e3 mapajuieNbHbIX pedep, YTO OMpPAaB/bIBACT B3aMMO3aMEHIEMOCTh
ucrosb30Banus log m u log n B cocraBe O-00bIIOTO.
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gue T 0e3 cozmanus nukia. [To memMme 15.7 nobasienue e B T co3gaer LUKII TOrma
Y TOJIBKO TOT/IA, Korzia 7' y)Ke CONEepIKUT My Th v—w. [locnenHee ycnoBrue MOXKeT OBITh
MIPOBEPEHO 32 JINHEHHOE BPEeMs C MCTIOIBb30BaHUEM JIF000TO pa3yMHOTO alropuTMa
IorcKa B Tpade, TAaKOro Kak MOWCK B IIMPHHY MM B IIyOWHY, HAYUHAS C V (CM.
riaBy 8 wacmu 2). Ilog «THHEHHBIM BpeMEHEM) IMOJPa3yMEBaETCs IMHCHHBIH
pasmep rpada (V, T), KOTOpBIH, KaK alMKINYECKUH rpad ¢ 7 BeplIMHaMu, UMEeT
He Oosee n — 1 pebep. Takum 0Opa3oM, BpeMs BBITIOJHEHUS 32 UTEPAIMIO PABHO
O (n), naBast COBOKyIIHOE BpeMs BelronHeHus O (mn).

YrBepxaenne 15.12 (BpeMsl BBINOJIHEHHS AJTropuT™Ma Kruskal (B IPOCTOH
peanm3aumn)). /s kaxcooeo epaga G = (V, E) u geuwpecmeeHuvix pebepHuvix
cmoumocmeli npocmas peanusayus arcopumma Kruskal gvinonnsemcs 3a gpems
O(@mn),e0em = |E|lun=|V|.

*15.6. YckopeHue anroputma Kpackana
C NOMOLLbIO CTPYKTYPbI AaHHbIX Union-Find

Kax n B cirygae ¢ anropurmom Ilpuma, Bpems BoInonHeHus anroput™a Kpackana
MOXHO YMEHBIIUTh C Pa3yMHON MOTMHOMHANIBHON rpanunsl O (mn) (yTBEpxKIe-
Hue 15.12) 10 HeBEepOsATHO OBICTPOH MOYTH JIMHEHHOM rpanutipl O (m log 1) 3a cuet
ONITHMHM3AINH HCTIOIb30BAHNS CTPYKTYPBI JaHHBIX. HY 01HA M3 CTPYKTYp JTaHHBIX,
pPacCMOTPEHHBIX paHee B 3TOI CepHH KHHMI, HE MOAXOMT JJIst 3TOH paboThl; HaMm
MOHAZOOUTCST HOBasA, ONITUMHU3UPOBAHHAs CTPYKTYpa, IMEHyeMas CTPYKTYpoil
nauHbIX Union-Find, nim HenepeceKaromUMHCs MHOKECTBAMH .

Teopema 15.13 (Bpemsi BbINOJHEHHUSI aJIropuT™Ma Kruskal (B peaju3anuu HA
ocHoBe cTpYKTYpbI AaHHbIX Union-Find)). /{na kascooeo epagpa G = (V, E)
U 8euyeCmBeHHbIX pebepHblx cmoumocmell peanuzayus areopumma Kruskal ua
ocnose cmpykmypol 0anHvix Union-Find evinonusiemces 3a epems O ((m + n) log n),
20em=|Elun=|V]

! 3BecTHa TaKkkKe KaK CTPYKTYpa JaHHBIX C HECE3HbIM MHOKECTBOM.
2 Tlo-mpexxHeMy mojaras, 4To BXOAHO# rpad cBszam, ynpoctum O ((m + n) log n) mo
O (m log n).
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15.6.1. CTtpykTypa agaHHbIX Union-Find

ITpy BBITIOJIHEHHUH CIIOXKHBIX BBIYMCICHUI BCSIKUIA pa3 BO3HUKAET BOIIPOC 00 ONTH-
MU3aLH CTPYKTYPBI JAaHHBIX C IEJIbI0 YCKOPEHNUs ATUX BhIYHCIeHni. Ha kaxnoit
UTCpallU TIABHOI'O IMUKJIa aJITOPUTM HpI/IMa BBIITIOJIHACT MUHUMAJIBHBIC BBIYHC-
JICHHSI, IODTOMY CTPYKTYpa DaHHBIX KYy4YH SIBISIETCS OYCBUIHBIM COBIAJICHHCM.
Kaxnas nrepanus anropurma Kpackaia BBITOIHAET NPOBEPKY LMKIA HIIH, YTO
SKBUBAJICHTHO, TPOBEPKy IMyTH. JlobaBnenue pedpa (v, w) B Tekymee pemienne I’
CO311aeT LMK, JIUIIb ¢CIH T yXKe CONSPIKHT IYTh V—W.

Kaxkas cTpykTypa qaHHBIX TIO3BOIUT HAM OBICTPO BEISIBISTH HATWINE ITYTH MEXKITY
JaHHOU Mapoi BEPIIHH B TeKyIIeM petreHurn? CMBICT CTPYKTYphI TaHHBIX Union-
Find 3akmtouaercst B moanepkaHuu MOJApa3Ae/ieHns] CTaTHYECKOrO MHOXKECTBA
00bekTOB'. B HauallbHOM MOJPa3/ICICHUH KaXAbli 00BEKT HaXOAUTCS B CBOEM
COOCTBEHHOM MHOXKECTBE. DTH MHOXECTBA C TEUCHHEM BPEMEHU MOTYT 00be -
HSATBCS, HO OHM HUKOTJIa HE MOTYT pa3essiThCs:

CnuTb BoeanHo CnuTb BoeanHo
Cnutb BOEAUHO

CnuTb BoeanHO CnuTb BoeamHo

B nammem npunoxennn yckopenus anroputMa Kpackana o0beKTHI OyIyT COOTBET-
CTBOBATh BEPIINHAM BXOJHOTO Tpada, a MHOKECTBA B ITOIPa3/IeNICHUH — CBA3HBIM
KOMIIOHEHTaM [ TEeKYILEro PeIICHHsL:

o o C/)O C/)—o f—o
o o = o = o = C/J--vc( f-‘-?'
o o o o o o o

Pa3zoenenue MuOXeCTBa X 00BbEKTOB IpeIoIaraeT UxX pacrnpeaeieHue Ha MOAMHOXKe-
CTBa (4aCTHBIH Cllyuail — BKJIFOYCHHE BCEX 0OBEKTOB B OIHO TIOJAMHOJIXKECTBO), TO €CTh
B HA0ODE S|, S, ..., S, HEMYCTBIX TOIMHOKECTB X KK/l OOBEKT X € X MPUHAICKUT
TOJNBKO OTHOMY U3 TIOJMHOKECTB.

1
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IpoBepka Toro, conepkut ju 1 yKe myTh V—w, CBOAUTCS K IPOBEPKE TOTO, MPHU-
HAJUIEXKAT JIK V U W OJIHOMY U TOMY K€ MHOKECTBY TOJIpa3/ieieHust (OHOH 1 TOi
JKE€ CBSI3HOU KOMHOHCHTC). I[J'[SI A0CTYyIa K MOAPa3ACICHUIO U €ro U3MEHCHUS
cTpykTypa naHabix Union-Find momnepxuBaer oneparmu OBbEIMHUTL B HAlITH,
BBIHCCEHHBIC B €¢ Ha3BaHMUE.

CTPYKTYPA JAHHBIX UNION-FIND:
NOAAEPKUBAEMBIE OIIEPAITUN

VIHULIMATTI3UPOBATD: C Y4E€TOM MaccuBa X 00bEKTOB CO3/aTh CTPYK-
TYpY JAHHBIX HEIEPECEKAIOIIUXCd MHOXKECTB, B KOTOPOH Ka /bl
00BEKT x € X HAXOIUTCS B CBOEM COOCTBEHHOM MHOKECTBE.

Ha#tn: ¢ y4eToM CTpyKTypbl JaHHBIX HEIEPECEKAIUIUXCS MHO-
KECTB U 00BEKTa X B HEH BEPHYTHh UM MHOXKECTBA, KOTOPOE CO-
JEPIKHUT X.

OBBEJMHUTB: C YUETOM CTPYKTYpPBl JaHHBIX HEIEPECEKAIOLIUXCS
MHOXECTB U IByX 0OBEKTOB X, € X B Helf 00beJUHUTH MHOXKECTBA,
KOTOpBIE COZICPIKAT X U J, B SANHOE MHOKECTBO' .

IIpu xopomeil peanuzauuu onepauuu OBbEAMHUTL U HAMTH 3aHUMAIOT Bpems,
Jorapu(GMUUECKOE 110 YUCITYy OOBEKTOB?,

Teopema 15.14 (Bpemst BbInoIHeHuUs1 onepanuii OsbEAuHUTL U HaliTH). B cmpyk-
mype Odaunvix Union-Find ¢ n obvexmamu onepayuu VIHUIIMAIM3UPOBATh, HAli-
™ u OBBEJUHUTD 8bINOAHAIOMCA coomeemcmeenno 3a epemsa O (n), O (log n)
u O (log n).

[TonBoast utor, BOT epeyeHb mokas3aremei.

' Tlpu HAXOXKICHUH X U y B OMHOM 1 TOM e 00IacTu pasaena oneparust 6e3pe3ynbraTHa.

2 TpaHUIIBI JJIs1 YSPHOBOM peaM3alliy, MpeAcTaBIeHHON B pasnene 15.6.4. boree co-
BEPIICHHBIC BAPHAHTHI B JAHHOM CIIy4ae SBISIOTCS N30BITOYHBIMH (CM. BUAEO HA CaliTe
www.algorithmsilluminated.org 1715t Gosiee mOAPOOHOTO 03HAKOMIICHHUS C COBPEMEHHBIMU
CTPYKTYpaMH JaHHBIX, CHOPMHUPOBAHHBIMH 110 CX€MaM «OOBEAMHEHHE MO PAHTYY,
«cKaTue MmyTu» U «oOpaTHas QyHKIMS AKKEpMaHay).



15.6. YckopeHue anroputMa Kpackana ¢ NoMOLLbO CTPYKTYpbl AaHHbIX 115

Ta6nuua 15.1. CtpykTypa aaHHbix Union-Find: noonep>xvBaemMbie onepaunn
1 BPEMS X BbINOJIHEHUS, rae N 0603Ha4YaeT Y1CI0 OOBbEKTOB

Onepauus Bpemsi BbINONHEHUS
Wuannmanu3upoBath O(n)
Haiitn O (log n)
OObenHATD O (log n)

CHauaJia Mbl [TOKaKeM, Kak peajin30BaTh alroput™ Kpackaiia ¢ yueToM CTpyKTyphbl
nauueix Union-Find ¢ norapudmimdecku-BpeMEHHBIMA ONIEPAIAsIMHE, a 3aTeM 00-
pHUCYEM pealn3alnio TaKol CTPYKTYphI JaHHBIX.

15.6.2. NceBpokon

I'maBHas npest yckopenust anroputma Kpackana — B HCIIOTB30BaHUH CTPYKTYPHI
naHHbIX Union-Find utst oTcieXxnBaHus CBSI3HBIX KOMITOHSHT TEKYIIIETO PEIICHHS.
B nawane anropuTma KakJas BEpIIMHA HAXOAUTCS B CBOEH COOCTBEHHOU CBS3-
HOW KOMITOHEHTE, U COOTBETCTBEHHO CTPyKTypa naHHbX Union-Find poxmaercs
C KaXJIbIM 00BEKTOM B JPyrOM MHOXeCTBe. Besknit pas, korna HoBoe pedpo (v, w)
J00aBIgeTCs B TEKYIIEe PEIICHHE, CBSI3HbIE KOMIIOHEHTHI V U W CIIMBAIOTCS B O/THY,
1 COOTBETCTBEHHO JJIs1 OOHOBJIEHUS CTPYKTYpHI JaHHBIX Union-Find gocTtarouno
oztHoi oneparmu OBbEAMHNTD. [IpoBepka Toro, co3macT mm godasnenue pebpa (v, w)
LIUKJI, 5KBUBAJICHTHA POBEPKE TOT0, HAXOAATCS JIL V U W YK€ B OJHOM CBA3HOM
KOMIIOHEHTE, TO €CTh CBOIUTCS K IBYM omepanusm HaiTu.

AJITOPUTM KRUSKAL (HA OCHOBE CTPYKTYPbI JAHHBIX
UNION-FIND)

Bxon: cBsi3HBINM HeopHeHTHpOBaHHBIH Tpad G = (V, E), npencras-
JICHHBIM B BUJI€ CIIMCKOB CMEKHOCTHU, U CTOUMOCTb C, UL Ka)K10I0
pebpae e E.

Boixon: pera MHWHHUMAJBbHOTO OCTOBHOI'O A€PEBa G.

// WHuumanusaumsa
T=0
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U := Unnimain3uroBaTh(V) // cTpykTypa aaHHbix Union-Find
OTCOPTUPOBATH pedpa E 10 CTOUMOCTH // Hanpumep, C MNOMOWbLH
// copTupoBKKu cnuaHuem MergeSort
// TnaBHbIA UKUKA
for xaxuplii (v, w) € E, B HeyObIBatolIeM MOPsAKEe CTOUMOCTH do
if Havitu(U, v) # Haittu(U, w) then
// 8 T HeT v-w-nyTu, no3ToMy MOXHO A06aBuUTb (V, W)
T:=Tu {(v,w)}
// OBHOBUTb M3-33 C/AUSAHWUA KOMMOHEHT
OsbeauHNUTH(U, v, W)
return 7'

AJNTOPHUTM NOIIEPKUBACT WHBAPUAHT, IPH KOTOPOM MHOXKECTBA CTPYKTYPBI JAaHHBIX
Union-Find U B Hayane urepanuy UKIa COOTBETCTBYIOT CBSI3HBIM KOMITOHEHTAM
(V, T). Takum oOpasom, ycioBue Haiitu (U, v) # Haiitu (U, w) ynoBneTBopsieTcs
TOrJa U TOJIBKO TOrJa, KOrga v U w HaXOAATCA B pa3HbIX CBA3HBIX KOMIIOHEHTAX
(V, T), unm, 94T0 SKBUBAJICHTHO, TOT/IA ¥ TOJIBKO TOT/IA, Korja qooasienue (v, w) B T
He co3maeT mukia. Takum oOpa3om, peann3amys aaroputMa Kruskal Ha OCHOBE
cTpyKTypbI 1aHHbIX Union-Find BepHa cBoel nepBoHAYaIbHOW peain3aliu, pH-
4geM 00€ BEpCHH JAI0T OMUHAKOBBIA PE3yIbTar.

15.6.3. AHann3 BpeMeH BbiNOJIHEHUS

AHanu3 BpeMEHH BBIMOJTHEHUS peanu3anuu aaroputma Kpackana Ha ocHOBe
cTpykTyphl gaHHbiXx Union-Find npoct. MHUIIMaNM3anus CTPyKTYphl TaHHBIX
Union-Find 3anumaet Bpemst O (n). Kak 1 B iepBOHaYaIbHON peaiu3aliiu, dTar
coptupoBku TpeOyeT BpeMenu O (m log n) (cM. ynpaknenue 15.4). [maBHbIH HUKI
HUMEEeT m UTepalrid, U KaXK1as UCTIONb3YeT J1Be onepatuu Haiitu (mpu cyMMapHOM
3HaueHuu 2m). CyiecTByeT ofHa onepanus OBbEANHNATD 718 KaXKI0T0 pedpa, 10-
0aBIIEHHOTO B BBIXOJ, KOTOPBIN, Kak aluKiIudeckuii rpad, nmeet He Oomnee n — 1
pebep (cnencreue 15.8). [Tpu ycnosuwm, yro oneparuu Haiti 1 OFbEJIMHATH BBITION-
wsttores 3a BpeMs O (log n), kak 3To rapaHTHpyeTcst TeopeMoit 15.14, cymmapHoe
BpEMsI BBITIOHEHHS COCTABIISICT:
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npeno6padoTka O(n)+0(mlogn)
2n onepauun HANUTH O(mlogn)
n—1 onepaunyt OBbEJMHUTD O(m log n)
+ ocTaBmasics clyxe6Has pa6oTa O(m)
UTOTO O((m+n)logn).

DTO COOTBETCTBYET IPAHMIIC BPEMEHU BBITIOTHEHUSI, 00CIIaHHOM B Teopeme 15.13.
Y T

15.6.4. BbicTpaa n npubnnxeHHaa peanu3auns
CTPYKTYpbI AaHHbIX Union-Find

Poautenbckuii rpad

[Ton kanotoMm cTpykTypa AanHbix Union-Find peann3zoBana B Bujie MaccrBa U MO-
JKeT OBITh BU3yaTM3MPOBaHA KaK MHOKECTBO OPHEHTHPOBAHHBIX JIepeBheB. MaccuB
HUMEET OIHY MO3HIHUIO UIs Kaxxaoro oobekra x € X. Kaxkaplit aneMeHT MaccuBa
UMeEeT podumenbckoe ToJe, B KOTOPOM XPaHUTCS MHJECKC MAacCUBA HEKOTOPOTO
o0bekTa y € X (TAe pa3pemieHo y = x). 3aTeM Mbl MOKEM TIPEICTaBUTh TEKyIIee
COCTOSTHHE CTPYKTYpPBI JaHHBIX KaK OPHEHTHPOBAHHEIA Tpad — pooumenbcrull
epagh, — B KOTOPOM BEPUIMHBI COOTBETCTBYIOT (MHJIEKCaM) OOBEKTOB X € X,
¥ OPUEHTHPOBAHHOE PeOPO (X, V) HA3BIBACTCS pOOUMENbCKUM peOpomM BCIKHAN pa3s,
Korma pooumens(x) = y'. Hanpumep, eciim X uMmeeT miectb 00bEKTOB M TEKYIIEe
COCTOSIHUE CTPYKTYPBI JaHHBIX:

WHpekc obobekTa x PoauTtens(x)
1 4
2 1
3 1
4 4
5 6
6 6

! Pomutenbckuii rpad — 1uion Harrero Booopakenus. He myTtaiite ero ¢ peaabHbIM (He-
OPHECHTHPOBAHHBIM) BXOAHBIM rpadom B anropurme Kpackana.
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TO POJMTENbCKHUIT rpad MpeacTapisieT co0oi napy HelepeceKarIUXCs IePeBbEB,
KOPHH KOTOPBIX YKa3bIBAIOT HA CeOsL:

B obmem ciryqae MHOXKeCTBa B MOZIPA3ACIECHNH, TIOJIeP)KUBAEMBIE CTPYKTYPOH
JaHHBIX, OYIyT COOTBETCTBOBATh AECPEBbAM B POJUTENIBLCKOM rpade, mpuueM
Ka)XJI0€ MHOXKECTBO HACJIEAYET UM CBOETO KOPHEBOTO 00bekTa. J{epeBrs He 00s1-
3aTeNBHO SBIISIOTCS OMHAPHBIMU, TaK Kak HET OTpaHUYEeHHH Ha YNCIIO0 OOBEKTOB,
KOTOpBIE MOT'YT UMETh OJJHOTO U TOTO 7K€ POAUTEIIS. B MpuBeieHHOM BBIILIE IPUMEPE
MepBbIE YEeTHIpEe 00bEKTa MPHHAIICKAT MHOKECTBY C IMEHEM «4», a TTOCIeTHIe
JIBa — MHOXECTBY C UMEHEM «O».

«UHnunanmsmpoBaTb» u «Hantm»

BMmenennast ceMaHTHKa pOAUTETHCKOTO rpada MpeaonpeaeisieT, Kak JOIKHBI ObITh
peanu3oBaHbl Onepauuu MHUIMAIU3UPOBATh U HANTH.

NHULNAJIU3UPOBATD

Jutst kaskioro i = 1, 2, ..., n MHUIIMAIU3UPOBATH pooumens(i) B i.

Omnepanust THATMATN3UPOBATE BBITTOTHSETCS 32 BpeMs O(n). HaganpHbIA pomu-
TENBCKUH Tpad) COCTOUT U3 UOIUPOBAHHBIX BEPIIHH C METISIMU:

O DD D DD
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i onepannu Ha#iTi MBI IEpenpbIrMBaeM OT POAUTEINS K POAUTEIIO A0 TEX I10p,
TOKa HE JOCTUTHEM KOPHEBOTO 00BEKTa, KOTOPBI MOYKHO UICHTU(DHUIIIPOBATH 1O
€ro mete.

HAWUTH

1. Hauwmnas ¢ mo3ummu x B MACCHBE, MHOTOKPATHO IPOATH MO POITU-
TEJILCKUM pedpaM J0 TOCTHKEHUs TTIO3ULINH f, TIE pooumens(j) =J.

2. BepHyTb .

Ecnmu B HameM Tekymem npumepe orepanust HANTH BBI3BIBACTCSI IS TPETHETO
00beKTa, TO yKa3aHHast oriepalus nposepsieT nozuuuio 3 (ruoe pooumens(3) = 1),
3arem nosunuio 1 (rae pooumens(1) = 4) u, HaKOHEI, BO3BpaIIaeT MO3UIIKIO 4
(kopeHb, kKak pooumenv(4) = 4). Onpenenum eryouny 00beKTa X KaKk YHCIo 00-
XOJIOB POIUTEIBCKUX pedep, BHIOTHEHHBIX omepanneil Haiiti u3 x. B Hamem
IpUMeEpe YEeTBEPTHIN U MIECTOM 00BEKTHI MMEIOT ITyOouHy 0, IepBbIM U MATHINA
00BEeKTHl — TIIyOHHY 1, a BTOpOU M TpeTui 00beKThl — IIyOHHY 2. Onepanus
Haiitn Bemonnset O (1)-paboTy 3a 00X0A poOUTENBCKOrO pedpa, MO3ITOMY ee
HaMXy/IIee BpeMsl BBINMOJHEHUS IPONOPIMOHAIEHO HANOOIbIICH TTyOnHe JIro-
00oro 00BEKTa, YTO IKBUBAJICHTHO HAUOOJBIICH 6blcome OITHOTO U3 JIEPCBHEB
B POIUTEIBCKOM Tpade.

YIIPA’KHEHME 15.5

KakoBo Bpemsi BBITOJHEHHUS orepaiid HANTH B 3aBUCHMOCTH OT
ypcia n 00beKTOB?

a) O(1)

0) O(logn)

B) O(n)

r) JJsl OTBETa HEOCTATOYHO HH(POPMAIIUU

(Penrenne u osicHeHue cM. B paznene 15.6.5.)
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06BbeauHUTDb

Korna omepannst OBBEAMHUTD BBI3BIBACTCS C OOBEKTAMH X U ), COJAEpIKallhe UX
nBa aepesa, 1, u T,, pOAUTENBCKOTO rpada JOIKHBEI OBITh OOBEINHEHBI B OHO
nepeBo. CaMoe MpOCToe PeleHne — IIOHU3UTHY KOPEHb OHOTO U3 IEPEBHEB
1 «TIOBBICHTHY KOPEeHb Jipyroro. Hanmpumep, eciiu MBI pelnim IIOHU3HTH KOPeHsb 7,
TO OH YCTaHaBJIMBAETCS KaK JIOYEPHHUI 2JIEMEHT 00beKTa B Apyrom aepese 7,, TO
€CTb €ro podumenbckoe TOoJe TepeHa3HaYaeTCsl N3 HHAEKca COOCTBEHHOTO Mac-
cuBa B HH/IeKe 00bekTa B 7,. [loBbIIeHHBII KopeHb (13 7,) IPOoIIKaeT CIIYKUTh
KOpHEM 00beAnHEHHOT0 AepeBa. OObeAMHUTD J1Ba AepEeBa TAKUM 00pa3oM MOKHO
HECKOJIBKUMH CIIOCO0aMH, HalpHMep:

Z[.]'IFI 3aBCpILICHUS p€ain3aliunu HCO6XOIII/IMO IMPUHATH ABa PCHICHUSA:

1. Kaxoii u3 AByx KOpHEH MBI [TOBBIIIaeM?

2. Tlox kakuM OOBEKTOM MBI YCTaHABIMBACM ITOHMKEHHBIN KOPSHB?

[Ipenrmonoxum, MBI yCTaHABIMBAaeM KOPEHb AepeBa 1), MOA OOBEKTOM z JPYTOTo
aepesa 7T),. KakoBbl MOCIEACTBYS A5l BDEMEHU BbIONHEHUs onepauuu Haiitu? {ns
o0bekTa B 7, UX HET: Omeparus
TIPOXOAUT TOUHO TAKOE KE MHOXKE-

CTBO POJUTENBCKUX pedep, Kak
HoBble nocelueHmns
u panblue. J{is oObekTa X, KOTO- [ oae-

PpHIif paHee ObIT pacTioNoXeH B 7,
Crapoe nocelueHune

onepanyus HANTH MPOXOAUT TOT POAMTENLCKOTO pebpa

e MyTh, YTO M paHbLIC (OT X 0
CTaporo KopHs » iepesa 7)), IIoc
HOBOE POJUTENBCKOE Pedpo U3 7

Onepauus HAUTU .-
B Z, TUTIOC POJTUTEIILCKUE pedpa u3 BbI3bIBAETCS 30€Ch

Z B KOpeHb 1:
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To ects TIyOnHa Kaknoro o0bekTa B 7, yBenuuuBaeTcs Ha 1 (A7 HOBOTO pOnH-
TEJICKOTO pedpa) IIIH0C MIyOuHa Z.

OTBeT Ha BTOPOH BOIPOC TENEph SACCH: yCTAHOBUTH IIOHWKEHHBIH KOPEHb He-
MOCPEICTBEHHO MO/ MOBBIILIEHHBIM KOPHEM (C HyJIeBOU NTyOHHOIT), Tak 4TOOBI
oburtarenu Aepesa 7, IpeTepIeny yBeInueHHE NTyONHBI TOJIBKO Ha 1.

YIIPA’KHEHHUE 15.6

[Ipeanonoxum, 4TO MBI IPOU3BOJIBHO BEIOMPAEM KOPEHb, KOTOPBIi
MBI OyzieM HOBBIIIaTh. KakoBO BpeMs BHINOMHEHUS oneparun Haitu
B 3aBUCHMOCTH OT YHCJIa 7 0OBEKTOB?

a) O(1)

6) O(logn)

B) O(n)

T') JUIsS OTBETa HEJAOCTATOYHO HHPOPMAIIUU

(Pemenwue u nmosicieHue cM. B pasgene 15.6.5.)

Pemenne ynpaxuenus 15.6 neMOHCTpUPYET, 4TO JIJIsl JOCTHIKEHHUS KEITAEMOTO
JOTapu(pMHYECKOTO BPEMEHH BBHIITONHCHHS HaM HY)KHa JIpyras unes. Ecmu Mer
MIOHU3UM KOpeHb T, TO oburarenmu T | OyAyT OTOJBMHYTHI Ha OJMH IIar JaJyblie
OT HOBOTO KOPHS; B TIPOTUBHOM ClTydae ooutareneii 7, IOCTUTHET Ta JKe y4acTb.
Kaxercst, OyzeT crpaBeiIHBEIM MUHAIMH3HPOBATh YUCIO OOBEKTOB, TIPETEPIICBa-
OMHUX YBEJINYICHUC I‘J'Iy6I/IHI>I, TO €CTb MbI JOJ’KHBI TIOHU3UTH KOPEHb MCHBIIETO
nepesa (IPOU3BOJILHO pa3pbiBasi COBNAICHUsI 3HaYeHuit)'. JIJst STOro Ham HyXKeH
JIETKUH JOCTY K MOMYJSIUSIM ABYX JIepeBheB. [103TOMY Hapsiay ¢ TOJIeM «podu-
menvy CTPYKTYpa AaHHBIX XPaHUT C KaXKIOH 3allMChI0 MAacCHBA TIOJE «pazmepy,
MHHIAIA3HPOBAHHOE B oriepanuy MHUIMATN3UPOBATE 3HadeHHeM 1. [Ipn crustaum

! BapuaHT peanu3aiiiu, H3BECTHBIN Kak «00beMHEHUE TIO pa3Mepy». J{pyroif, CXOmHbIiI

TI0 Pe3yIBTAaTHBHOCTH BapHaHT — OOBEANHEHHE TI0 PaHTYy, HOHKAIoIee KOPEHb IepeBa
C MEHBIIICH BBICOTOM (TIPOU3BOJILHO pa3pbiBas CBs3M). OObeIMHEHHE 110 PAHTY TOPOOHO
oOcyxaercs B BHIeo Ha www.algorithmsilluminated.org.
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JIBYX JICPEBBEB IOJIC «pa3Mepy TIOBBIIIAEMOTO KOPHSI COOTBETCTBYIOIIIM 00pa3oM
OOHOBJISIETCS 3HAYCHUEM O0BEIMHCHHOTO pa3Mepa JIByX JIepeBbeB.

OBBE/IUHUTDH

1. BsI3Bath onepauuto HANTH BaXKAbL, IOKAIU30BaB MO3UIUHU [ U ]
KOpHEIl pOAUTENbCKUX IPa(OBBIX JEPEBBEB, COACPKALIUX COOT-
BETCTBEHHO X U ). Eciu i =/, TO BEpHYTb.

2. Ecnu paszmep(i) > pasmep(j), To yCTaHOBUTb poodumens(j) = i
u pasmep(i) = pasmep(i) + pasmep(j).

3. Ecmu pasmep(i) < pazmep(j), TO yCTaHOBUTH pooumensv(i) = j
u pasmep(j) = pasmep(i) + pasmep(j).

B namem Texymem npumepe (c. 118) sta peanuzanus onepanuu OFbEIUHATS 110-
BBIIIIACT KOPEHD 4 U MOHMXAET KOPEHB 6, B PE3ybTATE YETO:

MoBbIweH IMoHWKXeH

0 + e : ’ a

Omneparnust OFbEAMHUTDL BBIMONHAET JBe onepanuu, Haivitu u O (1), — momon-
HUTEIbHYIO paboTy, TIO3TOMY €€ BpeMs BBITIOJTHEHHS COBIIAJAacT CO BPEMEHEM
ornepauuu Haiitu.

' CoxpaHsTh 1ojie pa3Mepa TOYHBIM, TIOCIIE TOTO KaK KOpeHb ObLT «mipeobpasosam» B HE-

KOpEHb, HE TpeOyeTcsl.
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YIIPA’KHEHHE 15.7

[pu npuBeaeHHOM BbINIE peann3ayuy onepani OFbEANHUTH KAKOBO
BpeMsi BBIIOJIHEHUs! onepanun HANTH (1 clie10BaTeIbHO ONepaluu
OFBEUHNTE) KaK (DYHKIMU OT YHUCIA /1 OOBEKTOB?

a) O(1)

0) O(logn)

B) O(n)

r) JJIsl OTBETa HEOCTATOYHO HH(POPMAIIUU

(Penrenue u nosicHeHue cM. B pazneie 15.6.5.)

C pemenneM ynpakHeHHs 15.7 MBI IPUXOINM K BEIBOAY, UTO HAIlIa ObICTpast U IIPH-
OvkeHHas peanu3anus cTpyKTypbl gaHHbXx Union-Find coOmonaer rapantuu
BPEMEHHU BBIMIOJHEHMS, 0OeIanHble TeopeMoit 15.14 u Tabm. 15.1.

15.6.5. PewseHus ynpaxxHenuin 15.5-15.7

PeweHue ynpaxxHeHusa 15.5

IIpaBuabHbIi oTBeT: (B) WM (r). Hauxyaiiee BpeMsi BBIIOJHEHUS Ollepaliuu
HANTH TIPOTIOPIIMOHATFHO HaWOOJBIIEH BBICOTE JepeBa POAUTEIBCKOTO Tpada.
Hackomnbko 0HO MOkeT OBITh OonbIiM? OTBET 3aBHCHUT OT TOTO, KaK MBI Pean3yeM
ornepauuto OFbEIMHUTH; B 9TOM CMBICIIE OTBET (T') sIBJIsI€TCS PpaBUIbHBIM. [1oxas
peanu3anus MOXKeT IIPUBECTH K IEPEBY BbICOTOM 1 — 1:

@@@@@Q%QDQDQ}@ OO [O=

B aTom cMmbIciie OTBET (B) TOXKE ABJIACTCA MMPAaBUJIbHBIM.
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PeweHune ynpaxkxHeHuna 15.6

IpaBuabHblii oTBeT: (B). [Ipy NpoU3BONBHBIX PEIIEHUSIX O MOBBILIEHUH U I10-
HIDKEHUH MTOCIIEI0BATEIbHOCT /1 — | oneparuii OFbEMHUTL MOKET MPOU3BOIUTH
JIEpEBO BBICOTOM 71 — |, TOKa3aHHOE B PEIICHUN yIpakHEHUs 15.5, mpu aToM Kaxias
OIlepallys yCTaHABIMBACT TEKYILEE ISPEBO MO PAHEE H30IUPOBAHHBIM OOBEKTOM.

PelwieHue ynpaxxHeHuvs 15.7

[paBunbHbIii oTBeT: (0). Kaxkapiit 00bekT x HaunHaeTcs ¢ youHsl 0. Tonbko
OJIMH TUII COOBITHS MOKET YBEIMYUTh DIyOUHY Xx: onepaiusi OBbEJMHUTH, B KOTO-
poii KOpEeHB AepeBa X B POIUTEIHCKOM Tpade moHmwkaercs. [1o HameMy KpuTepHro
MIOBBIIICHHMS ATO IPOUCXOINT, KOTAA HAIIlE IEPEBO CIMBACTCS C APYTHM JACPCBOM
COIMOCTaBUMBIX pa3mMepoB. MHave roBopsi:

BCAKULL pA3, K020 27YOUHA X YEeTUUUBACMCSl, NONYIISAYUsL epesa X No KpatiHell
Mepe y08ausaemcsi.

INockoabKy momysIsiius He MOXKET IPEBBIIAaTh CyMMapHOE YUCIIO 7 0OBEKTOB,
DIyOuHA X HE MOXKET OBITH yBenIn4yeHa Oosee ueM B log, n pa3. Ilockonbky BpeMs
BBINIOJIHEHHS ONepalinid HANTH MponopuroHaibHO ITyOHHE 00BEKTa, ero Hau-
xyzuee Bpems BoinoaHenus pasHo O (log n).

*15.7. Anroputm Kpackana:
AOKa3aTeNIbCTBO NPaBUJIbHOCTU

Joxaxxem nmpaBUIIbHOCTH anroputma Kpackana (teopema 15.11) B ycroBusix pazHoi
ctoumoctu. Teopema 15.11 mMoxeTt ObITh T0Ka3aHa B 0OIIEM BHJIE TPU HECKOIb-
KO OONMbIIUX yCrausx (M. ynpaxkHenue 15.5). CHayaga MOKakeM, 4TO BBIXOJ
QITOPUTMA SIBJISIETCS CBSI3HBIM (M IOCKONBKY OH SIBHO AITMKIHUCCKUH, SIBISCTCS
OCTOBHBIM JiepeBoM ). Crieyrolas JeMMa OKa3bIBaeT, YTO KaK TOJILKO pedpo (v, w)
oOpabatbiBaeTCsl aNrOpUTMOM Kruskal, TeKyllee pelnieHne (|, ciIe0BaTeNbHO,
KOHEUYHBIH BBIXOM) C HEOOXOMUMOCTBIO COACPIKHUT IIYTh V—W.

Jlemma 15.15 (coennneHne cMeKHBIX BepIIuH). [lycmo T— mHooicecmeo pebep,
sviOupaemvix areopummom Kruskal ¢ mounocmuro 00 umepayuu, KOMmopas uc-
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credyem pebpo e = (v, w). Toeda v u w Haxo0smcsi @ OOHOU CEA3HOU KOMNOHEHme
epagpa (V, T).

Jlokazamenbcmeo: B TEPMHHOJIOTHH JIeMMBI 15.7 mobaBiieHHEe ¢ B TEKyllee pe-
meHue sBisieTcs oo podasienueM ¢ tTunom C, 100 100aBIIEHUEM C THUTIOM F.
B nepBom ciyuae v u w yxe npuHaaiiexar oJJHOM U TOH K€ CBSI3HON KOMIIOHEHTE
JI0 paccMOTpeHus e. Bo BropoMm citydae anroput 100aBuT pedpo (v, w) B TeKyIee
pemienue (110 iemme 15.7 (6), 3TO HE CO3aeT IUKIIA), HEMOCPEICTBEHHO COSIUHSS
VU W ¥ CIIUBasi UX CBS3HBIC KOMIIOHEHTHI BoenuHo. Y. T. /1.

pyroe cnenctue pacmmpsier seMmy 15.15 oT HHAUBUyaIbHBIX pebep 10 MHOTO-
NIEPEXOIHBIX ITyTEH.

CaencrBue 15.16 (ot pedep k nmytsim). [lycmo P pasno nymu v—w 6 G, a T— mHo-
Jicecmay pebep, eolopannvlx areopummom Kruskal ¢ moyHocmvio 00 nocieouetl
umepayuu, komopas ucciedyem peopo P. Tocoa v u w Haxo0smcs 6 0OHOU u motu
agice cesizHoul komnonenme epagpa (V, T).

Jloxazamenscmeo: 0603ua4mm pebpa P uepes (xy, X,), (X}, X,), ..., (X,-,X,), TAE X, — 3TO
v, ax,— 910 w. Ilo nemme 15.15 cpasy nocne urepauuu, od0padarsisaromieii pedpo
(.}, x;), X,_, 1 X, I€XKaT B OJHOMN U TOH e CBI3HON KOMIIOHEHTE TEKYIIETrO PEeIeHHs
(B mocIemyroOIIMe UTEpaIMK BKITFoYaeTcst Oonbiiie pedep). [Tocite Toro kak Bce pedpa P
00paboTaHbI, BCE €TO BEPIIHHBI — U, B YACTHOCTH, €TO KOHEYHBIE TOYKH V U W — IIPH-
HaJUIeXkKaT OJIHOU U TOH xe cBA3HOH kommoneHTe (V, T) Texyero pemenus. Y. T. /1.

Tenepb JOKaXXEM, 4TO aJITOPUTM Kruskal BEIBOOAUT OCTOBHOE ACPEBO.

Jlemma 15.17 (aaroputm Kruskal BBIBOIMT OCTOBHOE jiepeBO). /[1a Kaxc0o2o
CBA3H020 6X00H020 epagha ancopumm Kruskal 6b1600um ocmosHoe 0epeso.

Jokazamenbcmeo: yKa3aHHBIM aITOPUTM SIBHO TapaHTHPYET, YTO €0 KOHEUHBIH
BEIXOA T SIBISIETCS] alUKIMYecKUM. UTOOBI JOKA3aTh, UTO €r0 BBIXOJ SBISCTCS
CBSI3HBIM, MPEATOI0KHUM, YTO BCE €r0 BEPILIMHBI PUHAAJIEKAT OJHON U TOH *Ke
cBsi3HOHM kommonente (V, 7). 3agaauM mapy v, w BEpIINH; MOCKOJIbKY BXOAHON
rpad ABISIETCS CBSI3HBIM, OH COACPXUT v—w-iyTh P. Ilo cieactBuro 15.16, kak
TOJIBKO aJITOPUTM Kruskal oOpaboran kaxmaoe peOpo P, ero KOHCYHBIC TOUKH V
U W MPUHAJJIEKAT OAHON U TOM K€ CBSI3HOW KOMIIOHEHTE TEKYIIEro PeIIeHHs
(u, cienoBarenbHO, KoHeuHOTO BBIXOHa (V, 1)). Y. T. /1.
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UYroObl MPUMEHUTH TeopeMy 15.6, Hy)KHO J0Ka3aTh, 4TO Kax1aoe pedpo, BHIOH-
paemoe anroputMom Kruskal, YIOBIETBOPSIET CBOMCTBY MHHUMAJIBHOIO Y3KOTO
mecta (MBP)'.

Jlemma 15.18 (asaroput™m Kruskal JocTHraeTr cBoiicTBa MHUHHMMAJILHOIO Y3KOI'0
MecTa). /s kasxcoozo ceasnozo epaga G = (V, E) u sewgecmeentvix pebephuix
cmoumocmell Kavxicooe pedopo, sbibupaemoe ancopummom Kruskal, yoogremesopsiem
CBOUCMBY MUHUMATLHO2O0 Y3KO20 MeECMd.

Hoxazamenbcmeo: PEANONOKUM, UTO BBIXOJ AIrOPUTMA Kruskal HUKOTa HE BKIIO-
gaeT pedpo, KOTOpOe HE yIOBIETBOPSET CBOMCTBY MHHHUMAIBLHOTO Y3KOTO MECTa.
[ycTb e = (v, w) paBHO TakoMy pedpy, a P— v—w-TyTH B G, B KOTOPOM Kax10€ pedpo
CTOUT MEHbIIE ¢,. [lockonbKy anroputm Kruskal ckaHHpyeT pedpa B OpsiaKe HeyObl-
BaHUS CTOMMOCTH, YKa3aHHBIH aITOPUTM 00padaThIBaeT Kaxaoe pedpo P niepen e. 13
crencTBus 15.16 BBITEKACT, YTO K TOMY BPEMEHH, KOTIa allrOpHTM Kruskal JocTHTaeT
pebpa e, ero KOHEUHbIe TOUKU V U W yKe IPUHAJJIEkKAT OAHOI U TOH ke CBA3HOI
komroHeHTe 7' Tekymiero pemenus. Jlodasnenune e B 7 co3macT ki (remma 15.7
(a)), mosTomy anropuT™ Kruskal HCKITIOUaeT 310 pedpo u3 cBoero Beixona. Y. 7. /1.

CBezis Bce BOSAMHO, MBI JIOKa3biBaeM TeopeMy 15.11 ams rpadoB ¢ pa3HbIME pe-
OEpHBIMU CTOUMOCTSIMH.

Joxazamenvcmeo meopemul 15.11: nemma 15.17 nokaspIBaeT, 4T0 BBIXOJ] aJITOPHUT-
Ma Kruskal sIBIISIETCSI OCTOBHBIM JiepeBoM. M3 memmer 15.18 crieyer, uTo kaxmpoe
pedpo ATOro OCTOBHOTO JIepeBa YIOBIETBOPSIET CBOMCTBO MUHUMAIBHOTO Y3KOTO
mecta. Teopema 15.6 rapaHTupyeT, 4TO 3TO OCTOBHOE JAEPEBO SIBISIETCS MUHUMAITb-
HBIM OCTOBHBIM AepeBoMm. Y. 7. /].

15.8. MNpumeHeHune: knactepnsauuns
C OAMHOYHOM CBA3bIO

Obyuenue 6e3 yuumeis — 3TO OTPACITb MAIIMHHOTO OOYUYCHUS U CTATHCTHKH, TIPH-
3BaHHas MOHUMATh KPYIHbIE KOJUIEKLIMU TOYEK JaHHBIX, HAXOIS B HUX CKPBITbIE

I Pebpo e = (v, w) B Tpade G ynosiaerBopsier MBP Tora u TOIBKO TOT/Ia, KOT/IA KayK IbIit

myTs v—w B G UMeeT pebpo co CTOMMOCTBIO 10 KpaiiHeil Mepe c, (cM. BHOBB paszien 15.4).
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narrepHbl. Kaxas Touka JaHHBIX MOXKET IPEICTABIISITh YEI0BEKa, CHUMOK, JI0KY-
MEHT, TEHOMHYIO [T0CIIeJOBaTeNbHOCTh U T. 1. Harpumep, Touka JaHHBIX, COOTBET-
CTBYIOIIas IBETHOMY CHUMKY pazmepoM 100 Ha 100 mukcenoB, MOXKeT ObITh TpexX-
MEpPHBIM BEKTOPOM C TPEMS KOOpAXHATaMU Ha IIMKCEJI, XpaHsIUM UHTEHCUBHOCTH
KPACHOT0, 3¢JICHOTO M CHHETO B 3TOM nukcene'. B taHHOM pas/ese moa4epKuBaeTCst
CBSI3b MEX/Ty OJJHUM M3 CaMbIX JIEMEHTAPHBIX aJITOPUTMOB B 00y4YeHNH O€3 yuuTes
u anropurMoM Kpackasna oTeickaHMs MMHUMAJILHOTO OCTOBHOI'O IEPEBA.

15.8.1. Knactepusauus

OHHM U3 MHPOKO UCTIOIB3YEMbIX MOAXO0B K 00YyUCHUIO 0€3 YUUTEIS SIBISETCS
Kaacmepusayus, 1eIb KOTOPOH COCTOUT B pa30MEHUH TOYEK AaHHBIX Ha «Kore-
PEHTHBIE TPYNIED (MMEHYEMBIC KIacmepami) «IOXOXHUX Touek» (puc. 15.8).
IMpennonoxum, 4To y HaC €CTh yHKyUsi n0000Us f, KOTOpas PUCBAUBACT HEOT-
pHILIATEIBHOE BEIIECTBCHHOE YHCIIO0 KAK/IOH ITape TOYEK NaHHBIX. MbI HCXOIUM U3
TOTO, YTO f SIBISCTCS CUMMEMPUYHOL, TO eCTh f(X, ) = f(v, X) IUTsl K&KJIO0H maphbl
X, y TOYeK JIaHHBIX. Toria Mbl MOYKeM HHTEPIIPETHPOBATH TOYKH X, Y C MAJIBIM 3Ha-
YeHHEM f(X, y) KaK «IIOXOKHE», @ TOUKH ¢ OOJIBIINM 3HAYCHHEM KaK «HETIOXOKHUEH,
Harrpumep, eciii TOYKM JaHHBIX SIBIISFOTCS BEKTOpaMH ¢ O0ILeH pasMepHOCTHIO,
KaK B PUBEJCHHOM BBIIIE IPUMEPE CO CHUMKOM, TO f{(X, 1) MOXKHO OIPEICIHUTh
KaK €BKJIUIOBO (TO €CTh IO MPSIMOM JIMHKHN ) PACCTOSHHIE MEX Ty X U )°. B kauecTBe
elrre oHOro puMepa paszaen 17.1 onpenensier paccmosauue Huoimana—Bynwa
(Needleman—Wunsch), koTopoe sBJIsSIeTCS CHMMETPUYIHOHN (DYHKIIHEH MOI00uS,
IpeHA3HAYCHHOH JIJIsl TCHOMHBIX ITOCIIeIOBaTeIbHOCTEH. B neansHOM Kitactepe
TOYKH JaHHBIX B OJJHOM KJIACTEPE OTHOCHTEIIBHO MTOXO0XKH, B TO BPEMsI KAK TOUKH
B Pa3HBIX KJIACTEPax OTHOCHUTENBHO pa3iuuHbl. [1ycTh k 0003HaYAET YHCIIO Tpe-
OyeMbIX KJIacTepoB. Pa3yMmHbIe 3HaUCHHUS U kK BAPBUPYIOTCS OT 2 J0 KPYITHOTO
YKCIIa, B 3aBUCUMOCTH OT NPUMEHEHHSI.

' Obyuenue ¢ yuumenem HoKycHpyeTCst Ha IPOrHO3UPOBAHKH, & HE Ha ITOMCKE MIa0IOHOB

Kak TakoBbIX. [logpa3ymeBaercs, 4To Kak/jast TOYKa JaHHBIX MMeeT MeTKY (Hanpumep, 1,
eciy Ha U300paKeHUH, JOIYCTHM, Kolika, U () B IPOTHBHOM clly4ae), a 11eJIb — B TOM,
YTOOBI HAYYUTHCS 0€30IMO0YHO [IPOTHO3UPOBATH METKU OTCYTCTBYIOILIHUX TOUEK JIAHHBIX.
B koHTeKCTE comepKaHusl paBHIbHEE BECTH pedb O (DYHKIIUU HECXOKECTH.

Jstx = (X, Xy, o0y X) UY = (V)5 Vo -onr V), SIBISIOLIUXCS (I-MEPHBIMU BEKTOPAMU, TOUHAS

(dhopmyna Oyaer UMeTh BHI: f(x, y) = «/Zf_l(x, -y).
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Puc. 15.8. B ngeanbHol knactepmsauunm TO4KM AHHbIX B OAHOM Klactepe
OTHOCUTEJSIbHO MOXO0XM, B TO BPEMS KaK TOYKM JAHHbIX B Pa3HbIX KjlacTtepax
OTHOCUTENBHO Pa3INYHBbI

Hampumep, uto0sl kiacTepu3oBaTh cooOuieHus B Onorax o nonutuke CIITA
B TPYIIIBI «JIEBBIX» M «IIPABBIX» COOOIICHNUI, IMEET CMBICH BEIOpaTh k = 2. UTo-
OBl KJIaCTepU30BaTh KOJUICKIHIO Pa3HOOOPa3HBIX CHIMKOB B COOTBETCTBHH C MX
IIPEeAMETOM, CIEAYeT UCIONIb30BaTh OojIee KpynHoe 3HaueHue k. Eciu xe Bbl He
YBEPEHBI B JIy4IlleM 3HAYCHUH TSI k, TO MOXKETe TOIPOOOBaTh HECKOIBKO Pa3HBIX
BapUAHTOB W BBIOPATh CBOM JIFOOMMBII CPETU MOTyUEHHBIX MOPa3ICIICHUH.

15.8.2. Bocxoaawaa knacrepusauus

I'maBHast uzes socxoosuei (CHU3Y BBEPX), WITH d210MePAMUBHOLL, KIaCTepU3aluH
3aKJIF0YAETCS B TOM, 4TOOBI HAYaTh C KaKIOH TOUKH JAHHBIX B CBOEM COOCTBEHHOM
KJIacTepe, a 3aTeM MOCJIEe0BATEbHO O0BEIUHSITE Maphl KJIACTEPOB, J0 TEX IOp
MOKa HE OCTaHEeTCs POBHO K.

BOCXO/ISIIIA ST KTACTEPH3AIINASI (OBOBLEHHA 5T)

Bxon: MHO)KeCTBO X TOUEK JaHHBIX, CAMMETpHUYHAs (DYHKIIUS 00~
Oust f 1 mostokUTENbHOE TIesioe uucio k€ {1,2,3, ..., | X|}.

Boixon: nmompasnenenue X Ha k HEIyCTHIX MHOXKECTB.
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C=0 // oTcnexuBaeT TeKyuue KiacTepsbl
for xaxnmpiix € X do

n00aBuTh {x} BC // Kkaxmasa TouKa ABNAETCA CBOUM
// cobCTBEHHbIM KnacTepom

// TRnaBHbIA UUKN

while C conepxxur Ooiee uem k kiactepos do
yOoanuTh knactepsl S, S, u3 C // neTanusupyeT TBA
no6asuth S, U S, B C // cAnTb KnacTepbl BOEAWHO

return C

Kasxmas urepanus II1aBHOTO [IUKJIA YMEHBIIAST YHCIIO KiaacTepoB B C Ha 1, modToMy
CYMMapHO€ YHCJIO uTepanuii pasusercs | X| — k (puc. 15.9)".

CnuTb BOEAMHO CnuTb BOoEanHO

CnuTb BO€OUHO CnnTb BoeanHO

Puc. 15.9. B Bocxoasuen knactepmsaumnm Kaxaas Touka HaunHaeTcs
B COOCTBEHHOM KJlaCcTepe, U napbl KNacTEPOB MNOCeA0BaTENLHO 0O bEANHSIOTCS,
[0 TeX Nop Noka He OCTAHETCH TONbKO K KNacTepoB

O000IIIeHHBII alITOPUTM BOCXOJISIIEH KIIACTEPU3AIUH HE OIIPE/ISIISIET, KAaKYIO [apy
KJIACTEPOB OOBEAMHATH HA KaXJI0H UTEepanuud. MOXHO JIM IPUMEHUTD YKaJHbIHA
TOJIXO/T, ¥ €CJIM 4, TO M0 Kakomy Kpurepuio? Cremyronuii mar — MolydeHne
(dhyHKIIMM TI07100MsT F' 71 T1ap KIIACTEPOB M3 3aaHHON (DYHKITUU f JUIS T1ap TOYEK
JaHHbIX. OJHUM U3 IPOCTEUIITNX BAPUAHTOB [ SIBIISIETCS CXOACTBO M0 HAWITYYILIEMY
CITy4aro MeX/Iy TOYKaMH B Pa3HBIX KJIacTepax:

F(S.S)= min_ f(x.p). (15.2)

Bocxonsmas kiacTepu3alusi — OJUH M3 HECKOIBKHUX Hanbosiee pacipoCTpaHEHHbBIX
noaxonoB. Tak, HUCXOAAILIME AJITOPUTMbI HAUMHAIOTCS CO BCEX TOUCK JIaHHBIX B OJTHOM
KJIacTepe, MOCIeA0BaTeIbHO pa3/iesis KJIacTephl Ha JBa A0 MOIY4YeHUs TpeOyeMoro
3HAYEHUs k K1acTepoB. J[pyrue alropuT™Mbel — K IPUMeEpY, KIIacTepH3aLHs k CPeIHUX —
MOAEPKUBAIOT & KIIACTEPOB OT Hadasa 10 KOHLA.
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Jpyrue pasyMHbIe BapuaHThl F BKIIIOYAIOT CXOACTBO MO HAMXYAILIEMY JHOO
CpeiHEMY CIIydaro MeXy TOYKaMH B pa3HbIX Kiacrepax. Kak Tonbko GpyHKims F
BbIOpaHa, 0000IICHHBIA aJTOPUTM BOCXOALIEH KIACTEPU3allUd MOXET OBITh
KOHKPETHU3UPOBAH B JKaIHOM CIHMSHUH «HAHOOJIEee MOXOKUX» Tap KJIacTepOB Ha
Ka)kI0H MTEpaIiH:

BOCXOAAIIAA KIACTEPU3SALIUSA (KAJHAS)
// TRnaBHbIA LUK
while C cogepxxur 6oiee uem k kiactepos do
yaanutb u3 C kaacrepsl (S, (S,, KOTOpble MUHUMU3UPYIOT
F(S,, S,) // Hanpumep, c nomowbto F kak B (15.2)
no6asuts S, U S,BC
return C

Knacmepuszayus ¢ 00unounou c6:13v610 OTHOCUTCS K JKaJTHOM BOCXOJISIICH Kila-
cTepu3anuu ¢ QyHKIHEH Moo0us o HawiydiieMy ciaydaro (15.2). Bumute nu
BbI KaKue-T100 CBsI3U MEX/Y KIACTepU3aIel 0 HAUTy4IlIeMy CIy4aro U ajro-
PUTMOM OTBICKaHUSI MUHUMAJIBHOTO OCTOBHOTO JiepeBa Kpackaia (pazmen 15.5)?
ITogymaiiTe Hag 3TUM BOIPOCOM.

& %k ok

AnroputMm Kpackanga HaunHAeTCs ¢ IMyCTOTO MHOXKECTBA pedep u ¢ TOro, UTo
KakJ1asi BepIIMHA H30JUPOBaHa B CBOCH COOCTBEHHOMW CBSI3HOW KOMITIOHEHTE, TaK
e KaK KJacTepHu3alysi ¢ OJMHOYHON CBSI3bI0 HAYMHACTCS C TOTO, YTO Kaxaast
TOYKa JaHHBIX HAXOOUTCSA B CBOEM CO6CTBGHHOM KJ1acTepe. Kancz[asl uTepanus
anmroput™a Kpackana, mo6aisromas HoBoe peOpo, CIIMBACT JIBE CBS3HBIC KOM-
ITOHEHTHI B OJIHY, TaK JK€ KaK Kak[as MUTEpalusl KIACTEPU3ALUU C OJUHOUHOM
CBSI3bIO CIIMBACT JIBa KJIacTepa B ofauH. AnroputM Kpackaga MHOTOKpaTHO J10-
0aBJIsIeT caMoe JIeeBOe HOBOE pedpo, KOTOpOE HE CO3/aeT IHUKII, 00bhEeIUHSS
KOMITOHEHTBI, COJICPIKAIIUE er0 KOHEYHBIC TOYKH, TaK JKE KaK KJIacTepH3allus
C OIMHOYHON CBSI3bI0 MHOTOKPATHO OOBEINHSCT Mapy KIACTEPOB, COACPIKAIIIX
HauboJIee MoJJOOHYO Mapy TOYEK JaHHBIX U3 Pa3HBIX KiacTepoB. TakuM oOpazom,
anroput™ Kpackana cOOTBETCTBYET THITy KJIACTEPH3AlMU, B KOTOPOU BMECTO
BCPUINH BBICTYIAIOT TOYKH JaHHBIX, a BMECTO CBA3HBIX KOMIIOHCHT — KJIACTCPBI.
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EnuHCTBEHHOE OTIIMYKE B TOM, UYTO KJIacTepU3allys ¢ OQMHOYHON CBA3BIO OCTa-
HaBJIMBAETCS, KaK TOJBKO UMEETCA k KJIacTepoB, Toraa Kak aaroputM Kpackana
MIPOIOJIKAET paboTy, MOKA HE OCTAHETCS TOJIBKO OJIHA CBS3aHHAS KOMIIOHEHTA.
MBI 3aKITIOUaeM, YTO KAACNepUu3ayus ¢ 0OUHOYHOU CEA3bI0 AHANO2UYHA Al20-
pummy Kpackana, ocmanasiueaemomy 00cpouHo.

KJACTEPH3AIIASA C OMMHOYHOM CBSA3bIO TOCPEJICTBOM
AJITOPUTMA KPACKAJIA

1. OmpenenuTs NONHBINA HEOpUEHTUPOBaHHLIHN rpad G = (X, E) u3
HaOopa MaHHBIX X U (YHKIMH MOA00Us f ¢ MHOKECTBOM Bep-
wuH X ¥ oMM pedpom (x, y) € E co cronmocTsio ¢, = f(x, )
JUISL KayKJIOM Taphbl BEPIIUH X, Y € X.

2. Bwmomaats anroput™ Kpackana ¢ BxomusM rpadom G 110 Tex
mop, Toka 7' TeKyIIero pemieHust He OyneT coxepxkarh |X| — k
pebep 1M, 9TO SKBUBAIEHTHO, oKa rpad (X, 7) He Oynet umeTh
k CBA3HBIX KOMITOHEHT.

3. Borancnuth cBsi3HbIe KOMITOHEHTHI (X, T) ¥ BEpHYTh COOTBETCTBY-
[omiee noapasaeneHue X.

BBIBO/IbI

* OcToBHOE JIepeBO rpada — 3TO aAUUKINYECKHUH TOArpad, KOTOPHIi
COIEPIKUT IIyTh MEKIY Ka)kIOU ITapoil BEPILUH.

X B 3aja4e 0 MHHHMaJIFHOM OCTOBHOM JepeBe (minimum spanning
tree, MST) BX0JOM SIBIISIETCSI CBSI3HBIN HEOPUEHTUPOBAHHBIN Tpad
C BEIIECTBCHHBIMH PEOEPHBIMH CTOMMOCTSIMH, H LIEJTh COCTOUT B TOM,
9TOOBI BBIYHCIUTE OCTOBHOE EPEBO C MHHHMAIBFHO BO3MOXHOI
CYMMOW PeOEpHBIX CTOMMOCTEH.

X Anroput™m [Iprma cTpouT MUHIMAIBFHOE OCTOBHOE IEPEBO ITO OTHO-
My peOpy 3a pa3, HAYMHAs C TPOU3BOIBHON BEPIINHEL, U BHIPAIIIABACT
€ro, Kak IUIeCeHb, 10 TeX MOp IMOoKa He OyleT OXBaueH Bech HAbOp
BepInH. Ha kax10#l uTepalnu oH *aIHo BIOMPAET CaMoe JICIIEBOE
pedpo, KOTOpoe PaCIIUPSIET OXBAT TEKYIIETO PEIICHHS.
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IIpu peanuzanuu ¢ Ky4eBOil CTPyKTypou JaHHbBIX airoputm [Ipuma
BbINIONIHAETCS 32 BpeMs O (m log n), tae m U n 0003HAYAIOT COOT-
BETCTBEHHO YHUCIIO pebep 1 BepIIMH BXOTHOTO rpada.

AnroputM Kpackaia Taxke CTpOUT MUHUMAJIEHOE OCTOBHOE IEPEBO
[0 OZHOMY peOpy 3a pa3, kaJHO BBIOMpas caMoe AEIIeBOe Pedpo,
J00aBIeHNEe KOTOPOTo B TEKYILIEM PEIICHUN HEe CO3/1aeT [IUKIIA.

[Ipu peanuzamuu co CTPYKTYpOH AaHHBIX HEMEpPEeCEeKaroIINXCs
MHOkecTB Union-Find anroputm Kpackana pabotaeT 3a BpeMs
O (m log n).

[lepBrIif mar B J0Ka3aTeIbCTBaX MPABHIBHOCTH aJITOPUTMOB
[Ipuma u Kpackana cocTOUT B TOM, YTOOBI IOKA3aTh, YTO KaXIbIi
ANTOPUTM BBIOMPAET TOIBKO T€ pedpa, KOTOPBIE YIOBIECTBOPSIOT
CBOMCTBY MHHHUMAJIBHOTO Y3KOTo MecTa (minimum bottleneck
property, MBP).

Bropoii mar — ucrnoyiib30BaTh 00MEH apryMEHTaMH C IO J0Ka-
3aTh, YTO OCTOBHOE IEPEBO, B KOTOPOM KXKI0E PEOPO YIOBICTBOPSIET
CBOWMCTBY MUHHUMAJILHOTO Y3KOTO MECTA, JOJDKHO OBITh MUHHUMAIIb-
HBIM OCTOBHBLIM JICPCBOM.

Kiacrepuzanus ¢ 0OAMHOYHOM CBSA3BIO SBJISETCS JKaJIHBIM METO-
JIOM BOCXOIAIIEH KJIacTepuU3aliid B HEKOHTPOJIHMPYEMOM OO0yde-
HUU ¥ COOTBETCTBYET airopuTMy Kpackama, ocTaHaBIUBaEMOMY
JOCPOYHO.

3apnayum Ha 3akKpenjieHume martepuana

3anaua 15.1. PaccMorpum HeopueHTHpOBaHHbBIN rpad G = (V, E), B KOTOpOM Kax-
Joe pedpo e € E UMeeT pa3Hyo U HEOTPULATEIbHYI0 CTOUMOCTb. IycTh 7 paBHO
MUHUMaJIbHOMY OCTOBHOMY J€pEBY, a P — KkpardyailiemMy IIyTH U3 HEKOTOPOM
BEPIIMHBI § B HEKOTOPYIO BepIIHHY £. [Ipenmonoxum, CTonMOCTh KaXKI0ro pedpa e
rpada G ysenuuuBaeTcsa Ha 1 u craHoBuTCA ¢, + 1. Ha3oBeM HOBBI rpad G'. Uto

W3 HUKECIIETYIOIIETO SBIISIETCS NCTUHHBIM B OTHOIIEHUH G?

a) T JO/WKHO OBITh MUHUMAJIBHBIM OCTOBHBIM JIEPEBOM, U P MOJKeH OBITH

KpaT4aliiimM MyTeM S—;
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0) 7 MOomKHO OBITh MUHUMAJIBHBIM OCTOBHBIM JIEPEBOM, HO P HE MOXET OBITh
Kpar4aiIinim IyTeM s—f,

B) 7 He MOXeT OBITh MHHIMAJIbHBIM OCTOBHBIM JIEPEBOM, HO P 10JKeH OBITh
KpaTyallluMm IyTeM s—;

r) 7T He MOXeT ObITh MUHUMAJIbHBIM OCTOBHBIM JIEPEBOM, U P HE MOXKET OBbITh
KpaTyailliuMm ImyTem s—.

3apaua 15.2. PaccMoTpuM ciiety oIl HUKe allrOPUTM, KOTOPBIH MBITAETCS BbI-
YUCITUTh MUHUMAIILHOE OCTOBHOE JICPEBO CBSI3HOTO HEOPUEHTHPOBAHHOTO Tpada
G = (V, E) c pazabiMu peOESpHBIMU CTOUMOCTSIMH, BBITIOTHHUB anroput™ Kpackana
«B OOpaTHOM TOPSAKE»:

KRUSKAL (OBPATHASI BEPCU $I)
T:=F
OTCOPTHPOBATH pedpa £ B yObIBAIOIIEM MOPSAKE CTOUMOCTH
for xaxxnoe e € E, no nopsaxy do
if T — {e} saBnsercs cBa3ubIM then
T:=T-{e}
return 7

Kakoe u3 CICOAYIOIINX HUXE YTBep)KZ[eHI/II\/‘I SIBJISICTCS. HCTHHHBIM ?

a) Brixon aAJITOpUTMa HUKOIIa HE 6y,I[CT HUMCTb IUKJIa, HO OH MOXECT OLITH HE-
CBA3HBIM,

6) Brixon anr OpuUTMa BCETaa 6yIleT CBA3HBIM, HO OH MOXKCT UMCTb ITUKIJIBI;

B) AJ'[FOpI/ITM BCEria BHIBOAUT OCTOBHOEC A€PEBO, HO OHO MOXET HE OBITh MU-
HUMaJIbHBIM OCTOBHBIM JICPCBOM;

r) AJNTOpHUTM BCET/a BHIBOAUT MHHUMAJIBHOE OCTOBHOE JICPEBO.

3anauya 15.3. Kakas U3 crienyronux HIDKE 3aa4 MPOCTBIM CIIOCOOOM CBOTUTCS
K 3a/1a4e 0 MHHIMAaJIbHOM OCTOBHOM JepeBe? Bribepute Bce, 4TO MPUMEHHUMO.

a) 3aja4da 00 OCTOBHOM JiepeBe ¢ MAKCUMAaIIbHOK CTOMMOCTBI0. To ecTh cpeu
BCEX OCTOBHBIX JIepeBbeB ' CBSI3HOTO rpada ¢ peOSpPHBIMI CTOMMOCTSIMH
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6)

BBIYHCIIUTE OJHO TAKOE JIEPEBO C MAKCUMAJIBHO BO3MOXKHOM CyMMOH X, -.C,
pebGepHBIX CTOUMOCTEN;

3amaua 00 OCTOBHOM JiepeBe ¢ MUHHMMAaJIbLHBIM Ipou3BeaeHneM. To ecTb
CpeIH BCeX OCTOBHBIX AepeBbeB I CBA3ZHOIO rpada co CTPOro MoN0KHUTEIb-
HBIMH PeOEPHBIMH CTOMMOCTSMH BBIYHCINTH OJHO TAKOE JIEPEBO C MHHU-
MaJIbHO BO3MOXKHBIM NPOU3BEJCHUEM | [, ¢, PEOSPHBIX CTOMMOCTEIH;

3agada 0 KpaTyaiIeM IyTH C €AMHCTBEHHBIM HUCTOKOM. B 3Toif 3amaue
BXOJI COZIEPKUT CBSI3HBIN HEOpUEHTHpOBaHHBIN rpad G = (V, E), HEOT-
pHULATeNbHY0 AMUHY {, I Kaxka0ro pedpa e € E ¥ Ha3HAuUCHHYIO Ha-
YaNbHYI0 BepmuHy s € V. TpeOyeMbIM BBIXOOM SIBIIAETCS MUHUMAJIbHAS
CyMMapHasi JIMHA MYTH U3 § B V UI KaXJI0TO0 BO3MOXKHOIO CTOKa v € V)

C yderoM CBSI3HOTO HeopueHTHpoBaHHOTO Tpada G = (V, E) ¢ nojaoxu-
TEJNBHBIMH PEOSPHBIMH CTOMMOCTSIMHA BBIYHCITUTH MHOKECTBO MUHHMAJTh-
HBIX cTouMocTelt F' C E pebep, Takoe uto rpad (V, E — F) Oyaer alnukiu-
YECKUM.

O PEAYKUMAX

3apnaya A ceoauTcs (Unv penyumpyeTcs) kK 3agade B, ecnv anropuTtm, pelua-
oL 3a4a4y B, MOXHO Nerko NepeBecTy B aliropuTMm, peLuatoLmni 3agady A.
Hanpumep, 3agaya BblHUCNEHNS MEAMAHHOIO (CPEAMHHOr0) 3aieMeHTa Mac-
CrBa CBOAMTCS K 3aJa4e COPTUPOBKK MaccmBa. Penykuym aBasitoTCs 04HUM
13 HanboJsiee BaXHbIX MOHATUI B U3Y4EHUU aNrOPUTMOB N UX OrPaHNYeHui
1 MOTYT MMeTb OOJbLLYIO NPAKTUYECKYHO MOJb3Y.

Bbl Bceroa oo/mkHbl ObITb B MOMCKEe peaykumin. Beakmin pas, ctanknBasch
C, kasanoch Obl, HOBOI 3a4a4eit, Bceraa cnpalumBainTe cebs: aBnaeTca nn ata
3aa4a 3aMacKMpOBaHHOW BEPCUEN TON, PeLLIEHME KOTOPOW Bbl yXKe 3HaeTe?
Mo>HO N1 cBecTn 06LLYIO BEPCUIO 334241 K HaCTHOMY Cllyyato?

3agaum noBbILLEHHOW CNIOXXHOCTU

3anaua 15.4. Jfokaxxute odbparHoe Teopeme 15.6: eciu T siBIsieTCSs MUHIMAIbHBIM

OCTOBHBIM JCPEBOM r‘pa(ba C BEIICCTBCHHBIMU pe6epHLIMI/I CTOMMOCTAMM, TO KaxK-

noe pedpo 7 yaoBIeTBOPSET CBOUCTBY MUHUMAJIBHOTO Y3KOTO MECTA.
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3anpaua 15.5. JlokaxuTe npaBuibHOCTH anroputmoB [Ipuma n Kpackana (teope-
™Mbl 15.1 u 15.11) B monmHo#i o6urHOCTH 15t rpadoB, B KOTOPBIX peOepHbIE CTOU-
MOCTH He 00513aTeJIbHO JIOJKHBI OBITh PA3HBIMU.

3anaua 15.6. [lokaxxuTe, 4TO B CBI3HOM HEOPHEHTHPOBAHHOM Ipade ¢ pasHbIMU pe-
OepHBIMH CTOMMOCTSMH CYIIIECTBYET YHHKAJIFHOE MUHIMAJIBHOE OCTOBHOE JIEPEBO.

3anaya 15.7. AnsrepHaTuBHBIN IOAXO0/ K J0KA3aTeJIbCTBY IIPaBUILHOCTH aJITOPUT-
MoB [Iprma u Kpackana 3akmimodaeTrcs B HCTIONB30BaHUH TaK Ha3bIBAEMOT'O CBOICTBA
pa3pesa MUHUMAaJIbHBIX OCTOBHBIX JiepeBbeB (Cut MST). B npouiecce pemienus 3toi
3a7a4n Oy/IeM CUUTAaTh, 9YTO PeOCPHBIC CTOMMOCTH SIBIISTIOTCS PA3HBIMH.

Paspesom (cut) HeopuenTupoBanHoro rpada G = (V, E) saBisercs noapasieicHue
€ro MHOKECTBA BEpPIIUH } Ha JBa HEMYCTHIX MHOXecTBa A U B.

[~
=

]

Mepecekatowwme pebpa

PebGpo rpada G nepecekaet paszpes (4, B), eciiii OHO UMEET OJIHY KOHEUHYIO TOUKY
B K&XKJIOM U3 MHOXECTB A U B.

CBOMCTBO PA3PE3A

Iycte G = (V, E) paBHO CBSI3HOMY HEOPHEHTHPOBAHHOMY rpady
C Pa3HBIMHU BEIECTBEHHBIMHU pebepHbIMU cTOUMOCTSIMU. Eciiu pedpo
e € E sBISIETCS CaMbIM JICIICBBIM PeOpOM, TIEPECEKAOIINM paspe3
(4, B), TO e MPUHAIUICKUT KaXKJIOMY MUHUMAJIBHOMY OCTOBHOMY
nepey rpada G'.

' Yurarenu, pemuBiire 3ama4qy 15.6, MoryT copMyIHpoBaTh BBIBOJ HECKOIBKO HHAYE:

«...torga e mpuHaiexxutT MST ot G».
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JpyruMu cioBaMu, OXHIM U3 CIIOCOO0B 000CHOBAHUS TS BKITIOUCHHS AITOPHTMOM
pedpa e B ero pemieHne sBiIseTcs NoMydeHne paspesa rpada G, Uit KOTOPOro e
SIBJISICTCST CAMBIM JICIIEBBIM MEPECEKAroIIuM pedpom’.

a) Jlokaxxurte CBOMCTBO pa3pesa.

6) IIpumMeHurte cBOMCTBO pa3pesa, Ul TOTO 4TOOBI 10Ka3aTh NPAaBUILHOCTD
anropurMa Ilpuma.

B) IloBropure (0) mist anroputma Kpackana.

3agaua 15.8. PaccMoTpuM CBSI3HBII HEOPUEHTHUPOBAHHBIN Ipad ¢ pa3HBIMU Bellle-
CTBEHHO-3HAYHBIMHU PEOCPHBIMU CTOUMOCTIMA. MuHuManbHoe no y3Komy Mecny
ocmosnoe depeso (minimum bottleneck spanning tree, MBST) — 310 ocTOBHOE
nepeBo 7' ¢ MUHUMAJIBHO BO3MOXHBIM yY3KHM MECTOM (TO €CTh MUHHMAaIbHOU
MaKCHMaJIbHOH pebepHOil CTOMMOCTBIO max, , C,).

a) (Cnoxno) J[laiite nMHEHHO-BpEMEHHON alNTOPUTM BBIUYMCIICHUS MUHU-
MaJIbHOTO TI0 Y3KOMY MecTy ocToBHOTO fiepeBa (MBST).

6) CremyeT MU W3 3TOTO JMHEHHO-BPEMEHHOH alTOPUTM BBIYHCICHHS CyM-
MapHOIl CTOMMOCTH MUHUMAaJILHOTO OCTOBHOTO JiepeBa?

3agaum no NnporpaMMupoBaHMnIO

3agaua 15.9. Peanmsyiite Ha TIOOMMOM SI3BIKE MTPOTPAMMHIPOBAHUS AJTOPUTMBI
Primu Kruskal. st moyueHust OOHYCHBIX OAJLIOB peain3yiTe BEPCUIO alTOPUTMA
Prim Ha OCHOBE Ky4eBOH CTPYKTYpHI TaHHBIX (paszxen 15.3) u Bepcuro anroputMa
Kruskal Ha ocHOBe CTpYKTyphl AaHHbIX Union-Find (pasgen 15.6). Kaxercs nu
BaM, YTO OJIMH M3 aJITOPUTMOB SIBHO ObIcTpee npyroro? TecToBbIe cayvau U Ha-
OOPBI TaHHBIX [T CJIOKHBIX 33129 CM. Ha BeO-caiiTe www.algorithmsilluminated.org.

I CymectByeT Takxke cBoiicTBo Cycle, cormacHo KOTOpoMy B Citydae, eCiid pedpo e sBIs-
€TCs1 CaMbIM IOporuM B HekoTopoM nukie C, To kaxaoe MST uckmrouaer e. [Ipoeprre
SKBUBAJICHTHOCTh HA3BAHHOT'O CBOMCTBA 0OpaTHOMY (CM. JI0Ka3aTeIbCTBO TEOpPEeMbI 15.6
B 3a1aue 15.4).



BeeoeHue 6 ouHamuyeckoe
npocpamMmMuUpo8anue
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PaccMoTpennble HaMH MapaguTrMbl TPOEKTHUPOBAHUS aJTOPUTMOB («pasemsii
U BIIACTBYH» U «OKaTHBIC allTOPUTMBD») HE OXBATHIBAIOT BCE BBHIYHCIHTEIBHEIC
3a4a4u, ¢ KOTOPbIMU Bbl CTOJIKHETCCh. BTOpaﬂ MOJIOBUHA 3TOM KHUTHU IIOCBsIIICHA
TpeTheH mapagurMe MPOCKTHPOBAHMS: TAPATUTME OUHAMUYECKO2O0 NPOSPAMMU-
posanusi. JlnHaMIYECKoe MPOrpaMMHUPOBAHHE — BBICOKO3()(EKTHBHBIA METO[,
OOBIYHO MPUBOASIINN K Hanbonee 3(PEeKTUBHBIM PELICHUSIM.

BosbnHCTBO MH0eH H3HAYaIbHO CUUTAIOT IMHAMUYECKOE POrpaMMHUPOBAaHUE
CJIOKHBIM W HEJIOTHYHBIM. J[J151 OBIIaieHus MpreMaMy TUHAMHYECKOTO IPporpam-
MHUpPOBaHUS (KOTOPOE, 3aMETHM, SIBIISIETCS OTHOCUTEIHHO (HOpMaIN30BaHHEIM)
Tpelyercs mpakTuka. B 3Toil u AByX cieAyromux IiaBax OpeACcTaBICHO 10
MIONTYTFO’KUHBI TTOJIPOOHBIX TEMATUYECKUX MCCIIETOBAHUHN, BKIIIOUasi HECKOIBKO
BEBIIAIOIITIXCS allTOPUTMOB. BEI y3HaeTe, Kak OHU paboTaioT, 100aBUB B CBOM
MIPOrpaMMUCTCKHIA apceHalt 0011y 0 U THOKYIO TEXHUKY Pa3paOdOTKH aIrOPUTMOB,
KOTOPYIO BBl MOYKETE IMPUMEHUTH K 3a/1a4aM, BO3HUKAIOIUM B BallliX COOCTBEH-
HBIX IIPOEKTaX.

oBOAPANOLIUE C/NTOBA
CoBepLUeHHO HopMaJibHO YyBCTBOBaTb Cebsl B 3amMellaTesnbCTBe, BrepBble
CTONKHYBLUNCb C ANHAMUYECKM NMPorpaMmmMmnpoBaHmnemM. COBET: He TYLLYNTECH.
He ynyckarite BOBMOXHOCTb CTaTb €LLEe YMHEE.

16.1. 3apada o B3BELLEHHOM
He3aBUMCUMOM MHOXeCTBe

S moka He coOMPArOCh paccKa3bIBaTh, YTO TAKOE JMHAMHUYECKOE MPOTPaAMMHU-
poBanue. Jlo 3TOro Mul pazpaboTraeM C HyJIsl aJrOPUTM CIIOKHOW M KOHKPETHOW
BBIYMCIIUTEIBHON 3a/aun, TpeOyronunii HOBeIX uael. PemuB oty 3amaqy, Mbl
YMEHBIINM MacmTad ¥ ONpeNeIuM HHIPEAUCHTHI PEIICHHUS, HIUTFOCTPUPYIOIITHE
oOIIHMe MPUHIUIBI TUHAMHYECKOTO POrPaMMHUPOBaHUS. 3aTeM, BOOPYKHUBIIUCH
mabJoHOM ISl pa3padOTKH alTOPUTMOB JUHAMHUYECKOTO MPOrpaMMHUPOBAHUS
Y IPUMEPOM CO3JIaHHSI SK3EMIUISIPOB, 3aliiMeMcs 00sIee CIIOKHBIMU TIPUIIOKCHUSIMHI
YKa3aHHOU MapaiurMebl.
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16.1.1. OnpepeneHve 3apauu

[lycte G = (V, E) paBHO HEOpUEHTUPOBAaHHOMY I'pady. Hezasucumoe MHodcecmeo
rpada G ecTb MOJMHOKECTBO S C V B3aIMHO HECMEKHBIX BEpIIMH: TSl KaXKI0TO
v,we S, (v,w) ¢ E.Ilo aHanoruu, He3aBUCUMOE MHO)KECTBO HE COJICPIKHUT 00X
KOHEYHBIX TOUCK JII000T0 pedpa G. Harprumep, eCITi BEPIITUHEI IPEACTABIISIOT JIFO-
Jeit u pebpa — mapsl Jtoei, KOTOpbIE He HPaBATCS APYT IAPYTY, TO HE3aBUCHMBbIE
MHO)KECTBA COOTBETCTBYIOT I'pyIIIaM BCeX JIIO/IeH, KoTophie Jdaaar. Wim xe, ecnu
BEPILIMHBI MIPEJICTABISIOT yueOHbIe 3aHATHS, O KOTOPBIX BbI [yMaeTe, U MEXIy
K101 mapoil KOHPIUKTYIOMMX Y4eOHBIX 3aHATHI €CTh pedpo, TO HE3aBUCHMBbIE
MHOXECTBa COOTBETCTBYIOT BO3MOYKHBIM PACITUCAHUSM KypCOB (ITPH YCIIOBHH, YTO
BBI HE MOXETE OBITH B JIByX MECTaX OJHOBPEMEHHO).

YIIPA’KHEHHE 16.1

CKOJIBKO Pa3IMYHBIX HE3aBUCUMBIX MHOKECTB UMECT MOJHBIN rpaq)
C IIATBIO BepHII/IHaMI/I?

Kak mHacueT nukima ¢ msThi0 BEepIIMHAMHE?

a) 1 12 (COOTBETCTBEHHO)

6) 5u10
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B) 6mll
r) 6ul6

(Penrenue u nosicHeHue cM. B paznene 16.1.4).

Tenepb chopmynmupyeM 3a1auy 0 836euteHHom Hezagucumom mHoxcecmse (Weighted
Independent Set, WIS):

3AJJAYA: B3BEHHIEHHOE HE3ABUCHUMOE MHO>XXECTBO (WIS)

Bxon: HeopuenTrpoBanHblid Tpad G = (V, E) v HeoTpUIaTEIbHBIH
BEC W, AJI Ka)KJOU BEPIIMHBL V € V.

Bobixoa: HezaBucuMoe MHOXKeCTBO S C V rpada G ¢ MaKCUMAJIbHO
BO3MOXKHOH CyMMOH X _¢ W, BEPIIMHHBIX BECOB.

OnTrManbHOE PEIICHHE 3a/1a4u O B3BEIICHHOM HE3aBHCHMOM MHOYECTBE Ha3bl-
BACTCS HE3AGUCUMBIM MHONCECTIBOM C MAKCUMATbHBLIM ecom (maximum-weight
independent set, MWIS). Hanpumep, eciu BepIIMHbI NPEACTABIAIOT KYPChI, Beca
BEPIIUH — EJIMHHUIIBI, & peOpa — KOHMIMKTHI MKy KypcaMH, TO HE3aBHCUMOE
MHOYECTBO C MaKCHMaJbHBIM BECOM COOTBETCTBYET JIOIIyCTUMOMY PACIUCAHMIO
Kypca ¢ caMoil TsKeJIol Harpy3koii (B eTUHHIIAX).

3amava 0 B3BEIICHHOM HE3aBHCHMOM MHO)KECTBE SIBIISICTCS CIIOKHOH JaXke B IPO-
creiiieM ciydae nymeswvix epagos. Hanpumep, BXoJ B 3a/1a4y MOXKET BBIIISICTD
CIIeyonM 00pa3oM (¢ BEpIIMHAMHA, TOMEUCHHBIMH UX BECAMH):

O—O—"0—~0

1 4 5 4

OT0T rpad uMeeT 8 He3aBUCUMBIX MHOXKECTB: ITyCTOE MHOJKECTBO, YETHIPE OHO-
JJIEMEHTHBIX MHOXKECTBA, IEPBYIO U TPETHIO BEPILIUHBI, IEPBYIO U YETBEPTYIO
BEpLLUUHBI, a TAKXKE BTOPYIO U UETBEPTYIO BeplIuHbIL. [locieqHee u3 HUX UMeeT
HanOOBIINI CyMMapHBIX Bec 8. UNCIIO He3aBUCHMBIX MHOXKECTB ITyTEBOTO Ipada
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pacTeT HKCIIOHCHINAIFHO BMECTE C YHCIIOM BEPIINH (TIOSICHUTE ITOYEMY ), TOITOMY
HEeT HUKaKOHM HaJeX/bl PEIIUTh 3Ty 3a7a4y MyTeM HUCUEPIIBIBAIOLIETO TOMCKA, 3a
HCKJIIOUEHHEM CaMBIX KPOILIEUHBIX CIy4YaeB.

16.1.2. EcTecTBEHHbIN XaaHbIV anropmuTtm
OoKa3blBaeTcs 6e3ycneLuHbiM

JU71st MHOTHIX BBEIYHMCIUTENBHBIX 33124 5KaTHBIC aITOPUTMBI — OTINYHBIH TOBO JITS
MO3TOBOTO IITypMa. Takue alropuTMBL, KaK IPABHUIIO, JIETKO MMPHAYMAaTh, U JaXe
€CJIU C €ro MOMOUIBIO HE YAAeTCs PELIUTh 3aa4y (YTO ObIBaeT), Heyaaua Mo3BO-
JISIeT JTydIlIe TOHSATH TOHKOCTH 3aaadu. [l 3a/1au O B3BCIICHHOM HE3aBHCHMOM
MHO)KECTBE, TIOKAITyH, HAN0O0JIee eCTECTBEHHBIM JKaIHBIM aITOPUTMOM SIBIIIETCS
aHasor anroputMa Kpackasna: BBINOJTHUTE €AMHCTBEHHBIH MPOXO[ 10 BEPIINHAM,
OT JTydIIeH (¢ BRICOKMM BECOM) JI0 XY/IIEH (C HU3KHUM BECOM), T0OABIISIS BEPIIUHY
B TEKyIIee pEeIICHNE, IPU YCIOBUH, YTO OHA HE KOH(IUKTYET C paHee BEIOpaHHOM
BepinHOU. C yueTom BxoaHoro rpada G = (V, E) ¢ BepUIMHHBIMHA BeCaMU TICEB-
JIOKOJT BBITTISIIUT TaK:

B3BEIIIEHHOE HE3ABUCUMOE MHOXKECTBO: KA THbII
noaxon

S:=0
OTCOPTHPOBATH BEPIIMHEI V TI0 BeCy
for kaxxapiii v € V, B He yBenuuuBaronieMcs nopsiake seca do
if S U {v} aBnsierca He3aBUCUMBIM MHOKECTBOM Tpada G then
S=85U {v}
return §

Beimsmut Bee gocrarouno npocto. Ho paboraer m 310?

YHPA)KHEHME 16.2

KakoB cymMmapHBIii Bec Ha BRIXO/IE ’KaJHOTO alTrOpUTMa, KOT/Ia BXO-
HOM rpad MMeeT YeThIpeXBEePIINHHbBIN MyTh, TOKa3aHHbIH Ha ¢. 1407
SIBngercs JIn OH MaKCUMaJIbHO BO3MOXKHBIM?
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a) 6; HeT
0) 6; na
B) 8; HET
r) 8; ma

(Pemenuie n nmosicHeHne cM. B paznene 16.1.4.)

I'masst 13—15 u3banoBany Hac N300MINEM PABUIIBHBIX KA HBIX AITOPUTMOB, HO
He 3a0bIBaiiTe: KaaHbIE aITOPUTMBI OOBITHO He ABIAIOTCS NPABUIIBHBIMHU.

16.1.3. MNoaxop «paspensii u BNacTBymn»?

[Tapagurmy MpoOeKTUPOBAHUS ATOPUTMOB «PA3JIEIIsIiA ¥ BIacTBY» (pasaen 13.1.1)
BCETJIa CTOUT OIPOOOBATh B CiIydae 3a/1ad, B KOTOPbIX €CTh €CTeCTBEHHBIH CII0CO0
pa3duTh BXOIHBIC JaHHBIC Ha OoJiee MeJIKKe Noji3a1aqn. JIJis 3a/1auu 0 B3BEIICHHOM
HE3aBHCHMOM MHOXXECTBE C BXOIHBIM ITyTeBEIM rpadom G = (V, E) ecTeCTBEHHBIM
BBICOKOYPOBHEBBIM TMOJXOA0M sIBJIsieTcs (MTHOpHUPYs 0a30BBIM ciyyail) cremyro-
110707

B3BEIHIEHHOE HE3ABUCUMOE MHOXECTBO: IIOAXO/
«PA3JIEJISIA U BTACTBYi»

G, = niepBas nosoBuHA rpada G

G, = Bropas nonosuHa rpada G

S, = pPeKypCHBHO PEIINTH 33/7ady O B3BEHIEHHOM HE3aBHCHMOM
MHOXeCTBe Ha G,

S, = pPeKypCHBHO PEIINTH 33/ady O B3BEHUIEHHOM HE3aBHCHMOM
MHOXecTBe Ha G,

0o0benuHUTS S|, S, B pemienue S it G

BEPHYTH S

JbsiBoI1 KpoeTcsl B ieTallsX 11ara coBMelleHus. Bo3ppaiasich k Haliemy TeKyLemy
MIpUMepyY
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O———0O
5
\

O

1 4

O

1 1

MepBas nonosuHa Btopas nonosuHa

3aMETHUM, YTO MEPBbIA U BTOPOH PEKYypPCUBHBIE BBI30BBI BO3BPALIAIOT BTOPYIO
Y TPETHIO BEPIIMHBI KaK ONITUMAJIbHBIE PELIEHHUS UX COOTBETCTBYIOIIMNX MOA3a/1au.
OObeuHEHNE PEIICHNUH He ABNSETCS HE3aBUCHMBIM MHOKECTBOM HM3-3a KOH(IINKTA
Ha IpaHMLIEe MEXy IByMs pelieHusAMU. JIerko yBUaeThb, Kak pa3psiuTh IOrpaHuy-
HBII KOH(IIUKT, KOTAa BXOTHO rpad) UMeeT YeThIpe BEPIIMHBL; KOTIa KE OH IMECT
COTHH WJIM THICSIYM BEPILHH, Bce OOCTOUT ClioxkHee'.

MoskeM JIi MBI TJOOUTHCS JTyUILIETrO MO CPaBHEHUIO C HKaTHBIM alTOPUTMOM HIIH
AJTOPUTMOM «PA3JETSH U BIACTBYI»?

16.1.4. PeweHus ynpaxHenmn 16.1-16.2

PeweHue ynpaxxHeHus 16.1

IpaBuabHblii oTBeT: (B). [10)HBIN rpad He MMEET HECMEXKHBIX BEPIIIHH, TIOATOMY
Ka)X[I0€ HE3aBUCHMOE MHOKECTBO UMEET He OoJiee OMHON BepnHBL. Takum 00-
pa3oM, CyIIECTBYET IIECTh HE3aBUCHMBIX MHOXKECTB: ITyCTOE€ MHOXECTBO U ISATh
OIHOZJIEMEHTHBIX MHOKECTB. LMK IMeeT Te ke MIecTh He3aBHCUMBIX MHOJKECTB,
YTO U TOJTHEIH rpad, IUTFOC HECKOIBKO HE3aBUCHMBIX MHOXKECTB pa3zmepa 2. Kaxmoe
MOAMHOXECTBO U3 TPEX WK OoJiee BEpIINH UMEET Mapy CMEKHBIX BepuIuH. L{ukn
MMEET IISITh He3aBIUCHUMBIX MHOXKECTB pa3Mepa 2 (Kak BBl MOKETE YOS TUTHCS CaMH)
MPU CyMMapHOM 3HaueHuu 11.

PeweHune ynpaxkHeHusa 16.2

IpaBuibHbIi oTBeT: (a). [lepBas utepanus xaaHoro anroputMa 6epeT BEpIIHY
C MaKCHMAaJIbHBIM BECOM, TO €CTh TPEThIO BEPIIMHY (C BECOM 5). DTO UCKIIOYACT

! C OMOII[BIO aNIrOPHTMA «Pa3/IeIisiii M BIACTBYID», BBITOIHSIOIICTO YETHIPE PEKYPCHBHBIX

BBI30BA, a HE [Ba, 3a7aua MOXKeT OBITH pemreHa 3a Bpems O (n,), TIe 7 — KOJIUYECTBO
BepuirH. C MOMOIIBIO ANTOPUTMA AUHAMUYECKOTO TPOTPAMMHPOBAHMS 3a1ada OyaeT
peueHa 3a Bpems O (n).
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CMEXHBIC BEPIIMHBI (BTOPYIO M Y€TBEPTYIO, 00€ C BECOM 4) U3 TaJbHEUIIero pac-
CMOTPEHHMS. 3aTeM aJITOPUTM 3aCTPEBACT, BEIOUPAs TIEPBYIO BEPIIHHY, H BBIBOIHUT
HE3aBHCHMOEC MHOXECTBO C OOILIMM BECOM O, YTO HE SIBISECTCS ONTHMAJIbHBIM,
TaK KaKk BTOpas U YETBEpPTasl BEPIINHBI COCTABISIIOT HE3aBUCHMOE MHOKECTBO
¢ 00IIIMM BECOM 8.

16.2. JIuHeiiHO-BPEMEHHON anropuTm
ANS B3BELWeHHOro He3aBMCUMOro
MHOXeCTBa Ha NyTaX

16.2.1. OnTumanbHas NOACTPYKTYypa
N PEeKYPPEHTHOE COOTHOLIEeHUue

UTtoOB! OBICTPO PEMIUTH 33724y O B3BEIICHHOM HE3aBHCUMOM MHOXECTBE Ha
MyTeBBIX rpadax, mopasMbIIIsieM 00 HIeaTbHOM pelleHud. Kak oHO JOJKHO
BeIIIsiAETh? [1og00HOE penieHne JOKHO ObITh TOCTPOCHO MPEANTUCAHHBIM CIIO-
co0OM M3 ONTHUMAIIBHBIX PEIICHUH MEHBIINX T10/33/1a4, CyXasl MoJie KaHUAaTOB
JIO TIPUEMJIEMOTO YKcial,

[ycts G = (V, E) ob6o3HauaeT n-BepIIMHHBIN TyTeBo# rpad ¢ pedbpamu (v,, v,),
(Vo V3)s ees (V, 5, v, 1), (v}, V) M HEOTPHLIATEIBHBIN BEC W, I Ka>KI0il BEPIIMHBI
v, € V. [Ipeanonoxum, 4ro 7 > 2; B IPOTUBHOM CIIy4ae OTBET SABJISETCS OYEBU]I-
HBIM. [Ipeamnonoxum, 9To MBI 3HAJIN HE3aBUCHMOE MHOJKECTBO C MAKCUMAaJIbHBIM
BecoM (MWIS) S C V' ¢ cymmapusiM Becom V. UTo MoxkHO cka3ath 00 3TomM? Bot
TaBTOJIOTHS: S TNOO COAEPKUT KOHESUHYIO BEPIINHY V,, THOO0 HEeT. PaccMoTpnM atH
CIlydad B 00OpaTHOM IOPSIZIKE.

Cayyaii 1: v, ¢ S. IIpeanonoxum, oNTUMaIbHOMY PEHICHUIO S CIIyYUIIOCHh UC-
KIIIOUUTh v,. BosbMmeM (n — 1)-BepimnHHbIi nmyTeBoii rpad G, , u3 G, OTHIUIIHYB
HOCJIETHION0 BEPUINHY V, U TTocneqHee pedpo (v,_;, v,). Ilockonbky S He BKIro4aeT
MOCIEIHIOI0 BepmuHy rpada G, OHO COAEPKUT TOIBKO BepIIMHBI G, | 1 MOXET
paccMaTpuBaThCsl KaK HE3aBUCUMOE MHOXeCTBO G, | (IO-NpeKHEMY € cyMMap-
HBIM BECOM J¥) — U He TONBKO JII000€e cTapoe He3aBUCHMOE MHOXKeECTBO G,_,, HO

' PasMbIILIATE CJICAYCT HE HaZl BBIYUCIIACMbIM 00BEKTOM <(BOO6H.I€>>, a Hal ITy TAMM ITOUCKa

3(hPEKTUBHOTO AJITOPUTMA BBIYHCIICHUH.
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1 MHOXKECTBO C MAKCUMATbHBIM 8ecom. V160 eciit ObI S* OBLTO He3aBUCHMBIM MHO-
xecTBOM G,_; ¢ CyMMapHbIM BecoM W* > W, To S* Taxke cocTapisiio Obl He3aBH-
CHMOE MHOXXECTBO CyMMapHOTO Beca W* B 6osnbieM rpade G. DT0 IPOTUBOPEUUT
TIpernoaaraeMoi ONTUMaIbHOCTH S. J[[pyruMu ciioBaMu, HE3aBUCMMOE MHOYKECTBO
¢ MakcHMaJbHBIM BecoM (MWIS), ncxirouaroiiee mocieHIO BepIINHY, UMeeT
Buag MWIS mensiero rpaga G, ;.

Cayuaii 2: v, € S. [Ipeanonoxum, S BKIIIOYAET MOCJIEAHIO BeplHy v, . Kak He-
3aBUCHMOC MHOKECTBO, S HE MOXKET BKJIIOUATh ABE MOAPSIT BEPIIMHBI U3 ITyTH, T10-
9TOMY OHO HUCKIIIOUAET NMPEANOCIEHION BEPIINHY: v, | € S. Bo3bMeM (1 — 2)-Bep-
IIUHHBIHA myTeBol rpad G,_, u3 G, OTOPOCHUB TOCIIEAHKE JBE BEPILHHBI U pedpa':

WckntodeHo ns S BkrtoyeHo B S
1 4 5 4
L J
1
GmZ
Iockonbky S comepxut v,, a G, , HET, MbI HE MOXKEM PacCMaTpUBATh S KAK HE3aBU-

cuMoe MHOxeCTBO G, ,. [Tocne ynanenus nocnenHer BepnHbI 13 S, Mbl IOTY4UM,
910 S — {V,} HE CONEP)KUT HU V,_,, HU V, U, CIISOBATEIILHO, MOKET PACCMaTPHUBATHCS
KaK He3aBUCHMOE MHOXECTBO MeHblero rpada G, , (C cyMMapHbIM BecoM W —w ).
Kpome Toro, S — {v,} momxHO OBITH HE3aBUCHMBIM MHOKECTBOM C MaKCHMaJlb-
ueIM Becom (MWIS) G, ,. [Ipennonoxnm, S* ObII0 HE3aBUCHMBIM MHOXKECTBOM
G, , ¢ cyMMapHBIM BecoM W* > W —w . [lockonbky G, , (4, cIeq0BaTeNbHO, S*)

WCKITFOYaeT MPEANOCIICIHIO BEPIIMHY Vv, _,, OeclieuHoe 100aBlIeHUE TIOCICTHEH

n—=1°
BEpIIMHEI V, B S* HEe CO3AaCT HUKAKNX KOH(IMKTOB, M moaToMy S* U {v } Oyner
HE3aBUCHMBIM MHOXKeECTBOM Ipada G ¢ cyMMapHbIM BecoM W* +w > (W —w,) +

w, = W. DTO IpOTUBOPEUUT NPEANOIATAEMON ONTUMAIBHOCTH S.

prFI/IMI/I CJIOBaMH, €CJIN HE3aBUCHUMOE€ MHOXCCTBO C MAaKCHUMAJIbBHBIM B€COM
(MWIS) BKIIFOYAET MOCIEIHIO BEPIINHY, TO OHO uMeeT B MWIS MeHbIero

' Ecmu n =2, 10 G, UHTEepnpeTupyeTcs Kak mycroii rpad (6e3 Bepumu u pedep). Ennn-

CTBEHHBIH He3aBHCHMBIH Habop G, — 3TO MycToi Habop, oOILIMil BeC KOTOPOTO paBeH
HYJTIO.
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rpada G,_,, JOMOIHEHHOTO KOHEYHO! BepIIMHON v,. BbIBox: 1Ba M TONBKO 1Ba
KaHJHUJaTa COMEPHUYAIOT 32 TO, YTOOBI OBITh MHOXKECTBOM C MaKCHMAaJbHBIM
Becom (MWIS).

JlemMma 16.1 (onTuManbHAasi MOACTPYKTYPA B3BEIIEHHOT0 HE3aBUCHUMOT'0 MHO-
skecTBa). [lycmo S pagno He3a8UCUMOMY MHOJNCECMBY ¢ MAKCUMALLHBIM 8€COM
(MWIS) nymesoeo epagpa G ¢ ne menee yem 2 eepuwunamu. [lycmo G, 0b6o3nauaem
nooepag epaga G, cooepacawuil eco nepsvie i sepuiun u i — 1 pebep. Toeoa S
saensemcst aubo:

() HEe3aBUCHMBIM MHOKECTBOM C MaKCUMalIbHBIM BecoM (MWIS) G

n—1°
1160

(i) He3aBUCHMBIM MHOXECTBOM C MakcuMaibHbIM BecomM (MWIS) G, ,, no-
TIOJTHEHHBIM KOHEYHOI! BepInnHoi v, rpada G.

Jlemma 16.1 BeIZEIISICT TOJIBKO JIB€ BOBMOXKHOCTH JJIs1 HE3aBUCUMOT'O MHOKECTBA
C MaKCHMMaJIbHBIM BECOM, TI0O3TOMY JIFO0O0# BapHaHT ¢ OOJIBIINM CYMMapHBIM BECOM
SIBIIICTCS] ONTUMAIBHBIM penieHreM. OTcrona — peKkypcuBHas Ghopmyina (pekyp-
PEHTHOE COOTHOIICHUE) [T CYMMapHOTO BECa HE3aBUCUMOTO MHOKECTBA C MaK-
cumanbHbIM BecoM (MWIS):

CaencrBue 16.2 (peKyppeHTHOE COOTHOILIEHHE B3BEeIIeHHOI0 He3aBHCHMOI0
MHO:kecTBa). C donyuenuamu u obosnavenuem temmsl 16.1 nycme W, obosnaua-
em CYMMAPHDBIIL 8eC He3A8UCUMO20 MHONCECMBA ¢ MAKCUMATbHbiM secom (MWIS)
epagpa G.. Ilpu i = 0 unmepnpemupyem W, kax 0. Toeoa

W, =max {W, W, ,+w,}.
—
Cayuaii 1 Cayuaii 2

B Gonee obmiem ciryvae aist kaxaoro i =2, 3, .., n

W, :maX{W:-le:-z +Wi}'
Bosee obmiee yrBepklieHHe B CICACTBUM 16.2 (popMynHupyeTcs myTeM BBI30Ba
MEPBOTO YTBEPKACHUS ATl Kaxao0ro i = 2, 3, ..., n, rae G, urpaeT posib BXOJHOTO
rpada G.
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16.2.2. HanBHbIN PEKYPCUBHbIV NOAXOA,

[Ipumenenue nemmsl 16.1 03BOIIAET CY3UTH 00JACTh TOUCKA JI0 IBYX KaHUJIaTOB
Ha ONTHUMAaJbHOE pPEelIeHHe. DTO MPUBOIUT K CIEAYIOLIEMY HUXKE TCEBIOKOAY,
B KoTopoM Tpadsl G, , u G,_, ONIPENeNAIOTCs, KaK U PaHbIIIe.

PEKYPCHUBHBII AJITOPUTM 51 B3BEIIEHHOT'O
HE3ABUCUMOI'O MHOXKECTBA

Bxon: nyreBoii rpad G ¢ MHOXKECTBOM BEPILIUH [V, V,, ..., V,} U He-
OTPULIATENIEHBIM BECOM W, JUISl Ka’KI0I BEPIIUHEL V,.

BbIxoa: He3aBUCHMOE MHOXKECTBO C MAaKCUMaJIbHBIM BECOM rpa(ba G.

1 if n = o then // 6a3soBbiii ciyyan #1
2 return mycToe MHOXECTBO

3 if n=1 then // 6a30Bbii cny4dain #2
4 return {v, }

// pekypcus npu n > 2
5 S, := pexypcusHo Bbruucaute MWIS rpaga G,
6 S, .= pexypcusHo Bbrarcint MWIS rpada G,

7 return S, wm S, U {v,}, B 3aBUCHMOCTH OT TOTO, YTO IMEET
OompInii Bec

[IpocToe n0Ka3aTenbCTBO MO MHIYKIIMH MMOKA3BIBACT, YTO AJITOPUTM TapaHTH-
POBaHHO BBIYKC/ISIET HE3aBUCHMOE MHOXKECTBO ¢ MakCHMaibHbIM BecoM'. Ho 3a
KaKoe Bpemsi?

YIPA’)KHEHHUE 16.3

UTo Takoe aCUMITOTHYECKOE BPEMs BBIIIOJIIHEHUS PEKYPCHUBHOIO
aJTOpUTMa OTBICKAHUS B3BEILICHHOTO HE3aBUCUMOI'O MHOXKECTBA KaK

! Jloka3aTesbCTBO METOIOM HHIAYKIIHHU IIPOBOANTCS 110 YMCITY BEPIIHH /1. Ba3oBbie cirydau
(n =0, 1) He BBI3BIBAIOT cOMHEHMH. [y MHAyKTHBHOTO 1mIara (n > 2) S, u S, rapanTu-
posanHo sBisitores MWIS G, u G, _, coorBercTBeHHo. Jlemma 16.1 nozxpasymeBaer,
yro mydmuM u3 S, u S, U {v,} asaserca MWIS u3 G.
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(byHKIMS yucna n BepiH? Beibepure camoe npuOIMKeHHOE TIpa-
BWJIbHOE yTBEPIK/CHHE:

a) O(n)

0) O(nlogn)

B) O(n)

I') HHUYEro M3 BBIIIEIIEPEUUCICHHOTO

(Pemenvie u nmosicHeHne cM. B pazneine 16.2.5.)

16.2.3. Pekypcus c Kawuem

VYnpaxuenue 16.3 1oka3bIBaeT, YTO PEKYPCUBHBIN aITOPUTM OTHICKAHHSI B3BEILICH-

HOT'0 HE3aBUCUMOI'0 MHOKECTBA HE JIYYIIC, YEM I/IC‘IepHLIBaIOH.II/Iﬁ IIOUCK. anam-

Henue 16.4 COACPIKUT KITKOY K paAKaJIbHOMY COKPAIICHUIO BPEMCHH BBITTOJTHCHUA.

YIPA’KHEHME 16.4

Kask bt u3 (9KCTIOHEHIIMAIBEHO MHOTHX ) PEKYPCHUBHBIX BBI30BOB PEKYP-
CHBHOTO JITOPHTMA OTHICKAHHS B3BEIICHHOTO HE3aBUCHMOTO MHOMKECTBA
OTBEYAET 32 BEIYHCIICHHIE HE3aBHCHMOTO MHOXKECTBA ¢ MAKCHMAJIbHBIM
BecoM (MWIS) 3apannoro BxogHoro rpaga. CKOIBKO pa3HbIX BXOIHBIX
rpa¢oB Korna-mudo paccMaTpHBAIOCh B IIPEeIaxX BCEX BBI30BOB?

a) O(1)!
0) ©(n)
B) O(n*)
r) 20

(Pemienue n nosicienue cMm. B pazaene 16.2.5.)

)4 ! YHpaxXKHCHUA 16.4 CJICAYECT, YTO 3KCIOHCHIIMAJIbHOC BPEMs pa60TI)I Hamero

PEKYPCUBHOI'O aJITOpUTMa OTBICKAHUSA B3BCIICHHOI'O0 HE3aBUCUMOI'0 MHOKECTBA

' O6o3HaueHne O-00bII0E AHATOTHYHO «MEHBIIIE WM PABHOY, 8 @-00JIbIII0e aHATIOTHYHO
«paBHO». DopmanibHO QyHKIMS f(1) paBHA O (g (7)), €CIIK CYNIECTBYIOT TAKHE KOHCTAH-
THI ¢, U C,, YTO f(n) OTHOCATCSI K ANWANa3oHy ¢, X g(n) u ¢,X g(n) AIst BCeX JOCTaTOUHO
OOJNBIINX 71.
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MIPOUCTEKAET MCKIIOYNTETBHO U3 ero abCypAHON H30BITOYHOCTH, MHOTOKPATHO
pelast OTHH | Te ke MoA3aaadu ¢ Hyisd. Ho mouemy Obl, pemast monzaiady Briep-
BbIE, HE COXPAHUTh PE3YIbTAT B Ka111e? Ecn MBI CTOIKHEMCS € TOM e mof3aiadeit
HO3KE, TO CMOXKEM OBICTPO HAWTH FOTOBOE pelleHue'.

IIpumMemars K2IIMPOBAaHUE B IICEBIOKO] CO c. 147 nerxo. Pe3ynbraTsl MPOILIBIX
BBIYMCIICHHUH XPaHATCSI B NIOOATBHO BUIMMOM MacCcuBe JUTUHBI (11 + 1) A, ipu 5TOM
A[i] xpanutr MWIS G, rae G, conep>kuT nepsble i BEpILUH U nepsble i — 1 pedep
MIepPBOHAYAIEHOTO BXOAHOTO Tpada (a G, sBisieTcst mycThIM Tpadom). B cTpoke 6
QJIITOPUTM CHayaJla IIPOBEPSIET, COAEPIKUT JIM MacCuB 4 yiKe COOTBETCTBYIOLIEE pe-
1IeHue S,; €CaM HET, TO OH BBIUUCISET S| PEKYPCUBHO, KaK U PaHbILE, U K3IIHPYET
pe3ynsraT B A. CX0XHUM 00pa3oM HOBast BEpCUsl CTPOKH 7 THOO IPOCMAaTpPHBAET,
00 PEeKypCHBHO BBIUUCIACT U KIIIUPYET S, 10 Mepe HEOOXOAUMOCTH.

Kaxxnast u3 n + 1 moazanau pemaeTcs ¢ HyJis TOJIbKO OMH pa3. Kamuposanue, ko-
HEYHO, YCKOPSIET aJTOPUTM, HO HACKONbKo? [1pu mpaBUiIbHON peanu3annuy BpeMst
BBINOJIHEHUS TAJIAET C 3KCIIOHEHIIUATIBHOTO JI0 JUHEelH020. DTO PE3KOE YCKOPEHHE
Jierde yBUICTb, NepedOopMyaHpOBaB HAIll HUCXOIIIINN PEKypPCUBHBIN aITOPUTM
KaK BOCXOMSIINA UTEPATUBHBINA, M MOCICIHUI OOBIYHO SBISIETCS KaK pa3 TeM,
KOTOPBIN BBl XOTUTE PEaM30BaTh Ha MPAKTHKE.

16.2.4. Bocxoasilwasa utepatusHas peanmsauus

Pa3o0paBimch, Kak BCTpauBaTh KIIMPOBAHKE B HAIL PEKYPCUBHbIH aIITOPUTM OThI-
CKaHUs B3BEIICHHOTO HE3aBUCHMOTO MHOYKECTBA, MBI BEISICHUIIH, YTO CYIIECTBYET
n + 1 peneBaHTHBIX MO3a/a4, COOTBETCTBYIOIIUX BCEM BO3MOXHBIM IMpeduKcam
BXOJIHOTO Tpada (yrnpaxkunenue 16.4).

B3BEHIEHHOE HE3ABUCUMOE MHO>XECTBO B IIYTEBbBIX
I'PA®AX: TTOJ3AJAUYN

Berauciute W, cymMMapHBIi BeC HE3aBUCMMOTO MHOKECTBA € MaK-
cuManbHBIM BecoM (MWIS) npedukcroro rpada G..

(s xaxporo i =0, 1, 2, ..., n).

! TexHUKY KeUIMPOBAHUI Pe3yJIbTaTa BEIYUCICHHH, TTO3BOJIIIOIIY0 N30eKaTh IIOBTOPOB,
MHOI/Ia Ha3bIBAIOT 3alIOMUHAHHEM.
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CocpeZIoTOYNMCST Ha BBIYMCICHHH CyMMapHOTO Beca HE3aBUCUMOTO MHOXKECTBA
¢ MakcuManbHbIM BecoM (MWIS) mst monzamaun. Pa3zgen 16.3 mokassiBaert, kak
BBISIBIISITH BEPIIUHBI HE3aBUCUMOTO MHOXKECTBA C MAKCUMAaJIbHBIM BecoM. Teneps,
KOTJIa MBI 3HAEM, KaKHe [T0J133/1a9H SIBJISIFOTCS BAKHBIMH, TIOYeMY ObI HE PEITUTh HX
OJIHY 3a Apyroi? PemieHue moa3aaayu 3aBUCUT OT PEIICHHUS ABYX MEHBIIUX MO~
3ana4d. UtoObl 00ecrednTh JOCTYMHOCTh TUX JIBYX PElICHUH, cleyeT HaYMHATb
C MPOCTHIX CIIyYaeB M 3aKAaHUYUBATh BCe 00Jiee KPYIMHBIMH MO/3aa9aMHU.

B3BEIIEHHOE HE3ABUCHUMOE MHOXECTBO (WIS)

Bxon: myresoii rpad G ¢ MHO)KECTBOM BEPUIUH {V,, V,, ..., V,} 1 HE-
OTPpULIATCIIBHBIM BECOM IJIsA Ka)KI[Oﬁ BCPIIUHBI V,.

BoIxon: cymMMapHBIil BeC HE3aBHCUMOTO MHOXKECTBA ¢ MAKCHMAJIb-
HBIM BecoM Tpada G.

A :=wmaccuB JuiHOU (n + 1) // pewenus noasagau

A[0]:=0 // 6asoBbii cnyyain #1
A[l] =w, // 6aszoBbin cnyvan #2
fori=2tondo

// Vcnonb30oBaTb pPeKyppeHTHOe COOTHOoWeHue
// w3 cneacTteua 16.2

Ali]: = max{A[i 1], Ali —2]+w,}
Cryuaii 1 Cryuaii 2
return 4 [n] // peweHne Hambonbweit nopsasayun

Maccus A amuHou (n + 1) uaaekcupyercs ot 0 10 7. K Tomy BpemeHu, Korna ure-
pauus IJIaBHOTO LUKJIA J0JKHA BBIYMCIUTD pelieHue noa3anadu A [i], 3HaueHus
Ali — 1] m A[i — 2] 1ByX COOTBETCTBYIOIIMX MEHBLINX [10J3a/a4 y’Ke ObUIN BbI-
YHCIICHBI B IPEABIAYINNX UTCPALMSIX (MM B 0a30BBIX CIydasx). TakuM oOpas3om,
Kakmas urepanus nukina 3aanMaet O (1) BpeMeHH, HaBasi HEBEPOSTHO OBICTpOE
BpeMs BeinonHeHust O (n).

Hanpumep, mi1st Bxogaoro rpada

O—O—0—0—0—0
6
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BBbI JOJIKHBI y6C,Z[I/ITI>CH CaMH, YTO KOHCYHBIMH 3HAYCHUAMH MAaCCHBA SABJIAIOTCA:

[OnuHa i-ro npecukca

0 1 2 3 4 5 6

[To 3aBepuieHun anropur™a WIS Kaxablil aieMeHT MaccuBa A [i] XpaHUT cymMMap-
HBII Bec HE3aBHCHMOTO MHOXKECTBA ¢ MakCHMalbHBIM BecoM (MWIS) rpada G,
KOTOPBIH COIEP KUT MEPBEIC i BeplnH 1 [ — 1 pebep BxoaHoro rpada. ITo crienyer
13 MHIYKLIMOHHOI'O apryMeHTa, aHaJIOTHYHOTO IIPUBEIEHHOMY B CHOCKE Ha ¢. 147.
bazossie ciryuan 4 [0] u A[1] siBHO BepHbI. [1pu BeravrciaeHuu A4 [i] ¢ i > 2 0 UHIYK-
uun 3HaueHus A[i — 1] u A[i — 2] AeliCTBUTENBHO SIBISIIOTCS CyMMapHBIMU BeCaMH
HE3aBHCUMBIX MHOXKECTB C MaKCHMaJIbHBIM BecoM (MWIS) cooTBeTcTBeHHO TpadoB
G, u G,_,. VI3 cnencrus 16.2 BbITEKAET, UTO A [i] TakikKe BBIUMCIIAETCS TPABUIIBHO.
B npuBeneHHoM BbliLe pumepe cymmapHslid Bec MWIS B mepBoHauaibHOM BXOITHOM
rpade sIBISeTCs 3HaYCHHEM B KOHEUHOM IeMeHTe MaccuBa (14), COOTBETCTBYIOIINM
HE3aBUCHUMOMY MHOXECTBY, COCTOSALIEMY U3 IIEPBOM, YETBEPTOH U 1IECTON BEPLIMH.

Teopema 16.3 (cBoiicTBa anropuT™ma WIS). /[us kascooeo nymesozo epagha u neom-
PUYAMENbHBIX BEPULUHHBIX 8ECO8 ANeOpUmMM WIS GbINONHAEMCs 34 TUHEUHOEe 8DeMs]
U 8036paLAC CYMMAPHBILL 8EC HE3ABUCUMO20 MHONHCECTNBA C MAKCUMATLHBIM BECOM.

16.2.5. PewweHusa ynpaxHeHun 16.3-16.4
Pewenune ynpaxHeHus 16.3

[paBuabuelii oTBeT: (r). BHemne madnon pekypcun noxox Ha O(n log n)-
BPEMEHHOM aJIropUTM «pa3ziessiil u BIacTByil», TakoM KaK COPTUPOBKA CIUSHUEM
MergeSort ¢ IByMsl PEKYPCUBHBIMU BbI30BaMH, 33 KOTOPBIMH CIIELYET IPOCTOM H1ar
coBMmeneHus. Ho ecTb Oonblias pasHuLa: alrOpUTM MergeSort BEIOPACHIBACT I10-
JIOBHHY BXOJIOB IT€pe]l PEeKypCHeH, B TO BpEMsI KaK Halll pEKYPCHUBHBIN aITOPUTM WIS
BBIOpACHIBACT TOJIBKO OHY MM IBE BEPIIMHBI (BO3MOXKHO, M3 THICSY T MIJLIHO-
HOB). O0a anropuT™Ma UMEIOT AePEBbsI PEKYPCHH ¢ KOIPUIIMEHTOM BETBICHUS 2'.

! Kax/plii peKypCHUBHBII aJrOPUTM MOXKET OBITh CBSI3aH C JCPEBOM PEKYPCHUH, Y3IIbI KOTO-
POTo COOTBETCTBYIOT PEKYPCHBHBIM BbI30BaM ajiroputMma. KopeHs iepeBa cooTBETCTBYET
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IlepBsrit mmeet mpuMepHO log, 7 YpOBHEH H, ClIeIOBATENIBHO, TONBKO JINHEHHOE
9HCIT0 TUCTHEB. [locienHmil He IMeeT TIMCTHEB BILUIOTH 10 YPOBHEH /2 1 TO3KE, UTO
03HAYaeT, YTO OH UMEET IO KpaiiHeit Mepe 2" micTheB. MBI 3aKITI0IaeM, YTO BPEMsI
BBIINIOJIHEHUS PEKYPCUBHOI'O aJIFOPUTMa PacTeT 3KCIIOHEHIIMAJILHO BMECTE C 7.

PeweHue ynpaxxHeHus 16.4

I[paBuibHbIi oTBeT: (0). Kak m3MeHseTcs BXoAHOH rpad npu nepexose K pexyp-
CHBHOMY BBI30BY? OmHa m100 /BE BEPUIMHBI U peOpa OTIIUITBIBAIOTCS OT KOHIIA
rpada. Takum 00pa3oM, HHBAPHAHT 10 BCEH PEKYpPCHUHU 3aKII0YAeTCs B TOM, YTO
Ka)KZI0OMY PEKypPCUBHOMY BBI30BY JTa€TCsl HEKOTOPBIN npegurc G, B Ka4eCTBE €ro
BxomHOTO Tpada, rie G, 0003Ha4aeT mepBble [ BepIInH U [ — 1 pebep mepBoHa-
4abHOro BXoAHOTO rpada (a G, 0003HauaeT mycToii rpad):

G

1

O
©
©.
4

—

CymectByet Tonbko n + 1 Takux rpados (G,, G,, G,, ..., G,), TAe n — 3TO INUCIIO
BEpILIMH BO BXoaHOM rpade. [losTomy Tonbko 7 + 1 pa3HbIX OA33a4 UMEIOT pe-
[ICHHE Yepe3 SKCIIOHEHIMAIbHOE YHUCIIO PA3HBIX PEKYPCUBHBIX BBI30BOB.

16.3. AAropmTtmMm peKoOHCTPYKLUN

AJroputm WIS B pazaene 16.2.4 BbIUMCIAET TOJBKO 6ec, KOTOPhIM 00JaaeT He-
3aBHCHMOE MHOXXECTBO ¢ MakcUMalbHbIM BecoM (MWIS) myteBoro rpada, a He

HavaJIbHOMY BBI30BY alITOPUTMa (C UCXOIHBIM BBOAOM) C OJHUM JJOUYEPHUM IEMEHTOM Ha
CIIEAYIOIIEM YPOBHE JJIs KaXKJI0TO U3 PEeKyPCUBHBIX BbI30BOB. JINCTbs B HMKHEH yacTu
JiepeBa COOTBETCTBYIOT PEKYPCHBHBIM BBI30BaM, 3aIlyCKAIOIINM 0a30BBIi Cilydail, He
TEHEpUPYsI TPU ITOM JOTOJIHUTEIbHBIX PEKYPCUBHBIX BBI30BOB.
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camo MHOkecTBO MWIS. XUTpocTh COCTOUT B TOM, 4TOOBI MOAH(HUIIMPOBATH
ITOPUTM WIS Tak, YTOOBI KQXKIBIH 2IEMEHT MacCuBa A [i] XpaHUII © CyMMapHBIA
Bec MWIS i-if mon3agaun rpada G, u BepunHel MHOXecTBa MWIS rpada G,
KOTOPBIHA peain3yeT 3TO 3HAYCHHUE.

Bosee coBepieHHBIHI 01X0/, KOTOPBI 2KOHOMUT BPEMsI U IIPOCTPAHCTBO, 3aKJIIO-
YaeTcs B MCIIOIB30BAaHHUH IIIara MocToOpabOTKY ISl PEKOHCTPYKIIMH MHOKECTBA
MWIS u3 10poXKeK B Ipsi3H, OCTABIEHHbBIX aJITOPUTMOM WIS B €ro MaccHuBe Moj3a-
Jad 4. JIns Havasa, Kak y3HaTh, IPUHAAJIEKUT JIU IIOCJIEAHSS BEPILIMHA V, BXOJHOIO
rpada G MmHOXXecTBY MWIS? Kitrouom cHoBa siBisieTcst iemma 16.1, B KOTOpoit
FOBOPHTCSI, UTO 1B M TOJIBKO J1Ba KaH(M1aTa COIIEPHUYAIOT 3a MHOxkecTBa MWIS n3
G: muoxectBo MWIS rpada G, | u MHoxkecTBO MWIS rpada G, ,, TONOTHEHHOTO
BepiuHOH v,. KoTopslii n3 Hux? ToT, KOTOpHIi nMeeT Gosiee KPYIHBII CyMMapHBIH
Bec. Kak y3Harse, kakoil 3T0? IIpocTo B3MIsIHUTE HA MOJCKA3KU, OCTABICHHBIC
B MaccuBe A! Koneunsle 3nauenust A[n — 1] u A [n — 2] xpaHat cymmapHble Beca
mHOokectB MWIS coorBerctBenno rpados G, , u G, ,. [ToaTomy:

1. Ecniu A[n — 1] > A[n — 2] + w,, To MHOXXecTBO MWIS rpada G,_, Taxxe
sBisiercst MHO)kecTBoM MWIS rpada G,

2. Eciu A[n — 2] + w, > A[n — 1], To nononnenue muoxecrsa MWIS rpa-
¢a G,_, BepmmHoOii v, naeT MHOkecTBO MWIS rpada G,

B mepBom ciaydae MBI 3HAaEM, YTO HY)KHO MCKIIIOUUTH V, U3 HAILETO PCIICHHUS,
1 MOXKEM TIPOJIOJIDKHTH MPOIecC PEeKOHCTPYKIUH U3 v, . Bo BropoM ciryuae Mer
3HAEM, YTO HYKHO BKJIIOUHUTb V, B Hallle PELICHHUE, YTO 3aCTaBIIsIET HAC UCKIIIOUUTD
v, ;. 3aTeM IpoLecc PEKOHCTPYKLUK BO30OHOBIACTCS C V), ,.!

WIS_RECONSTRUCTION

Bxon: MaccuB A4, BBIYMCIEHHBIM aJIrOPUTMOM WIS AJisl IIyTEBOTO
rpada G ¢ MHOXKECTBOM BEPIIUH {V,, V,, ..., V, }, © HEOTPHULIATEIbHBII
BEC W, JUIsl KayK10i BEPUIMHBI V,.

BbIxoa: He3aBHCHMOE MHOKECTBO C MAKCHMaJIbHBIM BecoM rpada G.

' Tlpu namuunu cBsizu A [n — 2] + w, = A[n — 1] 06a BapuaHTa NpUBOIT K ONTHMAIEHOMY

PpELICHHUIO.
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S=0 // BepuwuHbl B MHOXecTBe MWIS
i:=n
while i > 2 do

if A[i —1]1>A[i — 2] +w, then // Cnyuvait 1 nobexaaet

i=i—1 // MCKMOUUTL v,
else // Cny4dain 2 nobexpaeT
S=85U {v} // BKAWHATL V,
i=i—2 // VCKNR4UTL V,_|
if i =1 then // 6a3oBbit cnyyain #2
S:=8U {v}
return §

[TocTo6paboTka WIS_Reconstruction BBIMONHACT €AMHCTBCHHBINH O0OpaTHBIH
rpoxo 1o MaccuBy A u TpatuT Bpems O (1) Ha uTeparuio MUKia, Mo3TOMY OH
BbINONHsAETCS 3a Bpemst O (n). MHIYyKIIMOHHOE 10Ka3aTeIbCTBO MPAaBUIBHOCTU
BBITIOJTHAETCS] aHAJOTUYHO JTOKA3aTelIbCTBY IPABUIIBHOCTH ainroputMa WIS (te-
opema 16.3)".

Hanpumep, mi1st BxogaoTo Tpada

O—O0—"O0—"O0—"—C—"=0
3 2 1 6 4 5

PEKOHCTPYKLUS WIS_Reconstruction BKIIIOUaeT v, (BBIHYKAAs UCKIIOUUTH V)
U BKJIIOYAET V, (BBIHYKasl HCKIIFOUUTD V;), HCKIIOYAET V, U BKIIIOUAET V,:

! MoXHO ceToBaTh Ha HEOOXOMUMOCTH TepecueTa cpaBHeHnst Gopmbl A [i — 1] c A [i—2]+

+ w,, paHee BBIMOIHEHHOTO anropuTMoM WIS. Ecimm 3ToT anroput™ MoaubHIpoBaH
JULSL KOLIMPOBAHHS PE3yIbTaTOB CPABHEHUS (UTO MO3BOJISAET 3alIOMHUTD, KaKOH Cirydai
MOBTOPEHMSI UCIIONIB30BAJICS [Tl 3aIIOTHEHUSI KKIOM 3alIMCH MacCHBa), TO MOTpeOyeTcst
HOYYHUTh PE3YABTATHl 3aHOBO — YK€ IIPH IIOMOIIH PEKOHCTPYHUPOBAHHOTO aIrOpUTMa
WIS. DT0 0COOEHHO BaXKHO ISl HOHMMAaHNUS HEKOTOPBIX HanOoIee CI0KHBIX 3a/1a4, pac-
cMaTpuBaeMbIX B raBax 17 u 18.
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[nwvHa i-ro npedukca

0 1 2 3 4 5 6
0 3 3 4 9 9 14
BrrtounTb v, VICKMiounTb v, BkniounTs V., BkntounTs v,
UckrioumnTs v, UckrioumnTs v,

16.4. MpuHUMNDbI AUHAMUYECKOro
nporpaMmmMmnpoBaHua

16.4.1. TpexwaroBbin peuenTt

Wrak, c moMoIpto anroputMa WIS Mbl TOJIBKO YTO pa3paboTaiy Hall MepBbIi an-
TOPUTM JHHAMHYCCKOTO IIporpaMMupoBaHust. O0mias napaanrmMa TMHAMHIECKOTO
MIPOrpaMMHUPOBAHUS MOXKET OBITh PE3IOMUPOBaHA TPEXIIAaroBeIM perentoM. [Toka
Y Hac €CTh TOJIKO OJIMH HaIJISHBINA IPUMED, ITO3TOMY BEPHEMCS K 3TOMY pa3ieiy
TIOCJIE TOTO, KAK 3aKOHYUM €I11¢ HECKOJIBKO TEMATHYECKUX MCCIIEAOBAHNN.

MMAPAIUTMA IUHAMMWYECKOI'O TIPOT'PAMMMWPOBAHUSA
1. OmpenenuTh OTHOCUTEIHFHO MAITYIO KOJUIEKITHIO T10/133/1a4.

2. Tloka3ark, KaK OBICTPO ¥ MPABWIBHO pPEIIaTh «0oIee KPyIHBIC)
MTOZ3a/1a9H C YIETOM PEIICHUH «D0Jiee MEITKUX).

3. Tloka3arh, Kak ObICTPO M TPABUIIBHO BBIBOAMTH OKOHYATEILHOE
pELICHNE U3 PELICHUI BCeX Moa3a1ay.

[Tocne BBITIONHEHUS! 3TUX TPEX IIarOB COOTBETCTBYIOIIUN JITOPUTM JTUHAMUYEC-
CKOTO TIPOTrPaMMHUPOBAHUS CPOPMUPYETCS B TAKOM MOCIICAOBATEIHLHOCTH: CHCTE-
MaTHYECKH PEIUTh BCE ITO331a41 OJIHY 32 JPYTroi, paboTas 0T «KHAWMEHBIIICH J10
«HaUOOJBIIICH», ¥ M3BIICYb OKOHYATEILHOE PEIICHHE U3 3TUX 1M0/(3a1a4. B peniennu
3aJ1a4U1 O B3BCILICHHOM HE3aBUCUMOM MHOKXCECTBE B I’Z—BepIHI/IHHLIX HyTeBLIX rpa(bax
MBI PEaTM30BaAIIN TIEPBBIH IM1aT, BRISIBUB KOJIEKIUIO U3 7 + | mog3amay. s i=0, 1,
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2, ..., n i-51 TOJ3a/1a4a 3aKJII0YAeTCsl B BEIYUCICHUN CyMMapHOTO Beca MHOKECTBA
MWIS rpada G, cocrosmero u3 nepBbIX { BepIIuH 1 i — 1 pebep BxoaHOTO rpada
(tne G, 06o3Hauaet myctoit rpad). CymecTByeT OueBUIHBII CIOCOO YIOPSAOUUTE
MO/I33a4 OT «HAMMEHBIIUX» JI0 «HauOoIbmuX», a uMenHo G, G,, G,, ..., G,.
Pexyppennus u3 cnencreus 16.2 sBisieTcs GpopMymoi, KoTopast peanu3yeT BTOpOoit
11ar, IOKa3bIBast, KAK BEIYUCIUTH pelIeHue i-i mox3anayuu 3a Bpems O (1) u3 pere-
Hu# (i — 2)-it u (i — 1)-i nog3amad. Tpetuii mar: BepHyTh pelieHne HanOOIbIIeH
03 1a4M, KOTOpasi COBIAAACT C IIEPBOHAYAIBHOM 3a/1auei.

16.4.2. XXenaembie cBOMCTBa noa3anav

Kittouom, KOTOpBIH OTKpPBIBAET MOTEHIHAN JUHAMUYECKOTO MPOrpaMMHUPOBAHUS
IUISL pElIeHNs 3a/1a4H, ABIAETCS BBIABICHHE MPaBUIBHON KOJUIEKIMH MO/3a1ad.
Kaxwe cBo#cTBa MBI XOTHM YyZIOBIIETBOPUTH? ICXOS M3 TOTO, YTO MBI BBITIOIHSEM,
10 KpaitHeil Mepe, MOCTOSTHHBIN 00beM PaboTHI, pellias KaXkIyto M0(3a1ady, YUCIO0
o3 1a4 SABISIETCS HIDKHEH IpaHUIel BPEMEHH BBITIOJIHEHHUSI HAIIIETO alTOPHTMA.
Taxum 006pa3oM, xenaTeIbHO, YTO0BI YHCIIO 10/13a,1a4 ObLTI0 MUHHMAJIEHBIM — HAIle
PpelIeHnE 33/1a49H1 O B3BEIICHHOM HE3aBUCUMOM MHOXECTBE (WIS) HCIOIb30BaJIO TOMb-
KO JIMHEIHOE 9MCII0 O/33/1a4, YTO OOBIYHO SBJIAETCS HAMTYqIINM clieHapueM. TouHo
TaK e BpeMs1, HeOOXOUMOe IS PEeIIeHNs o33 1a4H (C yUETOM PelIeHHH MEHBIIHIX
T0J13a/1a4) U JUIS BBIBE/ICHHSI OKOHYIATEIIBHOTO PEIICHMS, Oy/IET YUUTBIBATHCA B O0IIEM
BpeMeHH paboThl anroputMa. Hamprumep, IpeAronokum, 4To alrOpUTM PEIaeT He
6oitee f(n) pa3HbIX MOA3aa4 (pabOTAET CHCTEMATHUECKH OT «HAaMMEHBIIIEI» K «Hau-
OomblIIeiiy), NCTIOb3Ys He Oosiee g(7) BpeMEHH JUIS Kax10M, U BBITIOJIHSIET He Ooriee
h(n) mocToOpabOTKY JTst M3BIICYCHHSI KOHEYHOTO pelieHus! (TIe 7 0003HaJaeT pazmep
Bxona). Toraa Bpemst pabOTHI allrOpUTMa COCTABUT HE Ooriee

f(n) x g(n) + h(n) . (16.1)
—_— —_ —_
# noosaoauu 8pemst Ha noosaoayy nocmobpadomra

(¢ yuemom npeovioyupx pewenuir)

Tpu 1rara perenrta TpeOYIOT, YTOOBI COOTBETCTBEHHO f(7), g(n) u h(n) ObuIH
KaK MOXKHO MeHbIe. B 6a30BoMm anroputme WIS Oe3 3Tama moctodpadoTku WIS
Reconstruction mbl umeeM f(n) = O(n), g(n) = O(1) u h(n) = O(1), B oOmiei
CIIOKHOCTH TI0NTy4ast Bpemst BeimorHeHus O (7). Eciiu MBI BKITIOUMM IIar peKoH-
CTPYKIMH, TO WieH /4 (n) moanpsiruBaet 10 O (1), HO COBOKYIHOE BpeMsi pabOThI
O(n) x O(1) + O(n) = O(n) ocraeTcst TMHSHHBIM.



16.4. MpUHUMMbI AMHAMUYECKOTO NPOrpaMMUPOBaHMS 157

16.4.3. NMNoBTOpPSEMbIN MbIC/IUTEJIbHbIV NPOLLECC

I1pu pazpaboTke cOOCTBEHHBIX ATOPUTMOB JHHAMHUYECKOTO IPOTPAMMHPOBAHHS
CYTh JleNa 3aKJII0UaeTcs B BBIACHEHHM KOJUIEKIUH moa3anad. Ilocie storo Bee
OCTaJIbHOE CTAHOBUTCS Ha CBOM MecTa Kak OBl camo co0oit. Ho kak ux momydnTs?
Bynyun npodeccnoHanoM B AMHAMHYECKOM ITPOTPAaMMHUPOBAHNH, BbI, BEPOSITHO,
CMOIIH OBl MHTYUTUBHO HAIIlyTIaTh 3TH M10/[3a/[a4X. B HaIMX TeMaTH4eCKHUX HCClle-
JOBAHHUAX MbI HE 6yneM 6paT1> noasagavyu € MmoToJjika, a MIpoBEACM MBICJIATEIBHBIN
Iporece, pe3yasTaToM KOTOPOTO CTAaHeT MOHMMaHMe KOJUIEKINH TTo/3a1ad (Kak
B CIIydae ¢ 3aJa4eii 0 B3BEIICHHOM HE3aBUCUMOM MHOXeCTBE WIS). DTOT mporece
TIOBTOPAEM, U BbI MOXKETE CBIMUTUPOBATH €TI0, KOTJa IPUMEHACTE MapagurMy JruHa-
MHYECKOTO POrPaMMHPOBAHHS K 3a/1a9aM, BOSHHKAIOIIMM B BAaIlINX COOCTBEHHBIX
npoekTax. Heo6xoauMo paccykaaTh O CTPYKType ONTHMAIBHOTO PEIICHHUs], BbI-
SIBJISISL Pa3HBIE CITOCOOBI €r0 KOHCTPYHPOBAHHS U3 ONTHMANBHBIX peleHui Oomee
MEJIKHX 110/13a1a4. B pe3ynbraTe MOKHO BBISIBUTH M COOTBETCTBYIOIIME MO/13a/1a4H,
U PEeKyppeHLHUIO (aHAJOTHYHO CNIEACTBUIO 16.2), KOTOpask BBIpaKaeT pelIeHHe
nmoj3aja9u Kak (pyHKIMIO peleHnid MEHBIINX Moj3aa4. Torna anropuTM JuHa-
MHYECKOT'O ITPOTPaMMHPOBAHUS MOKET 3aI0JTHATh MACCHB PEIICHHSMH 1033124,
MPOJIBUTAsCh OT MEHBIIMX K OOJIBIINM MOA3aa49aM M HCTIONB3Ys PEKyPPEHIIUIO
JJISI BBIMMCIICHUS KaXXJ0T0 JICMCHTA MaCcCHUBa.

16.4.4. AvHaMunyeckoe nporpaMmmMmupoBaHue npoTme
«pa3pensan n BnacTteym»

Uurartenu, 3HAKOMbBIE C MAPAIUTMON MPOCKTUPOBAHUS AJTOPUTMOB «Pa3/IeIsi
u BrnactByi» (pazmen 13.1.1), MOTYT 3aMeTHUTh HEKOTOPBIE CXOJICTBA C TUHAMUYEC-
CKHM MPOrPaMMHUPOBAHUEM, B 0COOEHHOCTH € €T0 PEKYPCHUBHOH (DOPMYITHPOBKOM
«cBepxy BHU3» (paszmensl 16.2.2, 16.2.3). O0e mapalurMbl peKypCHBHO PEIIarOT
MaJtble TIO/I33aJaYH U KOMOHMHUPYIOT Pe3yJIbTaThl B PEIICHHUE IePBOHAYAIBLHOM 3a-
naun'. HazoBeM miecTsb pa3inuiuii MKy TUITHYHBIM UCIIOJIB30BAHIEM ITHX JIBYX
apajnurM:

! Tak, B anroput™e MergeSort KaKIblii peKYPCHBHBIN BBI30B JICIUT BXOJAHONH MACCHB Ha

JICBYO U [IPABYO YaCTH. AJITOPUTM OBICTPOiT COPTHPOBKHU BBI3BIBACT MOAIIPOrPAMMY pas-
JICNICHHSI JUTs1 BBIOOpA Crioco0a pasiesieHust BXOJHOTO MacCHBa, MOCIE Yero (PUKCUPYeT
9TO JICJICHUE B POLIECCE BBIMOIHCHHUS.
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1. Kakaplii peKypCHUBHBINA BBI30B THUIIMYHOIO ajrOPUTMa «pasjieiisaii U Biia-
CTBYI» NPHICP)KUBACTCS STUHCTBEHHOTO CIIOCO0a pasmeleHus BXolma Ha
Ooiree Menmkue moa3amadd. Kaaplli peKypCHUBHBIA BBI30B aITOPUTMa -
HAaMHUYECKOTO MMPOrpaMMHUPOBAHHUS OCTAaBIIIET CBOM BApUAHTHI OTKPBITHIMH,
paccMmarpurBasi HECKOJIbBKO CIIOCO0OB BBLISBIIEHUS MEHBIITNX noa3agad u BbI-
Oopa Hamtyuried u3 Hux'.

2. TlockonbKy Kask/Iblii peKYpCHBHBII BBI30B aIrOPUTMa AMHAMHYECKOTO IIPO-
rpaMMHUPOBAHUS MPOOYET HECKOIBKO BApPUAHTOB MEHBINNX IO/337a4, MOJ-
3a71a9i OOBIYHO MTOBTOPSIIOTCS B PA3INYHBIX PEKYPCHBHBIX BBI30BaX; KAIIH-
pOBaHME pelleHni o13a4a4 TOra CTAHOBUTCS «ONTUMU3aLUEN Ha BAXKIbI
IBa». B OOJBIIMHCTBE aNrOPUTMOB «pa3ziesisil U BIACTBYH» BCe IMoA3a1aqun
PAa3INYHbI M HET CMBICJIA KOLINPOBATh HX PEILCHHS .

3. BOJBHUIMHCTBO KAHOHWYECKHUX MPHUIOKCHUHN MMapagurMbl «pa3ieissid U Bia-
CTBYI» 3aMEHSIOT MPOCTOM MOJIMHOMHUAIBHO-BPEMEHHOHN alrOpUTM 3a/1auu
Gosee OBICTPOI Bepcueil «paszelnsiii U BIacTByi»’. Boicokoa(hdeKTHBHBIC
MIPUIIOKEHUST TUHAMUYECKOTO MPOTPAMMUPOBAHUS SIBIISIOTCS TIOJTMHOMHU-
aJbHO-BPEMEHHBIMH aJITOPUTMaMHU ONTHMH3AIMOHHBIX 33134, JIJISl KOTOPhIX
MPOCTBIC pelieHUs (HarpuMep, UCUEPIBIBAOIINN TTOUCK) TPEOYIOT IKCIO-
HEHIIMAJIHLHOTO BPEMEHHU.

4. B anroputMme «paszmeisii U BIACTBYM» MOA3aJa4d BEIOUPAIOTCS B MEPBYIO
odepens Ui ONTHMU3AIMHA BPEMEHH BBIOJIHEHHS; MPABIIIFHOCTh YacTO
3a0oTHTCs 0 cebe cama. B muHAMIYECKOM MPOrpaMMHUPOBAHUH TTO331a91
00OBIYHO BBIOMPAIOTCS C YYETOM MPABUIBLHOCTH, KAKUM Obl HU OBLIO BpeMs
BBITIOTHEH U .

K npumepy, B anroputme WIS Kax/Iblii peKypCUBHBII BBI30B BHIOUpPACT MEXKILy MO/1331aucii
C OJJHMM HAMMEHBIIUM KOJIMUYECTBOM BEpIIMH U MOA3agaueii ¢ JByMs HAaUMEHBLINMH
3HAUEHUSIMU KOJIMYECTBA BEPIIUH.

B wactHOCTH, B anropuTMax MergeSort u QuickSort Kakaas moa3agada COOTBETCTBYET
OTZIEJIFHOMY ITOIMAaCCHBY BXOAHOTO MacCHBa.

Tax, anropuT™ MergeSort IEPEeHOCHUT BPeMs BBIIIOIHEHHSI COPTUPOBKH MacCHBa JTIMHOM 71
¢ mpsimoii rpanutiet O (%) 10 O (n log n). MOXKHO yITOMSIHYTh Takske anroputv KapairyOsr
(yBenuuuBaronuii BpeMsi BBIIOJIHCHUsI YMHOKCHUI IBYX /1-3HA4YHBIX dncen ¢ O (n*) Ha
O (n'*%)) m aroput™ Il Tpaccena (i yMHOXKeHUs IBYX Matpuil # X n B O (n*8") ckopee,
gem O (n*) Bpems).

Hanpumep, anroput™ ObICTPOH COPTUPOBKH BCETIa MPABUILHO COPTHPYET BXOIHOM
MaccHB (HE3aBHCUMO OT TOTO, HACKOJIBKO XOPOIIN HITH IJIOXH BEIOPaHHBIE UM DJIEMEHTHI
CBOJIKH). XOPOIINM IPUMEPOM CIIEAYET CUMTATh U JUHAMUYECKUH alrOPUTM IPOrpaM-
MHUPOBaHUS (IPUMEHHUTENILHO K PEHICHUIO 3aJlauyl U3 pasaena 16.5).
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5. AJITOPHTM «paseisii ¥ BIACTBYi», KaK PABHUJIO, PEKYPCHBHO paboTaeT Ha
moz3anadax ¢ pazMepoM He Ooree MOCTOSHHOM nonu (Hampumep, 50 %) ot
BXoJa. J{lnHaMHYIeCcKoe POrpaMMHUPOBaHIE JIOSUTEHO K PEKYPCHUBHOM pado-
T€ Ha MoJ3ajJayax, KOTOpbIe €1Ba MEHbIIe BXoAa (Kak B airopurMe WIS),
€CJIN 3TO HEOOXOAUMO /ISl MPABMIIBHOCTH.

6. Iapagurmy «pasfensidi U BIACTBYH» MOXKHO pacCMaTpUBaTh KaK 4aCTHBIN
Clly4aid IMHAMHYECKOrO MPOTrPaMMHUPOBAHMS, B KOTOPOM KaXKIbIi peKyp-
CUBHBIH BBI30B BBIOMpAeT (PMKCUPOBAHHYIO KOJICKIMIO TO/3a/1a4 JJIs pe-
KypcuBHOTO pemieHus. Kak Oojee ciokHas mapajurma, JTUHAMAYECKOE
MIPOrpaMMHPOBAaHNE MPUMEHSETCs K Ooliee MUPOKOMY KPYTy 3ajad, dem
«pasJieNisail U BIACTBYI», HO OHO TaKXe 0oJjiee TEXHUUECKH TPeOOBaTEIbHO
B IpUMEHEHUH (10 KpaitHe# mepe, /10 TeX Mop MoKa y Bac He OyAeT JocTa-
TOYHOTO MPAKTHYECKOTO OIBITA).

Kakyto nmapagurmy cieayer npearnoyecTb, CTOIKHYBIIUCH C HOBOM 3a1aueii? Eciu
BBI BUINTE PEIICHHE «pa3esisiii 1 BIACTBYl», HEMPEMEHHO HCIOoNb3yiTe ero. Ecin
BCE BalllM MONBITKY «pa3lieisil U BIACTBY» OKa3bIBAIOTCS O€3yCIELIHBIMU —
U B 0COOCHHOCTH €CJIM OHH OKA3bIBAIOTCS O€3yCIEIHBIMH, HIOTOMY UTO ILIIar COBME-
IIEHUSI BCETa TpeOyeT MOBTOPHOTO BHIMTOIHEHUS OOJIBIIOr0 00beMa BBIYHCICHHIH
C HyJIsI, — TO MPHUIIDIO BpeMs MONMpoOOBaTh JHHAMHYECKOE IIPOTPaMMHUPOBAHIC.

16.4.5. Nouemy «auHamMmunyeckoe
nporpaMmmMupoBaHue»?

B mpoucxoxieHun TepMUHa « IMHAMUYECKOE IPOrpaMMHUPOBAHUE» MHOI'O HEsIC-
HBIX MOMEHTOB. OTell AMHAMUYECKOro nporpaMMmupoBanus Puuapa 9. bennman
OIIHCHIBAJ CBOIO paboTy B koprnoparmu RAND Tak:

1950-€ Tozp1 ObUTH HE TYHYIIMMHU JJIsl MaTeMaTHYeCKUX UcclienoBanuii. B Barmnr-
TOHE B TO BpeMs1 ObIT OUCHb HHTEPECHBIN JUKEHTIIEMEH 110 IMCHH YHIICOH — MH-
HUCTP 00OPOHBI, UCTIBITHIBABILIMIA ATOJIOTMUECKUI CTpax U HEHABUCTh K CIIOBY
«uccnenoBaHus». JIno YuicoHa HaIMBajIoCh KPOBbBIO, €CIIH JIFOIN UCTIONb30BAIIN
TEPMUH «HCCIICIOBAHNE» B €T0 MPUCYTCTBUH. MoxeTe cede TpecTaBuTh, KakK
OH OTHOCHIICS K TePMUHY «MaTeMaTnaeckuiiy. Kopmopamus RAND paborana Ha
BBC, u, o cytu, Yusncon 0bu1 ee 6occom. S 4yBCTBOBaJ, UTO JOJKEH CeNaTh
YTO-TO, YTOOBI CKPBITH OT YuiicoHa U BBC, uTo B IeHCTBUTEIEHOCTH 3aHUMAIOCh
MarteMmaTrkoi B kopnopanuu RAND. B niepByro odepens MEHs MHTEPECOBAJIO
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IUTAaHUPOBAHKE, IPUHATHE PEIICHUH, MpInuieHne. Ho mianupoBanue — 310 HE
BITOJTHE TIOIXOIISIIEE B IAHHOM CITydae ciioBo. [109ToMYy st penv ucrons30BaTh
CJIOBO «IIPOrpaMMHUpPOBaHuey... CoBO [«AnHAMUYECKHU» | 0OnagaeT O4eHb UH-
TEpPECHBIM CBOMCTBOM KakK IpHJIaraTeIbHOE, 8 MIMEHHO CJIOBO «INHAMHIYCCKUID
HEBO3MOYKHO YIIOTPEOHUTH B yHUUIDKHTEIBHOM cMBIcie. [lompoOytiTe mpraymars
Kakoe-HUOY/Ib COYETaHuE, KOTOPOE, BOSMOXKHO, TPUAACT €My YHUUMKUTEITbHBIH
CMBICI. DTO HEBO3MOXKHO. TakuM 00pa3oM, s IToayMall, 9To ANHAMIYECKOE TIPOo-
rpaMMHPOBAHUE OBLIO OBl XOPOIINM Ha3BaHHEM. DTO OBLIO TO, IPOTHB YEro HE
MOT BO3paxaTh Jaxe KOHrpeccMeH. [103ToMy 1 U HCIOIB30Ball €T0 B KaUueCTBE
30HTHKA JIIsl CBOCH JIeSITeIbHOCTH' .

16.5. 3apauya o paHue

Ham Bropoit mpumep kacaeTcst XOpoIIo U3BECTHOI 3adauu o panye. Crnenys noj-
XOJly, IPUMEHEHHOMY JUTS Pa3paO0TKH anropuTMa WIS B paszene 16.2, mpuxoaum
K U3BECTHOMY PEUICHUIO 3a1a4H JTHHAMHYECKOTO IIPOrPaMMHUPOBAHUSL.

16.5.1. OnpeneneHue 3agaum

DK3eMIULIp 33129 O paHIle 3a1aeTcsi 27 + 1 HeIbIMU OIOKUTEIbHBIMU YHCIIAMH,
7€ 77 — JTO YUCIIO KIIPEIMETOBY» (KOTOPBIE MOMEUCHBI IPOU3BOJIBHO OT 1 110 71):
3HAYCHHUE V, U pa3Mep s, KaXKIO0T0 IpenMeTa i M eMKocTh paHia C2. OTBETCTBEHHOCTb
QJITOPUTMA 3aKITIOYAETCSI B BBIOOPE MOIMHOXKECTBA MpeAMeToB. O0Ias CTONMOCTh
MPEIMETOB JIOJKHA OBITH KAK MOYKHO O0IIbIIIE, a MX 00muit 00beM — He Oosee C.

3AJJAYA: PAHEI]

Bxox: 3Ha4CHUA V|, V,, ..., V, IPEAMETOB, Pa3MEPHI S, S,, ..., S, IPEII-
METOB ¥ eMKOCTh paHa C. (Bce monokuTenbHbIe HEIbIe YHCIIa. )

' Puuapo 3. Bennman. « QMULEHTP yparaHa: aBrobuorpadus», World Scientic, 1984,
c. 159.

2 Ha caMoM Jfiesie HEBaXKHO, YTO 3HAYCHUSI IIEMEHTOB SIBILIFOTCS LICJBIMU YHUCIaMH (B OT-
JIMYUE OT MPOU3BONIBHBIX MTOJOKUTEIBHBIX JACHCTBUTENBHBIX YHcel). BaxkHO, KaKk MbI
BCKOpE yOeauMcest, 4TOOBI pa3Mephbl 3JIEMEHTOB OBbLITH IEJIBIMU YHCIIAMH.
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Bsixoa: mogmuaO)ecTBO S C {1, 2, ..., n} IPEIMETOB C MAKCUMAIILHO
BO3MOYKHOM CyMMOM X, _ v, 3HaU€HHH, TIPH YCIIOBUU YTO CyMMAapHBbIii
pa3mep X,_, s; He npesbimaet C.

YIPA’KHEHHUE 16.5

PaccMmoTpuM mpumep 3ajauu o paHue ¢ eMKocTho paHua C = 6
W YCTBIPbMSA 3JICMCHTAMM:

Mpeamet 3HauyeHue Pasmep
1 3 4
2 2 3
3 4 2
4 4 3

KakoBo cymmapHO€e 3HaYCHUE ONTUMAIBHOTO PEIICHHs?
a) 6

6) 7

B) 8

r) 10

(Pemenwue n nmosicieHue cM. B paznene 16.5.7.)

ITouck orBeTOB Ha Bonpockl BpoAe «Ha kakue ToBapbl U yCIyTd Bbl JOJDKHBI IOTpa-
TUTH CBOIO 3apIUIaTy, YTOOBI MOTYYUTHh MAKCUMAIIBHYIO 0TAauy ?» nin «C ydeTom
OTIEPaTHBHOTO OIOMKETa M MHO)KECTBA KaHIUIATOB Ha pabOTy C pa3iIM4HOMN Mpo-
U3BOJMTENILHOCTBIO U TPeOyeMoli 3apab0THOI MIIaTOM, KOTO BbI JOIXKHbI HAHATH?)
[I0Jpa3yMeBaeT PELIEHUE BCe TOU K€ 3a7a41 O PaHLIE.

16.5.2. OnTuManbHas NOACTPYKTYpPa U peKyppeHLUus

UT0oOBI MPUMEHUTH MAPAJUTMYy JMHAMHYECKOTO MPOTPAaMMHUPOBAHMS K 3ajjaue
0 paHIle, He0OXOMMO BBISIBUTH NIPABHIIBHYIO KOJUICKIHIO 1mo3anad. Kak u B ciy-
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yae ¢ 3ajla4eil 0 B3BEIICHHOM He3aBucuMoM MHOkectBe (WIS), ciienyer obpa-
TUTBCS K CTPYKTYPE ONTHMAIIBHBIX PEIICHUH U TIOMCKY Pa3IMIHBIX CIIOCOOOB X
MOCTPOEHUS M3 ONTUMAJLHBIX pelIeHui Oosee Menkux noazanad. Eme ogHum
MIPAaKTUIECKUM PE3YTETaTOM 3TOTO YIPAKHEHHS Oy/IeT peKyppEHIHS IS OBICTPOTO
BBIYUCIICHUS PEIICHUS TT0/13aa91 U3 BYX MCHBIINX MO/I3a/ad.

PaccmoTpuM mpuMep 3a7adu 0 paHIe CO 3HAYEHUAMH IIPEAMETOB V,, V,, ..., V,, Pa3-
MepaMu NPeMETOB S, S, ,..., S, 1 EMKOCTbIO paH1a C U OPeIIOoN0KNUM, YTO UMEETCA
onTUMalbHOE pemteHue S C {1, 2, ..., n} ¢ cyMMapHbIM 3HaueHueM V' =X, ¢ v, Kak
OHO JIOJDKHO BBIVIsAETH? Kak u B citydae ¢ 3aadeit 0 B3BEICHHOM HE3aBHCHMOM
MHOXKECTBE, Mbl HAUMHAEM C JIUJIEMMBIL: S JTNOO COMEPKUT MOCIEAHUHI MPEAMET
(mpenmer n), 1ubo Het'.

Cayuaii 1: n ¢ S. [TockoibKy ONTHUMaJIbHOE pPELICHHE S UCKIIIOYAET MOCIeTHHIA
MIPEIMET, €r0 MOYKHO PacCMaTpHUBATh KaK JIOMYCTHMOE pelieHue (TIo-TIpeKHEMY
C CyMMapHBIM 3Ha4eHHEM V U cCyMMapHBIM pasMepoM He 6oiee C) MeHBIIEH 3a-
Jla4M, COCTOALICH TOJIbKO U3 MEpBBIX 72 — 1 mpenmeToB (1 BMecTuMocTu paHia C).
Bornee Toro, S 10/KHO OBITH ONTHMAJIBHBIM PEIIEHUEM MEHBIIICH TO/13a/1auu: pe-
menne S* C {1, 2, ..., n— 1} ¢ cymmapHbIM pazmMepoM He Oosiee C M CyMMapHBIM
3HauCHHEM OOJIbIle } aHaJOrMYHO MMEPBOHAYAILHOMY BAPHAHTY PEIICHUS, YTO
MIPOTUBOPEYHT MPENOIAraeMoOi ONTHMAaIbHOCTH S.

Cayuaii 2: n € S. CnoxHee, KOT/Jla ONTUMAJIbHOE pellleHHe 3aeHCTBYET MOCIEAHUH
OpeAMET 7. DTOT Cciaydail MOXKET MIPOM30UTH ToJbKO IpH s, < C. MBI He MOKEM
paccMarpuBarh S Kak JIOIyCTUMOE PELICHHE MEHBIIIEH 3a]a4i TOJIBKO C IEPBBIMHU
n— 1 mpeaqmeramu (Takasi BO3MOKHOCTh BO3HUKAET MOCJIE YIaJICHUs SIIEeMEHTa 7).
Arnsercs i S — {n} oNTUMAaIbHBIM PEIICHHEM MEHBIICH T0A3a/1a41?

' 3amaga CB Ha rpadax myTei, 1o CyTH, SBISIETCS TOCIeI0BATEILHOM, MPUYEM BEPITHHBI

YIOPSIAOYCHBI BAOJb MyTH. JTO 110 MOHATHBIM IIPUYHHAM MPHBEIIO K H0/3a1a49aM, CO-
OTBETCTBYOIIUM MpehHKCaM BBOAA. DICMEHTHI B 331a4€ O PAHIIC HE YIOPSI0UCHBI 110
CBOCH CYTH, HO JJIs OTIPE/ICIICHUS IPAaBHIBHOTO Habopa Mo/3aa4 mojie3Ho MPHICPKHU-
BAThCs MOJX0/1, OIIMCAHHOTO PAaHEe, /1eJIasi BHI, YTO OHH yIOPSA0YCHBI TPOU3BOIBHBIM
o6pazom. «IIpeduKcy 3IEMEHTOB COOTBETCTBYET IIEPBBIM  IIEMEHTaM B IIPOU3BOJIBHOM
nopsiake (st Hekotoporo i € {0, 1,2, ..., n}). 3aMeTHM, YTO U MHOTHE JIPYTHE AITOPUTMBI
JMHAMHYECKOTO [IPOrPAMMHUPOBAHUS HCIIOIB3YOT 3TOT JKE IPHEM.
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YIIPA’KHEHME 16.6

Kakoe u3 criemyronux HIDKe YTBEP)KICHUH COOMonaeTes Uik MHO-
xkectBa S — {n}? BeiGepute Bce, 4TO MPUMEHUMO.

a) DTo pelieHue sSBISETCS ONTUMAIBHBIM JUIS TIOA3aa4qH, COCTOsI-
el 13 nepBbIX 7 — | MpeaMeToB U paHia BMecTUMOCThI0 C;

0) DTO perieHue SIBISETCS ONTUMAILHBIM JUIS MTOJ33]1a9H, COCTOS-
1ieil U3 nepBbIX 7 — 1 IpeAMEToB U paHLia BMECTUMOCTIO C — v, ;

B) DTO pelleHue SBISETCS ONTUMAIIBHBIM JUIS TTOJ[33]]a9H, COCTOS-
1ieil U3 nepBbIX 72 — 1 MPeAMETOB U paHIa BMECTUMOCTBIO C — S ;

F) PGHIGHI/IC, BO3MOXXHO, HE ABJIACTCA OOITYCTUMBIM, €CJIM BMCCTHU-
MOCTB paHla CoCTaBJIACT TOJIBKO Cc- S,

(Pemenwuie u nmosicieHue cM. B paznene 16.5.7.)

DTOT aHANMK3 CITyvasi IOKA3bIBAECT, UTO J[BA U TOJIBKO J[BA KAH/HJ1aTa CONIEPHUYAIOT
3a TO, 9TOOBI OBITH ONTHMAJILHBIM PEIICHUEM 3aJIa4H O paHIIe.

Jlemma 16.4 (onTuMaJibHasi HOACTPYKTYpa pauua). /lycme S pagno onmumains-
HOMY pewienuio 3a0aqu o panye ¢ n > 1 npeomemamu, 3HAUEHUAMU NPEOMENOB
Vis Vay ooy V,, PA3MEPAMU NPEOMEMOE S, S, ..., S, U emkocmoio pauya C. Toeda S
PasHo aubo:

(i) onmumanvHoMy peuienuto OJisi nepevix n — 1 npeomemos ¢ MecmumMoCcnoio
panya C, 1ubo

(ii) onmumanvHOMy pewienuro 0 nepevix n — 1 npedmemog ¢ 6Mecmumocmsio
panya C — S, 00NONHEHHOM) NOCIEOHUM NPEOMEmoM .

Pemrenne B (i) Bcerma sBIsCTCS BapHAHTOM ONTHMAIIFHOTO pemieHus. Perienue
B (ii) sIBIsETCA BAPUAHTOM TOTAA U TOJNBKO TOrAa, korga s, < C; B 3TOM ciydae
COUHMIBI MOLIHOCTH §, (paKTHUECKU PEe3ePBUPYIOTCS 3apaHee ULt IpeaMera n'.

! DT0 aHAJIOTMYHO CUTYAIINH, PACCMOTPEHHOM B pamKax pemienus 3anadn ICB Ha rpadax

MyTEH ¢ CKITFOYEHUEM TIPETIOCIICAHEH BepIInHBI rpada (4ToObI 3ape3epBUPOBATH MPO-
CTPAHCTBO JJIsl KOHCYHOW BEPIIUHBI).
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Bapuant ¢ 66JbIIHM CYMMapHBIM 3HAYCHUEM SIBJISIETCS ONITUMAITbHBIM PEIICHUEM,
MIPUBOISAIINM K CIESIYIOMEMY PEKYPPEHTHOMY COOTHOIICHHUIO.

Caenctsue 16.5 (pexyppenTHoe cooTHouIenune panua). C donyueHusamu u 000-
sHavenuamu remmol 16.4 nycmo V,  0bosnavaem makcumaibhoe cymmaproe snave-
Hue NOOMHONCECBA NEPBbIX [ NPEOMemos ¢ CYMMAPHLIM pazmepom He bonee c. [lpu
i = 0 unmepnpemupyime V,  kax 0. [na kaxcoozoi =1, 2,...,nuc=0,1,2,..,C

V.

i-1, ¢

€cIu §; > ¢
LS

Cyqait 1

max{V,_ .,V ., +v} ecms <c.

M
Coyyaii 1 Cryuaii 2

[Tockonbky u C, 1 pa3Mepbl IPEIMETOB SIBIISIOTCS LEIBIMU YUCIaMH, OCTaTOUHAs
€MKOCTb C — §; BO BTOPOM CJIy4ae TAKKE SBILICTCS LIEJIbIM YHCIOM.

16.5.3. Nop3apnaumn

CrieyromuyM aroMm sIBJISIeTCsl ONpeie/ICHUe KOJUISKIIMK PEIeBAaHTHBIX TOA3a1a4
U UX CHUCTEMaTHYECKOE PEIICHUE C UCIIOIb30BaHHEM PEKYPPEHTHOTO COOTHOIIIE-
HUS, YKa3aHHOTO B cieacTBuu 16.5. Ceifuac MbI COCPEOTOYMUMCS HAa BBIYUCIICHUN
CyMMapHOTr0 3HAYCHUS ONTUMAJILHOTO PEIICHUs JUIsl KaX 0¥ moj3amaadu. Kak
U B 33/1a4€ O B3BEIIIEHHOM HE3aBHCHMOM MHOYKECTBE Ha MyTEBBIX Ipadax, U3 ATOH
HHPOPMAITHH MBI CMOKEM PEKOHCTPYHPOBATH ITPEAMETHI B ONITUMAIBHOM PEIICHUH
MepBOHAYAIBHON 3a/1aun. B 3a/1ade 0 B3BENIEHHOM HE3aBUCMMOM MHOXKECTBE Ha
MyTeBBIX I'padax MCIONB30BAH TOJIHKO OJUH MapameTp i AJis UHACKCHPOBAHHS
moj13aj1a4, rye [ — JuInHa pedukca BXoaHoro rpada. [1Jis 3a1aqu o paHiie u3 JieM-
MblI 16.4 1 cnienctBust 16.5 BUAHO, UTO 1M10/133/1a4¥ JOJDKHBI OBITh ITaPaMETPH30BaHbBI
JIBYMSI MHJICKCAMU: JTTUHOH 7 Tipe(rKca MMEIOLIUXCS MTPEIMETOB U MMEIOIIEHCS
emrocteio C panma'. Bappupys B Anama3oHe BCeX COOTBETCTBYIOIINX 3HAUCHHI
JIBYX MapaMeTpoB, CHOPMYTUPYEM MOA3aTauH.

' B 3agaue WIS 11 rpadoB myTeil COOTBETCTBYIOIIAS [O[3a/1a4a MOKET PACCMATPUBATHCS
B Ka4eCTBE BTOPOCTEIICHHOM MIPU HAJIMYHK MEHBIICIO KOJIMYESCTBA BeplInH. B 3aqaue
C paHIIeM TaKHX IMOf3axad JBe (Ui CIydaeB ¢ MCHBIIMM YHCIOM IIPESAMETOB JHOO
C MEHBIIIUM CBOOOTHBIM OOBEMOM PAHIIA).
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PAHEL: IOJ3A TAYH

Breruncaurs Vic’ CYMMAapHO€ 3HAYCHUEC ONTUMAJIbHOI'O PCIICHUA 3a-

JAa4qn O paHIC ¢ ICPBbBIMU 1 DJIEMEHTAaMH 1 BMECTUMOCTEIO ¢ paHna.

(Mns xkaxporoi=0,1,2,...,nuc=0,1,2,..C)

Camas Oonbias noazanada (mpu i = n u ¢ = C) B TOYHOCTH COBIAAAET C MEPBO-
HavanbHOU 3ama4yeii. [lockonpKy Bce pasMepbl MpeaMeToB U eMKOCTh panma C
SIBIISIEOTCS TIOJIOKATEIBHBIME TEBIME YHCIAMHU U TIOCKOIBKY €MKOCTh BCEraa
YMEHBIIAeTCsl Ha pa3Mep HEKOTOPOro MpeaMeTa (pe3epBUpys IJisi HET0 MECTO),
€IMHCTBEHHBIMU OCTATOYHBIMH EMKOCTSIMH, KOTOPBIE MOTYT KOTa-TNO0 BO3HHK-
HYTb, SIBISIFOTCS 1iesbie uncia ot 0 go C'.

16.5.4. AaroputmMm AMHaMU4eCcKoro
nporpaMmMmupoBaHus

C y4yeToM 1o/3a/iaun U peKyppeHTHOTO COOTHOLICHUS COCTABUM aJrOPUTM JIMHA-
MUYECKOTO IIPOrpaMMUPOBAHUS AJIS 3a/1a41 O PAHLIE.

KNAPSACK

Bxon: 3HaueHus NpeIMETOB V|, V,, ..., V,, pA3MepPbI IPEIMETOB S, S,
..., S, 1 eMKOCTb paHa C (Bce MONOKHUTENbHBIE LIENbIC YUCIA).

BbIxoa: MakcMMalbHOE CyMMapHOE 3HAYEHHE IMOIMHOKECTBA
Sci{l,2,.,n},tneX _gs,<C.

// pewenus nopsagay (NPOMHAEKCUPOBaHb OT @)
A:=(n+1)x(C+ 1) nByMepHBIiA MaCCHB
// 6asosbii cnyyaii (i = 0)
for c=0to Cdo
A[0][c]=0

! Kaxaplif peKypCHBHBIN BBI30B yAAISCT MOCIEIHIN IEMEHT U II€70€ YHUCIIO €IUHHUIT

eMKOCTH. Bo3HMKaroImye BeaeACcTBIE 9TOTO MOA33a4l BKIIIOYAIOT B Ce0sl HEKOTOPBIH
npedUKC IEMEHTOB U HEKOTOPYIO LIETOUNCICHHYIO OCTaTOUHYIO EMKOCTb.
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// cucTemMaTU4ecKM pewnTb BCe noa3ajayu
fori=1tondo
forc=0to Cdo

// Vcnonb3oBaTb peKyppeHTHOe COOTHOWeHue
// w3 cneacTteusa 16.5

if 5,> c then
Alil[c] =A[i — 1][c]
else

Ali][c] :=

max {A4[i—1][c], Ali—1][c—s,]+V,}
e N —

Coyyait 1 Cotyuait 2

return A[n][C] // pewenue Haubonbwei noasagavu

MaccuB A Temneps SIBISETCS IBYMEPHBIM, OTpaXas ABa HHICKCA, i U ¢, HCIIONb3Y-
eMble JUIs TapaMeTpu3alnu noaszagad. K Tomy BpeMeHH, KOrjaa utepamus caBo-
€HHOTO IMKJa for JIOJKHA BBIYUCIWTD pelieHue nonzanadu A [i][c], 3Hauenus
Ali — 1][c] m A[i — 1][c — s,] ABYX peneBaHTHBIX MEHBIINX IOA3a/1a4 Y>Ke OblIn
BBIUMCIICHBI HA TIPEAbIIYIIEH HTepallui BHELTHETO UKIIA (WK B 0a30BOM cllyyae).
CrnenoBaresbHO, anroput™ TpatuT Bpems O (1) Ha peleHne KakIou U3 moa3aaad
(n+ 1)(C+ 1)=0(nC) c coBokymubM BpemeHeM Boimotaenus O (nC).!?

Haxkoner, xax u B clly4dae ¢ aJlfOpUTMOM WIS, MpaBHUILHOCTE aIropuT™Ma Knapsack
clenyeT 0 HHAYKIUY 110 KOJIMYSCTBY IIPEAMETOB, UCIIOJIb3YsI PEKYPPEHTHOE CO-
OTHOIIIEHHE U3 clIeACTBUA 16.5 11 000CHOBaHUS MHIYKIIMOHHOIO I11ara.

Teopema 16.6 (cBoiicTBa paHua). /g Kaxi 0020 dK3EMNIAPA 3a0auu O panye
aneopumm Knapsack 8osgpauaenm cymmapHoe 3Ha4eHue OnmuMaibHO20 Peuens
u evinoansiemcest 3a epems O (nC), 20e n — smo yucio npeomemos, a C — emxocms

panya.

' B Beipakennu (16.1) f(n) = O(nC), g (n)=O0(1) u h(n)=O(1).

2 Tloxkasarenb Bpemenu pabotsl O (nC) 0cOOEHHO BIIEUaTIsET PH MabIX 3HadeHusIx C,
Hanpumep, ecinu C = O (n) nnu (B ujease) euie MeHble. B cnenyromieii kuure (vacmeo 4
CEepHH) MBI OTHIIIEM ITPUYHHY, YKa3bIBAIOLIYFO HA M3BECTHYIO CIIOKHOCTD 33/1a49H C PaH-
eM.



16.5. 3amayva o paHue 167

16.5.5. NMpumep

BcnoMuuTe ipuMep ¢ 4eThIphMs TIpeiMeTaMu U3 ynpaxkuenus 16.5, roe C = 6:

Mpeamet 3HaveHue Paamep
1 3 4
2 2 3
3 4 2
4 4 3

[Tockonbky n =4 u C = 6, maccuB A B anropuTMe Knapsack MOXXHO TIPEJICTABUTH
B BUJIC TAOIUIIBI C MSITHIO cTONOIaMu (coorBeTcTBytonmMu i =0, 1, ..., 4) 1 cembio
cTpokamu (cooTBeTcTBYOommMMHE ¢ =0, 1, ..., 6). KoHeYHBIMI 3HAYCHUSMU MACCHBA
OyayT:

6l o | 3 | 3 | 7 | s
5( o | 3 | 3 | 6 | 8
(&)
2 4 o | 3 | 3 | 4 | 4
[&]
g
=
(0]
s 3[ o | o | 2 | 4 | 4
)
T
(o]
=
(0]
5 2 o | o | o | 4 | 4
o
11 0o | o | o | o | o
ol o | o | o | o | o
o 1 2 3 4

MNpedukcHas gnuHa i

AnTopuTM Knapsack BBIYUCIISIET 3TH 3JIEMEHTBI CTOJIOEIL 3a CTOJIOIOM (paboTaeT
CJIeBa HANPABO) U BHYTPH CTOJOIA CHU3Y BBepX. UTOOBI 3aMIOIHUTH IEMEHT
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i-TO CTONOIA, aJTOPUTM CPaBHHUBAET IEMEHT Cpa3y clieBa (COOTBETCTBYIOMINI
cirydaro 1) ¢ v, IUTIOC 2JIEMEHT OAMH CTOJIOEIl ClIeBa | §, CTPOK BHU3 (Cirydaii 2).
Hampumep, ns A[2][5] nanbonee onTUMalbHO MPOMYCTUTh BTOPOU MpeaMeT
W HacjenoBarb «3» cpasy ciieBa, Torna kak s A[3][5] Hanbonee onTUMAaIBLHO
BKJIIOUEHHE TPEThEro MpeAMeTa U AOCTUXKeHUe 4 (A v,) MIc 2 B 3IEMEH-
Te A[2][3].

16.5.6. PekoHCTpYyKUUSA

Anroput™ Knapsack BBYHCISET TOJIBKO CYMMAapHOE 3HAUYCHHE ONTHMAILHOTO
peleHus, a He caMo ONTUMaJbHOE penieHue. Kak u B ciydae ¢ alropuTMoM WIS,
BO3MOXHO PEKOHCTPYHUPOBATh ONITUMAIIEHOE PELICHUE, TPOCIIESTUB 3al0THEHHBII
MaccuB 4. HaunHas ¢ camoli 0010 1mo3aaqu B IpaBoOM BEPXHEM YTITY, aJIro-
PHUTM PEKOHCTPYKIIMHU MPOBEPSIET, KAKOH CITydail peKyppEHTHOTO OTHOIICHHS OBLIT
ucnob30BaH 115 Beruucienus A [n][C]. Ecnu oo cityyaii 1, To anroputm ormyckaeT
MIPEIMET 7 ¥ BO3OOHOBIISIET PEKOHCTPYKIHIO ¢ dnemeHTa A [n — 1][C]. Ecim 310
Clydail 2, TO aJlTOPUTM BKIJIIOYACT IPEIMET /1 B CBOE PEIICHHE M BO30OHOBIISIET
peKoHcTpyKIuto ¢ anementa 4 [n — 1][C —s,].

KNAPSACK_RECONSTRUCTION

Bxona: maccuB A4, BBIUYMCIICHHBIN aJITOPUTMOM Knapsack, co 3Haue-
HUSMU IIPEAMETOB V|, V,, ..., V,, PA3MEPAMHU NIPEAMETOB S, S, ..., §
" eMKOCThIO panmna C.

n

BleO}II ONTUMAJIBHOC PEIICHUE 3aJa91 O PaHIIC.

S = // npegmeTbl B ONTWUMaNbHOM pelleHWUn
c:

Il
a s

// ocTaTo4yHaa eMKOCTb
for i = n downto 1 do

if s, <cand A[i—1][c—s,]+Vv,>A[i — 1][c] then
S:=SU {i} // cnyyaii 2 nobexpaeT, BKIWYUTL i
ci=c—s, // pe3epBupoBaTb A/JA HEro mMecTo

// B MpPOTUBHOM cay4ae MponycTUTb i, eMKOCTb ocTaeTcA
// npexHei

return S
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[IIar mocToOpaboTku Knapsack_Reconstruction BeimonHsieTcs 3a BpeMs O ()
(c O(1)-ii paboToii B pacueTe Ha UTEPALMIO [JIABHOTO LIMKJIA), YTO HAMHOI'O OblI-
ctpee, ueM Bpemsa O (nC), UCHoIb3yeMoe I 3all0JTHEHUS MAaCcCHBA B allTOPUTME

Knapsack!.

Hanpuwmep, oOparHas TpaccCupoBKa MaccuBa U3 IpuMmepa Ha ¢. 168 gaer ontu-

MaJbHOE perreHue {3, 4}:

WekntounTs Vckniounts Bkniounts  BrnounTs

6] o 3 3 7 8
5[ o 3 3 6 !| 8
o :
g 41 0 3 3 4 4
o \V4
4
S
(0]
= 3[ o 0 2 4 4
I
T
o ’
= .
@ .
g 2l o .0 .0 4 4
l' : S
11 0 0 0 0 0
ol o 0 0 0 0
0 1 2 3 4

MpedukcHasa anvHa i

16.5.7. PewweHnus ynpaxxHeumn 16.5-16.6
Pewenune ynpaxHeHus 16.5

I[paBunbHblii oTBeT: (B). Tak Kak eMKOCTb paHIa paBHa 6, HET MecTa JJisl BbI-
6opa Oozee uem AByX npeameroB. Camast IICHHAS Mapa MPeIMETOB — ATO TPETHH

' B Beipakern (16.1) mocneayromiast 06paboTKa C TOMOIIIBIO AITOPUTMA PEKOHCTPYKITHH
paHua yBenuuuaet 3HadeHue i (n) no O(n). Odmee Bpemst padotsl O (nC) x O(1) +
+ O(n) = O(nC) pu 5TOM OCTACTCS HEU3MEHHBIM.
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Y YETBEPTHIH (C CyMMapHBIM 3HaUC€HUEM &), IPUYEM OHU TIOMEIIAOTCS B PaHIIe
(c cymmapHBIM pa3zmepom 5).

PeweHue ynpaxkxHeHusa 16.6

IIpaBuibHBII 0TBET: (B). HanGornee oueBHIHO JTIOKHBIM sIBIISICTCS yTBEp K IeHHE (0),
KOTOpOe Aaxke He rpoepsieT vl (C B eAMHMIIAX pa3Mepa, v, B eIMHHIAX 3HAYeHNUS).
Hampumep, v, moxxet ObITh 60mb111e C, B KakoBoM ciydae C — v, sIBISETCS OTpHILA-
TEBHBIM 1 OECCMBICIICHHBIM. B ciydae (T), Tak Kak S SBISIETCS OMYCTUMBIM IS
NepBOHAYAIBHON 3aJ1a4M, €ro CyMMapHbIH pasmep coctasisier He Ooiee C; mocie
TOT'O KaK 7 yJaJeHo U3 S, CyMMAapHBIi pa3Mep najaet 1o He 6onee C — s, U, CICHO-
BaTeJbHO, S — {n} SBJISIETCS MOIMYCTHUMBIM JJIsl TOHM)KEHHOH eMKocTh. OTBeT (a)

SIBJISIETCS €CTECTBEHHOM Z[OFa,I[KOﬁ, HO TaKXK€ HC SABJIACTCA HpaBI/IJ'IBHLIMl.

B ciryuae (B) MBI (paKTHUECKH pe3epBUPYEM S, SAMHHUI] €MKOCTH ISl BKITFOUCHHS
IpeAMeTa /1, UTO OCTABISIET OCTAaTOUHYI0 eMKOCTh C —s,. S — {n} siBIseTCA N0MYy-
CTUMBIM pEIlIeHHeM MEHbIIeH noas3agadu (¢ eMKocTbio paHna C —s,) ¢ cymMMap-
HBIM 3HaYeHneM V' — v,. Ecim 661 nMenocs ontumansHoe pemrenne S* C {1, 2, ...,
n— 1}, c cyMMapHBIM 3HaUeHHEM V* > I — v u cyMMapHBIM pa3MepoM He Ooiee
C—s,, 10 8* U {n} Oyner uMeTb cyMMapHblil pasmep He Oonee C U cymMMapHOe

3Hagenue V* +v, > (V—v )+ v, = V. OTo nporuBopednio ObI MpernoaaraeMon
ONTUMAJIBHOCTH S JUI IEPBOHAYAILHON 3a1a4H.

BBIBO/IbI

X JluHAMHYECKOE IPOrPaMMHUPOBAHHUE CIICIYET TPEXIIATOBOMY pPeIeTI-
Ty: (1) OmpeaeNnuTh OTHOCUTEIHHO Mayl KOJJIEKIHIO TOA3aay;
(i1) mokazaTh, Kak OBICTPO M MPABUIIBHO pelIaTh «0ojiee KPYITHBIC
MOJI33J1a49K C YYSTOM PEUICHUH «0osee MeIKUX»; (111) TOKa3aTh, Kak
OBICTPO W MPABHIHHO BHIBOJUTH OKOHYATEIIFHOE PEIICHUE U3 pellie-
HUH BCeX IMOI3a1aq.

! Tlpennonoxum, Kk npumepy, uro C = 2. PaccMoTpum 1Ba 3jeMeHTa ¢ v, = 5, = |

u v, =S5, =2. ONTUMAaJIbHBIM pelmeHneM S sBisiercs {2}. S — {2} — mycToe MHOXECTBO,
HO CANHCTBEHHOEC ONITHMAIIBHOE PEIICHUE MTO/13a/1a4H, COCTOSIIICH U3 IIEPBOroO IpeaMeTa
U €MKOCTH paHma 2, — 310 {1}.



3afayun Ha 3aKperiieHne matepuana

171

AJITOPUTM THHAMUYECKOTO IIPOrPAMMHPOBAHHSI, KOTOPBIH PEIIaeT He
Oosee f(n) pa3HbIX 033134, UCTIONIb3Ys He Ooee g (1) BpeMeHH JUIs
Ka)JI0M, ¥ BBITIONIHSET He OoJiee / (72) mocToOpabOTKHY MO U3BJICUYECHHIO
OKOHYATEIHbHOTO pelleHus, BhImosHsAeTcs 3a Bpems O (f(n) x g(n) +
+ h(n)), Tie n 0603HaYaeT pa3Mep BXOJA.

[TpaBritbHAs KOJIJIEKIIMS TO33/1a4 ¥ PEKYPPEHTHOE COOTHOIICHHE JIJIsT
CUCTEMATHYECKOTO MX PEIICHHsI MOTYT OBITh BBISIBICHBI PACCYXKJIIe-
HHEM O CTPYKTYpE ONTUMAIHHOTO PEIICHIS K Pa3IMIHBIX CII0CO0aX,
KOTOPBIMH OHO MOTJIO OBI OBITH CKOHCTPYHUPOBAHO M3 ONTHMATBHBIX
pelIeHni MeHbIIHNX MMO/13a/1ay.

TunuvHbIC ANTOPUTMBL JHUHAMUYECKOTO IIPOrPAMMHPOBAHHS 3aI10J1-
HSIOT MACCHB 3HAYCHUSIMH PEIICHUH MOA3a/1a4, @ 3aTEM BBIIOIHSIIOT
00paTHYI0 TPAaCCHPOBKY 3allOJIHEHHOTO MacCUBa, PEKOHCTPYHPYs
caMo pelIeHue.

HezaBucumoe MHOXKECTBO HCOPUCHTUPOBAHHOTO rpa(ba SABJIACTCA
TOAMHOXECTBOM B3aMMHO HECMEKHbBIX BEPIIIUH.

B n-BepmIMHHBIX yTEBBIX Ipa)ax HE3aBHCHMOE MHOXKECTBO C MaK-
CHMaJIbHBIM BECOM MOXET OBITh BBIYMCIIEHO C HCIIOJIb30BAHUEM
JUHAMHYECKOTO IporpaMMHUpoBaHus 3a BpeMs O (n).

B 3amade o paHie ¢ y4yeToMm 7 MPEeaIMETOB CO 3HAYCHHUSIMU U pas-
MepaMHU U eMKOCThI0 paHia C (BCce U3 HUX MOJIOKUTEIbHBIC [ENIbIe
YHCIIa) [eJIb COCTOUT B TOM, YTOOBI BEIOPATh OAMHOMKECTBO MPE/I-
METOB C MAaKCHMAJIEHBIM 3HAYEHUEM, IMEIOIINX CyMMAapHEIA pa3Mep
He Ooee C.

3amaga o paHIe MOXKET OBITh PEIIeHa C MMOMOIIBI0 THHAMUIECKOTO
nporpammupoBanust 3a Bpems O (n(C).

3apaun Ha 3aKpernJjieHme martepuana

3agaua 16.1. PaccmoTpuM BxoaHO# rpad

O

5

M) () () () M)
T
2
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B Hem BepIIiHEI TOMEUCHBI MX BecamMu. KakoBBI KOHEUHBIE HTIEMEHTHI MACCHBA B aJl-
ropuTt™e WIS u3 pazaena 16.2 1 kakue BEpIIMHbBI IpUHAIeKaT MHOXKecTBY MWIS?

3anaua 16.2. Kakoe u3 cieyronux HIKe yTBepKIeHH! coOmonaetcs? Beibepure
BCE, YTO IPUMEHHMO.

a) AnropuTMmbl WIS U WIS_Reconstruction pasaenoB 16.2 u 16.3 Bcerna Bo3-
BpAILAlOT pelIeHne, BKIIIOYAOIIEe BEPIINHY ¢ MAKCUMaIbHBIM BECOM;

0) Korma Beca BeplIMH SIBJISIFOTCS Pa3HBIMH, alTOPUTMBI WIS U WIS_
Reconstruction HHKOIZA HE BO3BPAIIAIOT PEIICHUE, KOTOPOE BKIIOYAET
BEPIINHY C MUHUMAaJIbHBIM BECOM;

B) Ecmm Bepmmna v He mpuHamnexut MHokecTBy MWIS npedukca G, co-
JieprKallero nepsble i BepnH U i — 1 pedep BXomHoro rpada, To OHa HE
HpHHAIEXKUT mobomy MHOxkecTBYy MWIS G, G, ..., G,;

n

r) Ecmum Bepmuna v He nmpuHauiexxut MHOxecTBY MWIS rpada G, |, mubo G,
TO OHA HE TPHHAUICIKUT JIoboMy MHOXKecTBY MWIS G, G, ..., G,.

n

3amauya 16.3. D1a 3a7a49a 00pHUCOBBIBACT IMOJXOJ K PEIICHUIO 33]]a91 O B3BSIICHHOM
HE3aBHCHMOM MHOXECTBE B Ipadax, 0oJiee CIIOKHBIX, UeM MyTeBbie. PaccMoTpum
MPOU3BOJIbHBIN HEOpUEHTUPOBaHHbIH rpad G = {V, E) ¢ HEOTpUIATEIbHBIMH
BECaMM BEPUIMH WM IPOU3BOJIBHYIO BEpIIUHY V € V ¢ BecoM w,. Bozbmem H u3
G, ynanvB v ¥ ee UHIUJeHTHBIE pedpa u3 G. Bo3smem K u3 H, ynanus cocezeit
BEPIIUHBI V U UX UHIUJEHTHBIE pelpa:

v
o0—0—0—0—0—0 = 0—0 O0—0—0 = 0 0—0O
G H K

Iycts W, W, n W, 0603HauatoT CyMMapHbIi BEC COOTBETCTBEHHO MHOXKECTBA
MWIS B G, H u K. PaccmoTtpum dopmyiy:
We=max{W, W,+w,}.

Kakoe 3 cienyromux HIKe YTBEpKICHHUN SBISICTCsI HICTHHHBIM? Bribepute Bee,
YTO IPUMEHHUMO.

a) dopmya He Bcera siBJISIeTCS MPaBUIbHON B MyTEBBIX rpadax;
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0) dopmysa Bcerna sBIsICTCS NMPaBUILHOW B IyTEBBIX Tpadax, HO HE Bcera
MIPaBUIIEHOU B ICPEBHSIX;

B) Dopmyna Bceraa sBISETCS NPaBUIbHOM B JIEPEBbAX, HO HE Bcerjga mpa-
BUJIbHON B IPOU3BOJIBHBIX Ipadax;

r) dopmyna Bceraa siBIsSETCs MPaBUIbHON B IPOU3BOJIBHBIX Ipadax;

Il) CDopMlea OPpUBOAUT K HHHCﬁHO—BpeMeHHOMy AJITOpUTMY JI1 3aJa4u
0 B3BCHICHHOM HE3aBHUCUMOM MHOKECTBE B ICPCBLAX;

e) dopMmyna TMPUBOIUT K JUHEHHO-BPEMEHHOMY aJTOPUTMY JUIS 3a/adud
0 B3BEIICHHOM HE3aBHCHMOM MHOXECTBE B ITPON3BOIBHBIX Tpadax.

3anaua 16.4. PaccmoTpum npumep 3a/1a4u O paHIle C MAThIO IPEIMETaMu:

Mpeamet 3HaueHune Paamep
1 1 1
2 2 3
3 3 2
4 4 5
5 5 4

u panern eMkocThio C = 9. Kakumu sIBISIFOTCSI OKOHYATENbHBIE AJIEMEHTHI MaCCUBA
anroputMa Knapsack u3 pazaena 16.5? Kakue mpeameTs! nprHauIeKaT OnTHMAITb-
HOMY pelIeHuI0?

3apa4un NOBbILLEHHOMN CJI0XKHOCTU

3agaua 16.5. Dra 3a1aua onuckIBaeT YeThIpe 0000IICHHUS 3a/1auu O paHIe. B kax-
JIOM U3 HUX BXOJHBIE JAHHBIC COCTOAT U3 3HAYECHUH MPEAMETOB V), V,, ..., V,, Pa3-
MEpOB MPEIMETOB S, S,, ..., S, U JOHMOIHUTEIBHBIX, CIICHN(UIHBIX I 3a7a9H
JIAHHBIX (BCE — TOJIOKUTEIBHBIC TeITbIe Yrciia). Kakoe u3 3Tux 0000MeHUH MOKET
OBITH pEIICHO IMHAMUYECKUM ITPOrPaAMMHUPOBAHIEM BO BPEMEHHU, TTOJIMHOMOM I10
YHCITy 71 IPEAMETOB U HauOOJbIIEMy YHCTy M, KOTOpOe MOSBISIETCS Ha Bxozae?
BriGepute Bce, 4TO MPUMEHHUMO.
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a) C y4eToM MOJIOKHUTEIBHOHN IEeJOYUCICHHOW eMKOCTH C BBIYUCIUTH IO~
MHOXECTBO TPEJAMETOB ¢ MAKCHMAJIBHO BO3MOXKHBIM CYMMAapHBIM 3Ha4e-
HUEM, TIPU YCIIOBUH YTO CYMMAapHBIii pasmep mouxo paBeH C. Ecnu Takoro
MHOYKECTBA HE CYIIECTBYET, TO AJITOPUTM JIOJDKEH MPABHIILHO OOHAPYKHUTh
3TOT (aKT;

6) C y4eroM MONOKHUTEIBHOI 1enouncieHnol emxoctu C U OromKeTa mpe-
MeToB k € {1, 2, ..., n} BBIYUCIUTH MOJAMHOKECTBO MPEIMETOB C MAKCH-
MAaJIbHO BO3MOYKHBIM CYMMApPHBIM 3HAYEHUEM IIPH YCIOBUH HATHYHS CYM-
MapHoTo pasmepa He oosee C U He bonee k npeomemos;

B) C yuerom emkocteir C, u C, IByX PaHIIEB BBIYHCIUTh HENEPECEKAIOLIH-
ecsl IOAMHOXKECTBa S|, S, IPEAMETOB C MAKCUMAJIbHO BO3MOXKHBIM CyM-
MapHBIM 3HAYCHHUEM Zie s Vit Zie 5, Vi B 3ABHCHMOCTH OT EMKOCTEH paHIIa:

< <C;
ZieS] 5 = Cl n ZiESZ 5= CZ’
r) C yuerom emxocreit C,, C,, ..., C, m paHLEB, [J€ m MOXET ObITb Ta-

KUM e, KaK 71, BBIYMCIUTb HENepeceKarolecs MoIMHOXecTBa S, S,,
..y S, TIPEIIMETOB C MAKCHMAJIbHO BO3MOJKHBIM CyMMAapHBIM 3HadeHHEM

Z/_Es‘ v, +z,es2 v, +"'+Z,-es v, B 3aBHCHMOCTH OT €MKOCTEll pIOK3aKa:

m

< < Z <
ZieS’l 5 <G, ies, S = Coslt ) 5 <G,

m

3apauun no NporpaMmmMupoBaHMIO

3agaua 16.6. Peanusyiite Ha cBOoeM JIFOOMMOM SI3bIKE MTPOrPAMMUPOBAHUS aJl-
TOpUTMBI WIS 1 WIS_Reconstruction. TecToBble ciryuan M HAOOPHI JAHHBIX JUISA
CIIOXKHBIX 3a/1a4 CM. Ha BeO-caiite www.algorithmsilluminated.org.

3agaua 16.7. Peanu3syiite Ha JTFOOMMOM SI3BIKE MTPOTPAMMHUPOBAHUS AJTOPUTMBI
Knapsack u Knapsack_Reconstruction. TecToBbie citydan 1 HA0OpPHI JTaHHBIX ISt
CIIOXHBIX 3a/1a4 CM. Ha BeO-caiite www.algorithmsilluminated.org.
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Ota r1aBa MpoorKaeT Kype MOJIOAOTO OOMIIA [0 THHAMHYECKOMY TIPOTPaMMHUPO-
BaHMUIO elIe IBYMs IpUMEpaMu: 3aadeil 0 BRIpaBHUBAHUH T10CIICI0BATEIIEHOCTEH
(pazmen 17.1) n 3aaueil BeIUMCICHUSI OMHAPHOTO epeBa OUCKA ¢ MUHUMAIBHO
BO3MOYKHBIM CPEIHUM BpeMeHeM moucka (pasnen 17.2). B o0oux ciyyasx CTpyk-
Typa ONTHMAIBHBIX PEIICHUH CIOKHEE, UeM B IPUMEpax U3 IMPEIbIAyIIeH I1aBbI,
[pUYeM pelIeHHe M0/3a/1a4H 3aBUCHT OT PEeLIeHHs 00JIee YeM JIBYX MEHbBIINX I10/I-
3a/1a4d. 3aKOHYHUB ATY IVIaBY, 3a7]aiTeCh BOIIPOCOM: MOTIIN OBI BBl PEIIUTH JTI00YI0
U3 9THUX 3a]1a4, HE H3Y4HB IIPEIBAPUTEIHFHO TUHAMUYIECKOE IIPOrpaMMHIPOBaHue?

17.1. BoipaBHMBaHue nocnenoBaTesibHOCTEN

17.1.1. AKTyanbHOCTb

Ecnu BBI TpoXoaHTE KYpC 1O BRIYUCIUTEILHONW TEHOMHUKE, TO TIEPBbIC HECKOJIBKO
JICKIIUH, CKOpee BCero, Oy/TyT MOCBSIICHBI 33]1a4€ O 8bIPAGHUBAHUU NOCTE008AMENb-
Hocmeri'. B aTol 3a7a4e BXOJ COCTOUT U3 JIBYX CUMBOJIbHBIX MOCIIEIOBATEIBHO-
CTE, MPEJICTABIISIONINX YaCTH OJJHOTO HITH HECKOJIBKMX FTeHOMOB, HaJl all(haBUTOM
{4, C, G, T}. CUMBOJIbHBIE TIOCJIEIOBATEILHOCTH HE 0053aTEIIbHO JIOJIKHBI HMETh
OJIMHAKOBYIO JUIMHY. Hanmpumep, BXogaMu MOTYT ObITh CUMBOJIbHBIE MTOCIJIEA0BA-
tenbHOCTH AGGGCT 1 AGGCA. dopmainbHO 3a1a4a 3aKII09aeTCs B TOM, YTOOBI
OTIPEJICITUTh, HACKOJIBKO MOXOXKH JBE CUMBOJIbHBIC MOCJICI0BATEIBHOCTH; MBI
YTOUHHUM 3TO B CIIEAYIOIIEM pa3Jielie.

IToTpeOHOCTh B peleHnr 3TOH 3a/1aun 00yCIOBIIEHa, IO MEHBIIEH Mepe, IBYMs
HpI/I‘{I/IHaMI/I. BO—HepBBIX, Hpe}lHOJ’IO)KI/IM, YTO BBI IIBITACTECH BBISICHUTH q)yHKIII/IIO
00J1aCTH CIIOKHOTO T€HOMa, TAKOTO Kak reHoM 4eioBeka. OIMH MMOaX0 COCTOUT
B TOM, 4TOOBI OTBICKATh MOJO0HYI0 00J1aCTh B 00JIee XOPOIIO TOHUMAEMOM FeHOME,
TAaKOM KaK '€HOM MBbIIIH, 1 HpC,Z[HOJIO)KI/ITI), YTO 3THU O6J'IaCTI/I I/IFpaIOT TEC K€ CaMbIC
i cxoxkue poiu. COBEpILEHHO IPyroe MPUMEHEHHE 331a91 COCTOUT B TOM, YTOOBI
JIeTaTh BBIBOJIBI O (DUIIOrEHETHYECKOM JIEPEBE — KaKHe BUJIbI OT KAKUX BUIOB ITPO-
U30IIIHN 1 Korna. Hamprumep, BaM MOXXET OBITh HHTEPECHO, TIPON30IIIEI I BU B
ot Bua A, a 3arem Bua C ot B, v ke B u C 3BOJTIONHUOHUPOBAIHA HE3aBUCUMO
ot A. CX0ACTBO TeHOMa MOYKHO HCIIOJIh30BaTh B KAU€CTBE MHJIMKATOPA OJIU30CTH
B (DHIIOTEHETHYECKOM JICPEBE.

! HWnmew puCyHKOB B IpUMEpax 3TOTO pasjiesia 3aMMCTBOBAHBI U3 pasaeia 6.6 KHuru «Pas-
pabotka anroputmoB» JIxona KisitnOepra u Dbl Tapaoc (Pearson, 2005).
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17.1.2. OnpepeneHue 3apaium

Hamm npumeps cuMBontbHBIX ocienoBarenbHocTed AGGGCTn AGGCA, oueBn-
HO, HE UIGHTUYHBI, HO OHH BCE K€ HHTYUTHBHO OLIYILIAIOTCS CKOpPEE MOXOKHUMH,
yem HeT. Kak ¢popmanuszoBats oty uHTYyHnuto? OHa UIes COCTOUT B TOM, YTOOBI
OTMETHTb, YTO 3TH JIBE CHMBOJIBHBIC TIOCJIEIOBATEILHOCTH MOTYT OBITH «0€3-
YIPEYHO BHIPOBHEHBI»:

A G G G C T
A G G - C 4

IJIe YyepTa «—» yKa3blBaeT Ha 3a30p, BCTABJICHHBIA MEXKAY IByMsi OyKBaMU BTOPOM
LIETIOYKH CUMBOJIOB, B KOTOPOH, MIOXOXKE, OTCYTCTBYET «G». J|Be CUMBOJILHBIE TTO-
CJIeTIOBATEIILHOCTH COBITAJIAIOT B YETHIPEX M3 IIECTH CTONOIAX; €IMHCTBEHHBIMU
HEJI0OCTaTKAMH B BBIPABHUBAHUU SIBJISIIOTCS 3a30p M HECOBHaAEeHUE MexXIy A U T
B mociesiHeM ctosbie. B o0mieM ciydae BeIpaBHUBaAHHE — ATO CIIOCOO BCTABKH
3a30POB B OJIHY WJIH 00€ BXOJIHBIC CHMBOJIBHBIC TTOCIIEIOBATEIIBHOCTH, C TEM YTOOBI
OHM MUMEJU OJMHAKOBYIO JIJTUHY:

X + 3azopwei

Y + 3azopw

oburas jutrHa ¢

3areM MBI MOXKEM OMpeACIIUTb CXOACTBO ABYX CHUMBOJIbHBIX IIETIOYCK B COOT-
BCTCTBHH C KAY€CTBOM HX CaMOTI'O 6e3ynpequro BbIpaBHUBaHMUS. Ho uto nemaer
BbIpAaBHUBAHUC ((663ynpe‘{HHM»? Yro JIyqmi€e MMCETh: OAWH 3a30p U OAHO HECO-
BIIaZICHUEC UJIM KC€ TPU 3a30pa 1 HUKAKHUX HeCOBHaI[eHI/II\/‘I?

[IpenmonoxuM, 4TO Ha TaKHe BOIPOCH! YK€ JaHBI OTBETHI B BHJC H3BECTHBIX
wmpaghoe 3a 3a30pbl U HECOBMAACHUS, IPEIYCMOTPECHHBIX B COCTaBe BXo/a (Ha-
PSAY ¢ AByMS CHMBOJIGHBIMH ITOCIIEOBAaTEIBHOCTAMH). OHN KOHKPETU3UPYIOT
mrpadpsl, HallaraeMble BEIPaBHUBAHUEM B Ka)KIIOM M3 €T0 CTOJIOIOB; CyMMapPHBIi
mrTpad BHIPAaBHUBAHUS SBIsieTCS CyMMO# mTpagoB ero cronbios. Hampumep,
npuseieHHoe Bble BoipasuuBanne AGGGCT u AGGCA nownecer wrpad o,
(mpenocraBieHHast CTOMMOCTH 3a30pa), a Takxke mrpad o, (MpeacTaBIeHHas
CTOUMOCTB HecOBNaAeHUs MexXy A u 7). 3aada o BEIpABHUBAHUU MOCIIEIOBA-
TEILHOCTEH COCTOHT B TOM, YTOOBI BEIYMCIUTH BRIPABHUBAHHUE, KOTOPOE MUHH-
MHU3HPYET CYMMapHBIN mITpad.
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3AJIAYA: BBIPABHUBAHHUE OCJIEJOBATEJIBHOCTER

Bxoa: n1Be cumBombHBIE Hienovku X, Y Han andasutom X = {4, C, G,

T}, mrpad 0., VISl K&KIIOH Tapbl CUMBOJIOB X, y € ¥ U HEOTpHIIa-
. <o

TenbHbIA mTpad 3a 3a30p o, > 0'.

oap —

Bbixoa: BeipaBHHBaHUE X U ¥ ¢ MUHUMAJIBHO BO3MOKHBIM CyMMap-
HBIM IITPapoOM.

OnuH U3 CrocoOOB MHTEPIPETHPOBATH BHIPABHUBAHNUE ¢ MUHUMAJIbHBIM IITpa-
(oM — 310 «Hambosee MPaBAONOJO0HO OOBSICHUTE» TO, KaK OJHA M3 IIETIOYEeK
MOTJIa YBOJFOIIMOHUPOBATH B IPYTYE0. MBI MOXKEM JyMath O 3a30pe Kak 00 OTMEHE
yAAJICHUS, KOTOPOE IPOU30IILIO KOT/Ia-TO B ITPOIIJIIOM, & O HECOBIAICHIUH — KaK 00
OTMEHE MyTaluu. MUHUMAITBHBIH MITpad BEIPABHUBAHUS IBYX IIEMIOYEK U3BECTCH
Kak otMeTKa Huonmana—~Bynwa, ninmn NW-ommemka CAMBOJIBHBIX 1IeTIoUek>. [IBe
LIEMOYKH CUYUTAIOTCS «ITOXOKHUMM» TOIJA U TOJIBKO Toraa, korma ux NW-orMmerka
OTHOCHUTEJILHO Maja.

YIIPA’KHEHHME 17.1

[pearmonoxum, 4to cymecTByeT mrpad 1 3a Kax I 3a30p U mrpad 2
3a COMOCTABJICHHE JABYX Pa3HBIX CUMBOJIOB B cTonOIe. KakoBa NW-
orMmeTka nenouek AGTACG u ACATAG?

a) 3
0) 4
B) 5
r) 6

(Penrenne u osicueHue cM. B paznene 17.1.8.)

! Jloruka mnoyickasbIBaeT, 4To Bce MTpadbl HEOTPULATENbHBI ¢ 0, = 0 11 BCeX x € X

H 0, = 0, JUIA Beex X, y € L. TeM He MeHee CIeyeT MOMHHTE, YTO AlTOPHTM JTUHAMH-
qecxorohporpaMMHpOBaHm TpeOyert, uToObI mTpad 3a 3a30p ObUT HEOTPHUIIATEILHBIM.
HasBan B uecth ero uzobperareneid, Cayna b. Hunnmana n Kpucruana J[. Bynia
[Saul B. Needleman & Christian D. Wunsch]. Ony0nukoBaH B ctatbe «O0mmii MeTos,
MPUMEHUMBIH AJIS TTOMCKA CXOACTB B aMHUHOKHCIIOTHOM MOCIIEIOBATENILHOCTH JIBYX
6enxoB» (Journal of Molecular Biology, 1970).
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NW-orMeTKa U1 CrIelUaIucToB B 00JIaCTH T'€HOMUKH ObuIa ObI Oecrione3Hoil 0e3
3¢ (EKTUBHOH MPOLIETYPhI €€ BhIUUCIICHHS. UHCIIO BRIPABHUBAHHUH JIBYX CHMBOJIBHBIX
LIETIOYEK PACTET SKCIIOHEHIATIEHO BMECTE C UX OObEANHEHHON JAJIMHOM, TOITOMY
3a [pejieiaMi HEMHTEPECHO MaJIbIX AK3EMITISIPOB HCUESPIIBIBAIOIIHIA TTOUCK HE OyIeT
3aBEepIICH 3a HAIlIM KHU3HU. J[MHAMHUYeCcKoe MPOrpaMMHUPOBAHHE COKOHOMHUT JICHb;
HOBTOpSI?[ TOT K€ THUII MBICJICHHOI'O 3KCHepI/IMCHTa, KOTOprf/i MBbI UCIIOJB30BaAJIN
JUTSL 38]1a99 O B3BEIICHHOM HE3aBUCHMOM MHOKECTBE Ha Iy TEBBIX rpadax U 3a/1a4e
0 paHIle, MbI IPUIEM K 3 PEKTHBHOMY aaropuT™My BbiauciaeHuss NW-orMeTku'.

17.1.3. OnTumanbHas NOACTPYKTypa

BwmecTo TOro uToOBI Ype3MepHO MyraThCsi TOTO, HACKOJIBKO (DyHIAaMEHTAIbHOMN
SIBIISIETCS 33Jlaua O BBIPABHUBAHHHM ITOCIIEIOBATEILHOCTEH, JaBaiiTe ClIenoBarh
HaIeMy 0ObIYHOMY PEleNTy JMHAMUYESCKOTO TIPOTPAMMHUPOBAHUS U TOCMOTPHUM,
YTO npou3oieT. Ecnu y Bac yke YepHbIii MosAc Mo JMHAMHUYECKOMY MPOrpaMMHU-
POBaHUIO, TO BBl CMOXKETE yrajaTh NPaBUIbHYIO KOJJICKIHIO 110/13a,]1a4.

PaCCMOTpI/IM B KaQUC€CTBC NPpUMEPaA BhIPABHUBAHUEC ABYX LHETTIOYCK C MUHMMAJIbHBIM
mrpadom. Kak oHO T0KHO BRIISIETH? CKOMBKUMH Pa3HBIMHU CIIOCO0OAMH MOJKHO
OBUTO OBI €r0 MOCTPOUTH U3 ONTHMAIBHBIX PEHICHUN 0ojee MEIKUX mom3anad?
B 3amaue o B3BeIIEHHOM HE3aBUCUMOM MHOMKECTBE Ha MyTEBBIX rpadax u 3agade
0 PaHIIe MBI COCPEIOTOUYNBAINCH HA MOCICIHEM PEIICHUN — IPUHAIICKUT JIH
MOCTICTHSISI BEPIIMHA ITyTH WK TOCIEAHUH MPeIMeT dK3eMIUIIpa paHIa OKOHYa-
TenpHOMY perieHuo? I[Ipogomxkast madnoH, ka3anock Obl, MBI JOIKHBI COCPEIO0-
TOYNTHCS Ha MOCICTHEM CTOJIOIC BEIPABHUBAHMS:

A G G G C T
A G G - C A

(o
o’ yacmeo 6boif nocaeonutl
cmonbey

B Hammx mepBhIX JBYX TEMATHYCCKUX HCCIICAOBAHUSIX KOHEUHAS! BEPIIMHA WM
MpeaMeT JTU00 BXOIWIIH, JIN0O0 BBIXOAMIIN U3 PEUICHHS, YTO TPEACTaBIsIeT cOOO0M

! ANropuTMbl NpeIONPECTHIN PA3BUTHE BBIYMCIUTEIBHON TCHOMUKH B KauyeCTBE Ca-

MOCTOSITEJILHON 00JacT HayuyHBIX 3HaHUH. He Oynb 23 QeKTHBHOTO ajqropurma s
BbIuMcIeHus nokaszarens NW, Huuivan u ByHin HaBepHsika npeuiokuin Obl HHOE
OIIpe/IeNICHNE CXO/ICTBA reHoMma!
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JIBE pa3HbIe BO3MOKHOCTH. CKOJIBKO JKE€ PEJIEBAHTHBIX BO3MOYKHOCTEH CYIICCTBYET
B 3a/1aue O BIPABHUBAHUH TOCIIEI0BATEILHOCTEH IS COAEPIKUMOTO TIOCIIEAHETO
crooma?

YHPAKHEHHUE 17.2

Iycrs X=x,x,, .., X, u Y=Y,,,, ..., ¥, PABHBI JIByM BXOJJHBIM CHM-
BOJIbHBIM LIETIOUKAM, [J1€ KaXIbI CUMBOJL X, WJIH Y, IPUHAIUIEKHT {4,
C, G, T}. CKOIbKO pelIeBAaHTHBIX BO3MOXKHOCTEH CYIIECTBYET JIs
COZIEP’KUMOTO KOHEYHOTO CTOJIOIA ONITUMATILHOTO BBIPABHUBAHUS ?

a) 2
0) 3
B) 4
r) mn

(Pemrenne n mosicuenue cM. B paznene 17.1.8.)

INocnenyromuii aHamU3 TEMAaTHUECKUX CIIy4aeB MO3BOJISAET BBIACHUTD, YTO AJIA OIl-
THMAJIbHOTO BEIPaBHUBAHUS €CTh TOJIBKO TP KaHUAaTa — 110 OJHOMY KaHIUATy
JUIsL KaKIOTO M3 BO3MOKHOTO COIEPKMMOTO MOCIIEIHETo CTON0a. DTO IPHBEAET
K PEKYpPPEHTHOMY COOTHOILIEHHIO, BBIYNCIISIEMOMY ITyTE€M MCUEPIIBIBAIOIIETO TI0-
HCKA 110 TPEM BO3MOXKHOCTSIM, H aJITOPUTMY AUHAMUYECKOTO IIPOrPaMMUPOBAHHU,
KOTOPBIN UCIOIB3YET 3TO PEKYPPEHTHOE COOTHOILEHUE IJIsI CHCTEMAaTHYECKOIO
peleHns BceX peleBaHTHBIX 1Moj3akad. PaccMOTpUM ONTHMalbHOE BBIPABHU-
BaHHE JIBYX HEILyCTBIX CUMBOJIBHBIX HEMOUEK X = X, X,, ..., X, H Y =Y, V,, ..., V,.
Hycts X' =x, X5, .., X, , 01 Y =y, ,, ..., ,_, 0003HAYAIOT COOTBETCTBEHHO X 1 ¥
¢ yOpaHHBIM MOCJIEAHNM CHUMBOJIOM.

Cuayuaii 1: x, 1 y, COBIaAalOT B NOCJIENHEM CTO10Le BhIpaBHMBaHus. [Ipen-
MTOJIOKMM, 9TO ONTHUMAJIbHOC BHIPAaBHUBAHHCE HE HCIIONB3YET 3a30p B KOHCYHOM
CTOJIOIIE, IPEANOYNTAas COUYeTaTh KOHEYHBIE CHMBOIIBI X,, U )/, BXOJHBIX LIETIOYEK.
[Tycts P 0603Ha4aeT cymMMapHbIii iTpad), MOHECEHHBIH 3TUM BhIpaBHHUBaHHEM. Mbl
MOXXEM PAacCMAaTPUBATh OCTAIBHYIO YaCTh BBHIPABHUBAHUS (32 HCKIIOYCHUEM II0-
CJICTHETO CTONIOIIA) KaK BEIPABHUBAHKE OCTABIIINXCSI CHMBOJIOB — BEIPAaBHUBAHIE
Oonee KOpoTKUX Hernovek X' u Y
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X'+ sazopp ————— x

"

Y'+ sazopp ——— y,

OCTa/IbHAs 4aCTh BbIPABHUBAHWS

Ot1o0 BeIpaBHMBaHME X' M Y’ umeeT cymmapHbli mTpad P MuHyc mrpad o,
KOTOpBI ObLI OIJIaYeH paHee B HociegHeM cTonbue. 1 3To He mpocto noboe
cTapoe BblpaBHUBaHUE X' U ¥'— 3T0 onTuManbHOE BelpaBHUBaHKE. Eciiu kakoe-1o
Ipyroe BoipaBHUBaHKHE X' 1 Y’ MMENO MEHbIINI CyMMapHsbIi tpad P* < P — o, .,
JIONOJIHEHUE K HEMY KOHEUHOIO CTOJIONA, COYETAIOIIEro X, U y,, IPOU3BEI0 Obl
BbIpaBHUBaHKE X 1 ¥ ¢ cymMMapHbIM wrpagom P’ +ao, < (P -, ) +a, =P,

YTO POTUBOPEUUT ONTUMAIBHOCTH [1€PBOHAYAILHOIO BEIpaBHUBAHUA X U Y.

JpyruMu cioBamMH, €CJIM ONTUMAJIbHOE BbIpaBHMBaHUE X M Y coderaer x, U Y,
B TIOCJICTHEM CTOJIOIE, TO HECIOXKHO MOHAThH, KaK BBIINISANT OCTAIbHAs 4acTh:
ONnTHUMalIbHOE BbIpaBHUBaHue X' u Y.

Coayuaii 2: x,, coBnaJjl ¢ 3a30poM B IIOCJIeIHEM CT0101 e BbIpaBHUBaHus. [1o-
CKOJIbKY ), HE TIOSIBJIICTCS B OCNIEAHEM CTOJIOIE, HHAYLIUPOBAHHOE BEIDABHUBAHHE
OoTHOCHUTCS K X' ¥ IepBOHAYAIILHOM BTOPOH IIETIOUKE Y-

’ -
X'"+3a30ppp —— X,

Y + sazoper ———— [3a30p].

OCTaJIbHAS 4aCTh BbIPABHUBAHMS

Bonee Toro, nHAYIIUPOBaHHOE BBIPABHUBAHUE SBIISIETCS ONTUMAIIbHBIM BbIPABHU-
BaHHEM X' U Y; apryMeHT aHaIOTHYeH apryMEHTY B ciydae 1 (B YeM BBI JOJDKHBI
yOeUThCS caMu).

Curyyaii 3: y, coBnaJji ¢ 3a30poM B I10CJIe[IHEM CT0/101e BbIpaBHUBaHMA. B aToM
cllydae MHIYIUPOBAaHHOE BRIPAaBHIUBAHUE OTHOCUTCS K X 1 V"

X + sazopp ————— [3asop)
Y'+ 3a30ppt ———  y,.

OCTaJIbHasl YaCTh BbIPABHUBAHMS

boree Toro, kak ¥ B EPBBIX JBYX CIydasiX, ’TO BBIPAaBHUBAHUE SIBIISIETCS ONTH-
MaJIbHBIM BBIPAaBHUBAHKEM JAHHOTO THUIIA (YTO TOXKE CIIEAYeT MPOBEPUTH). CMBICT
aHaJ3a — B TOM, YTOOBI Cy3UTh BO3MO)KHOCTH ONTHUMAJIBHOTO PEIICHHUS 10 HE
Oolee YeM TpeX KaHIHIaTOB.
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Jlemma 17.1 (onTuMajibHasi HOACTPYKTYPa BHIPABHUBAHUS MOCJI€10BATEIb-
HocTell). Onmumansroe 8bipagHusanue 08yX Henycmulx CUMBONbHBIX YenoyeK
X=X,%p 0, X, U Y =Y, ¥,, ..., ¥, PAGHO TUOO:

(i) onmumansvromy evipasnusanuio X'u Y', 0ononnennomy couemanuem x,,
uy, 6 nocneonem cmonoye;

(ii) onmumanvromy evipagnusaruio X' u Y, donoanennomy couemanuem x,,
U 3a30pa 8 KOHeyHOM cmonbdye;

(iii) onmumaneromy evipasnueanuio X u Y', Oononnennomy covemanuem
3a3opa u'y, 6 KoHeuHom cmoabye,

20e X'u Y' oboznauaiom coomeemcmeenno X u Y ¢ yOaneHHbIMU KOHEUHbIMU
CUMBONAMU X, U Y, .

YHOPAKHEHMUE 17.3

[Ipenmonoxum Temeps, 4To OJJHA I3 IBYX BXOTHBIX IIEMOUCK (CKaXKEM,
Y) sBnsiercs mycroit. KakoBa NW-otmeTka X u Y?

a) 0

0) a,,, * (amHa X)
B) +oo

r) He OmpeaesneHo

(Pemrenne n mosicuenue cM. B paznene 17.1.8.)

17.1.4. PekyppeHTHO€e COOTHOLUEHUe

Yrpaxuenue 17.3 oOpabarbiBacT 0a30BbIi clydail yCTOW BXOIHOU ICTIOYKH.
1 HemyCThIX BXOJHBIX LETIOYEK U3 TpeX BapuaHTOB B Jemme 17.1 onTumans-
HBIM PCIICHUEM SIBIISICTCSI BAPUAHT C HAUMEHBITUM CyMMapHBIM 1mTpadom. DTH
HaOMIOCHHS TIPUBOIAT K CIICAYIONIEMY PEKYPPEHTHOMY COOTHOIIEHHUIO, KOTOPOE
BBIYMCIIAET JIYUIINHA U3 TPEX BApUAHTOB MCUEPIBIBAIOIIIMM ITOMCKOM:
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CaeacrBue 17.2 (peKyppeHTHOE COOTHOIIIEHHE BHIPABHUBAHUS MOCJI€/I0Ba-
TeabHocreit). C donywenuamu u obosnavenuamu remmol 17.1 nycme P, 0603na-
uaem CyMMapHwill Wmpagh OnMuManbHO20 8bIPaAGHUBANHUA X, = X, X,, ..., X,, Nepable
i cumsonos X, u Y, y,, y,, ..., y;, nepevie j cumeonos Y. (Ecau j = 0 mbo i = 0, mo

unmepnpemuposams P, ; coomeemcmeenno kax i X o, mubo j x o,,,.) Tozoa
Pm,n =min { Pm—l,n—l + chmyn ’ Pm—l,n + OLgap ’ Pm,n—l + CXgap } N
Cayuait 1 Cryuaii 2 Cnyuaii 3

B Gonee obmem cimydae st kaxaoroi= 1,2, ... muj=1,2, ..., n

P =min{P

ig i-1,j-1 +a P—l,j + Ocgap ’ E,jfl + agap}'

xy; 2 i

Cryuaii 1 Cayuait 2 Cryuaii 3

Bonee obmiee yrBepkieHue B cleACTBUE 17.2 GpopMynupyeTcs MyTeM BhI30Ba
IEPBOTO YTBEPXKACHUS It Kaxaoro i = 1,2, ..,muj=1,2, .., n,tne X, u ¥,
WUTPAIOT POJIb BXOJHBIX IENOYEeK X 1 Y.

17.1.5. Nop3apaun

Kax u B 3a1aue 0 paHiie, oj3aiaqu B peKyppeHTHOM COOTHOIICHUH (crencTaue 17.2)
HHJIEKCUPYIOTCS IBYMsI pa3HbIMU IapameTpamu i 1 /. [lon3aaauun paHIa MOryT CoKku-
MarbCsl B IBYX PA3HBIX CMbICTAX (Yalsist IpeAMET WK yAalsis eMKOCTb PaHLIa), U TO
KC MPOUCXOAUT C moA3aiad4aMU BbIpaBHUBAHUS HOCHCZ[OB&TCHLHOCTGﬁ (YJIaHHH CHUM-
BOJT U3 TIEPBOM MJIM BTOPOM BXOTHOM IIETIOUKH ). Bapbupys B tnarmazone peneBaHTHBIX
3HA4YEHUH JBYX MMapaMeTpoB, MBI MOIyYaeM CIIEIYIONIY0 KOJUIEKIMIO Moj3a1ay’:

BbIPABHUBAHUE MOCJEJTOBATEJIbHOCTE: MMOJA3A TAUN

Borancauts P, MUHMMANbHBINA CyMMapHbIA IITpad) BoIPABHUBAHK
NEPBBIX | CUMBOJIOB X U I1E€PBBIX j CUMBOJIOB Y.

(Host kaxxporoi=0,1,2, ..., muj=0,1,2,..,n)

! Kaxkplit peKypCHBHBIN BBI30B M3BJIEKAET JTMOO TOCIETHII CHMBOJ U3 TEPBON BXOIHOM
CTPOKH, MO0 MOCIIEIHII CHMBOJI M3 BTOPOH BXOJHOM CTPOKHM MM 00a Ha3BAHHBIX CHM-
BoJ1a. Bo3HUKaromuye BCeACTBUE 9TOTO MOA3a a9l OTHOCSTCS K MPpe(UKcaM HCXOIHBIX
BXOIHBIX CTPOK.
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Camas Oospinas moj3anava (¢ i =m 1 j = n) aHaJoruyHa IIepBOHAYAILHOH 3a/1aue.

17.1.6. Aaropntm gMHaAMM4e€CKoOro
nporpaMmMmpoBaHns

Wrak, noazangaun onpeneneHsl. MiMeercs peKyppeHTHOE COOTHOILEHHUE JUIsl pe-
LIeHUA MOA3aJa41 C YYETOM pelIeHU MEeHbIIUX Moj3aaady. Huuro He MoxeT mo-
MeIaTh HaM UCTIOJIb30BaTh €ro JIJIsl CHCTEMAaTHYECKOTO PEIICHHS BCeX Mo/3a/ad,
Ha4yMHAs ¢ 0a30BBIX CIlyYacB M 3aKaHUMBAs IEPBOHAYAIBEHON 3a1aueH.

NW

Bxon: nenouku X = x,, X,, ..., X, U Y =y, V,, ..., ¥, HaJ] alpaBUTOM
X={4,C, G, T}, mrpad a_, s Kaxka0# x, y € X u mrpad 3a 3a30p
a,,, > 0.

gap —

y

Brurxoa: NW-ormetrka X u Y.

// pewenusa nopsagay (MHAeKcupyembix C 0)
A :=(m+ 1) % (n+ 1) AByMEepHBIH MacCUB
// 6asoBbii cnydan #1 (j=0)
for i=0tomdo
AL =1 % a,
// 6asoBbii cnyyan #2 (i=0)
for j=0tondo
A[0]1=j * a,
// cucTemaTuyeckoe pelweHue BcCex noAsagad
fori=1tomdo
forj=1tondo
// vcnonb30BaTb peKyppeHTHOe COOTHOWeHue
// w3 cnepctBua 17.2

Al =
A1 -1]+e,, (Corywait 1)

min<  A[i-1][j]+a,,,  (Cnyuaii2)
A[[j-1+a,,  (Comyuaii3)

return 4 [m][n] // pewenue camoit KpynHO#i nop3agauu
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Kak u B 3aade o paHie, IOCKOJIbKY 110/13a]1a4i UHIEKCUPYIOTCS IByMs Pa3HbIMU
rnapaMeTpamMu, ajJrOpUTM MCHOJIb3YEeT JBYMEPHBIH MAacCUB JAJIsl XpaHEHUs pelle-
HUW MoJ13a/1a4 U CABOEHHBIN LUK for i ero 3amnonHeHus. K Tomy BpeMeHH,
KOT/Ia U'Tepalys IUKJIIa JOJHKHA BRIYMCIIUTD peleHue noazanauu A[i][/], 3nauenus
Ali—10[j— 11, A[i — 1][J/1u A[{][j — 1] Tpex pereBaHTHBIX MEHBIIIKX ITO/132/1a4 yIKE
ObUTH BBIYUCIICHBI ¥ TOTOBBI B OXKUIAHUH, YTO UX OTHIILYT 32 TOCTOSHHOE BPEMS.
DTo 03HavaeT, uTo aNroput™ Tparut BpeMs O (1) Ha pereHne Kaxaou u3 (m + 1)
(n + 1) = O(mn) non3amay ¢ cymMmMapHbIM BpeMeHeM BoinonHenust O (mn)'. Kak
Y HaIlIM TPEbIAYIINE aJITOPUTMBI TUHAMUYECKOTO MPOrPaMMHUPOBAHUS, TPaBUIIb-
HOCTB aJropuT™Ma NW MOKET OBITh JOKa3aHa 10 HHAYKIINH; HHTyKIUS BBITOTHICTCS
Ha 3Ha4YeHHH [ + j (pa3Mep TMoj3aaum), C PEKyPPEHTHBIM COOTHOIIICHUEM B CIIE/I-
ctBuu 17.2, onpaBbIBalOIIEM WHIYKIMOHHBIH 1Iar.

Teopema 17.3 (cBoiicTBa ajaroputma NW). /[11 Kaxncoo2o 3K3eMnisapa 3a0ayu
0 6bIPAGHUBAHUU NOCIED08AMETLHOCTEN AN2OpUmMM NW 6038paLydem npasuibHyio
NW-ommemxky u evinoansemcs 3a epemsa O (mn), 20e m u n — 3mMo ONUHBL 08YX
BXOOHBIX CUMBONLHBIX YEeNOUEK.

[Mpumep anropur™a NW B IeHiCTBHY CM. B 3agade 17.12

17.1.7. PeKOHCTPYKUUS

B pekoHCTpYKIIMU ONTUMATBHOTO BRIPABHUBAHUS M3 3HAYCHUI MacCHBa, KOTOPOE
BBIYHCIISIET AJITOPUTM NW, HET HUKaKUX CIOpIpHU30B. PaboTas B 00paTHOM Harmpag-
JICHWH, AJITOPUTM CHauaJia MpoBepsieT, KaKol CITydail peKyppeHIIH UCTIOIb30BaNICS
JUTSL 3aITOJTHEHHUS DJIEMEHTa MaccuBa A[m][n], COOTBETCTBYFOIIETO CaMOil OOIBIIOH
noj3anade (IPOU3BOJIBHO pa3phiBas COBIAACHUS 3HaueHuii)’. Eciiu 510 GBI CIty-

' B eipaxenun (16.1) f(n) = O(mn), g(n) =0 (1) u h(n)=0(1).

2 CymectByeT i nydmiee perienne? B 0coObIx ciaydasx — aa (cM. 3amaay 17.6), HO He
B CJlydae ¢ 3a/layaMy OOLIero miaHa. B 9Toi cBs3M MMeeT CMBICI MEePeunTaTh CTaThio
«PenmakTupoBaHUE PACCTOSHUS HE MOYKET ObITh BBIYMCIIEHO 32 CHIILHO CyOKBagpaTHYHOE
Bpems (B peanonoxenun, uto SETH He noxHo)» Aprypca bakypca u [Terpa Muanka
(STAM Journal of Computing, 2018).

B 3aBucuMocTH OT fetanei peaau3anyuu 3Ta HHGOPMAIKS MOIJIa ObITh KIIIMPOBaHa aj-
roputMoM N'W, 4To 1Mo3BOJIsUI0 €€ HalTH (CM. Takke CHOCKy 4 Ha ¢. 154). B mpoTuBHOM
clly4yae ajaropuTM BOCCTAHOBJICHHSI MOXKET IepecynTarh oTBeT ¢ Hyis 3a O (1) pas.



186 naea 17. PaclumpeHHoe AMHaMMyeckoe nporpaMMmpoBaHme

qait 1, To mocneqHnil cToNI0er ONTUMAIBFHOTO BHIPABHUBAHUS COYETAeT X, U V,,
W PEKOHCTPYKIIMS BO30OHOBIIsIETCS U3 anneMenTa A[m — 1][n — 1]. Eciu 310 OBLT
ciyyaif 2 win 3, To mociaeTHUN CTONOEI BEIpaBHUBAHUS COOTBETCTBYET JINOO X,
(B cryuae 2), mu6o y, (B cirydae 3) ¢ 3a30poM, U TPOIIECC BO30OHOBIAETCA C TI0-
suruu A[m — 1][n] (B cinyqae 2) mu6o A[m][n — 1] (B ciyqae 3). Korma anropurm
PEKOHCTPYKIUH MOMNanaeT B 0a30BbIM caydail, OH 3aBeplIacT BEIPAaBHUBAHUE,
00aBIISISI COOTBETCTBYIOINIEE YHCIIO 3a30POB B LEMOYKY, B KOTOPOIl 3aKOHTH-
much cuMBoibl. [lockonbky anroputm BeinoinseT O (1)-10 paboTy Ha UTEepaluio
U KaXJ[ast UTEPaIHsl YMEHBIIIAET CyMMY JJIMH OCTABIIMXCS MPE(UKCOB, €TO BpeMs
BbINIOJTHEHUS paBHO O (m + n). [ToapoOHBIN TICEBIOKO MBI OCTaBJISIEM 3anHTepe-
COBAaHHOMY YHTATEINIO.

17.1.8. PeweHue ynpaxHeumin 17.1-17.3

PelweHue ynpaxHeHusa 17.1

IIpaBuabHblii oTBeT: (0). BOoT 01HO BRIpaBHUBaHKE C IBYMS 3a30paMH U OJHUM
HECOBMAaJIeHUEM ITPU CyMMapHOM HuTpade 4:

A - G T 4 C G
A C AT A - G

Bot BEIpaBHHBaHHE C YSTHIPHMSI 3a30paMU B 0€3 HECOBIIAJACHUH, a TAKKE C CyM-
MapHbIM mTpadom 4:

A - - G T 4 C G
A C A - T 4 - G

Hu onHO BBIpaBHHUBaHNE HE IMEET CyMMapHOTO Tpada 3 mim MeHsIe. [lockombky
BXOJIHBI€ LIETIOYKU UMEIOT OJMHAKOBYIO JUIMHY, KayKI0€ BBIPABHUBAHUE BCTABILAET
OIMHAKOBOE YHCJIO 3a30POB B KAKAYIO, TO €CTh O0IIIEE YHCIIO 3a30POB SIBIISIETCS YeT-
HBIM. BeIpaBHIBaHME ¢ 4eTHIPEMS HIIH OoJiee 3a30paMH UMeeT CyMMapHBIH mTpad
He MeHee 4. BrIpaBHUBAHUE C HYJIEBBIMU 3a30paMU UMEET YEThIPE HECOBMAIECHHS
U cyMMapHsIi mrpag 8. Kaxoe BeIpaBHUBaHNE, BCTABIISIOIIEE TOILKO OANH 3a30D
B Ka)XXYIO LIENOYKY, IPUBOJUT, 110 KpallHEH Mepe, K OJHOMY HECOBIAJACHUIO IIPU
CyMMapHOM InTpade He MeHee 4.
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PeweHue ynpaxxHeHma 17.2

IpaBnabHbIil oTBeT: (0). PaccMoTpuM onTHManbHOE BbIpAaBHUBAHUE LIETO-
yek Xu Y:

X + zazoper

Y + 3az0pw

obmas umHa

YT0 MOXKET HAXOAUTHCS B MPABOM BEPXHEM YTIIY, B IIOCIETHEM CTOIONE HEepPBOH
CTpOKH? DTO MOXKET OBITh MJIM 3a30p, WK CUMBOJI. ECaM 3T0 CUMBOII, TO OH J1071-
KEH OBITH 13 X (IIOTOMY YTO 3TO BEPXHSISI CTPOKA), ¥ 3TO TOJKCH OBITH ITOCICTHIN
CHMBOI X,, (TTOTOMY 4TO OH HaXOAWTCS B MOciemHeM crtonbue). TouHo Tak xe
HIDKHUI IpaBbli yrou JoskeH ObITh TM00 3a30pOM, TMO0 NOCIIEHUM CUMBOJIOM V),
BTOPOH cTpOoKH Y.

C AByMs BapuaHTaMH TSI K&KIOTO M3 JIByX 3JIEMEHTOB B MOCCIHEM CTOJIOIE
CyHICCTBYET YETHIPC BO3MOKHBIX CLHEHAPU. Ho OJWH N3 HUX HC UMCCT 3HaYeHUs1!
BeccMbICIeHHO MMETD J[Ba 3a30pa B OTHOM CTOJIOIE — HMEETCST HEOTPHLIATEIbHBIH
mrTpad B pacueTe Ha 3a30p, a UX YIAJICHUE MPOU3BOIUT HOBOE, «YIyUILIAIOIIEE)
BbIpaBHHUBaHUEC. JTO OCTaBIISIET HAM TP pCIICBAHTHLIX BO3MOKHOCTHU JI COACPIKU -
MOTO HOCJIEIHETO CTOJI01A ONTHMAILHOTO BEIPAaBHUBAHUSL: (1) X, U )/, COUETAIOTCH,
(i1) x,, coueTaeTcs ¢ 3a30poM MO0 (iii) y, COUETAETCS C 3a30POM.

PeweHue ynpaxxHeHusa 17.3

IMpaBuabHblii oTBeT: (0). Ecniu Y siBisieTcst mMycTOM 1EMOYKOM, TO ONTUMAIBHOE
BBIPAaBHHUBAHKE BCTABIISET IOCTATOYHOE YUCIIO 3230POB B Y TaK, 4TOOBI OHA UMeTa

Ty e JUTHHY, 9T0 ¥ X. DTO Biie4eT 3a co0oii mrpad o,

op B PACUETE HA 3330, TIPHU

cymMmMapHOM wrpade o, YMHOKEHHOM Ha JTHHY X.

*17.2. OnTumanbHble OMHapPHbIe
hepeBbs Noncka

B rnaBe 11 wacmu 2 Mb1 u3yunsiv OMHapHBIC JIEPEBbsI TTOVCKA, MOICPKUBAO-
OIHE MMOJIHOE YIIOPSIOUYCHUE Ha HBONIOMHOHUPYIONIEM MHOXKECTBE 00BEKTOB,



188 naea 17. PaclumpeHHoe AMHaMM4yeckoe nporpaMMmpoBaHme

a Takke Oorarblii HA0op OBICTPBIX omnepanuii. B rmase 14 Mbl onpenenwiu oec-
npe()UKCHBIE KOJIbI U Pa3pabOoTalTH JKaIHBIN AITOPUTM BBIYHCIICHHS] HAMTYYIIErO
B Cpe/IHEM KOy1a Il 3aJIaHHOTO MHOXKECTBA YaCcTOT CUMBOJIOB. J{aniee paccmarpu-
BaeTCs aHAJOTMYHas 3a/1a4a JJisl JepPeBbeB MOMCKA: BHIYMCICHUE HAMITYUIIEro
B CpPE/IHEM JIepeBa ITOUCKA C YIETOM CTATHCTHUKH O YaCTOTaX PA3HbIX TOUCKOB —
Oonee CloXKHas1, 4eM 3a]a4a ONTUMAJIBHOTO OecpeUKCHOTO KoJa, HO BIIOJIHE
pellaeMasi B paMKax HapajnrMbl JHHAMHYECKOTO MPOrpPaMMUPOBAHHUS.

17.2.1. O630p OMHaApPHOro AepeBa NOUCKa

bunapnoe depeso noucka — 3T0 CTPYKTypa JTaHHBIX, KOTOpast ICHCTBYET KaK JIMHA-
MHYECKasi BEPCHSI OTCOPTUPOBAHHOTO MaCCHUBA: TIOMCK 00BEKTA TAK XKE MPOCT, KaK
Y B OTCOPTUPOBAHHOM MAacCCHBE, HO OH TaK)Ke TIO3BOJISIET OCYIIECTBISTH OBICTPYIO
BCTaBKYy W ylaJcHUE. YKa3aHHAs CTPYKTYpa JNaHHBIX XPAHUT 0OBEKTHI, aCCOIIMH-
POBaHHBIE C KII0YaMH (M, BOSMOYKHO, MHOTO JIPYTHUX JaHHBIX), C OJHUM 00bEKTOM
IUTS Kaxxaoro y3ia nepesal. Kaxaplil y3en MMeeT JIEBBIM U MPaBbIid J0YCPHHE
yKa3aTesu, JIF000H U3 KOTOPhIX MOKET ObITh HyJieBbIM (null). JleBoe momnepeBo
y371a X ONPENEIIsieTcsl KaK Y3JIbl, JOCTHKUMBIE M3 X YEPE3 €ro JIEBbIM JOUEpHUN
yKazaTellb (aHAJOTHYHO I PaBoTO nojepena). OnpeaensonyM CBOMCTBOM
0epesa noucKka SBISICTCS:

CBOWMCTBO JEPEBA IIOUCKA
J1st Kask10ro 00beKTa X:
1. OOBEKTHI B JIEBOM TIOJICPEBE X HMCIOT KITFOYM MEHBIIIE, UM B X.

2. OOBEKTHI B IPABOM TOJIEPEBE X UMEIOT KITFOUH OOJIbINE, YEM B X.

B stom pasaciie 1y NpoCTOTHI MbI 6y[[eM CUMUTaTh, YTO HUKAKHUC JIBA 00BEKTa HE
HUMCIOT OJJHOI'O U TOT'O K€ KJIro4a.

' MBI cchu1aeMcst Ha y3JIbl IEpEBa 1 COOTBETCTBYIOIINE 0OBEKThI B3aHMO3aMEHEMO.
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CBOICTBO JiepeBa MOMCKa HaKIIaIbIBacT TpeOOBaHUE Ha KaXK/IBIK y3€eJ JepeBa 1mo-
HCKa, a HE TOJILKO Ha KOPEHb:

!

Mo HanpaBneHuto K KOpHIo

Bce kntoun < x Bce kntoun > x

Hanpumep, BoT nepeBo noucka, cojepxariee 00beKTs ¢ kitodamu {1,2, 3,4, 5}:

CMBICI CBOMCTBA iepeBa MOKCKA B TOM, YTOOBI CBECTU OUCK OOBEKTA C 3aJaHHBIM
KJIIOUYOM K CIIEZIOBAHHUIO 110 NPSAMOM, UTO HAaIIOMUHAET JBOUYHBII IIOMCK B OTCOp-
TUPOBAaHHOM MaccuBe. Hampumep, BbI uitiete 00beKT ¢ KitouoM 17. Eciin 00bexT,
HaXOMSIIMICS B KOPHE JiepeBa, UMeET K04 23, TO UCKOMBIN 00bEKT HAXOIUTCS
B JIEBOM IOJiepeBe KOpHA. Ecnu kiatou KopHs paBeH 12, TO Hy’KHO BBIIIOJHUTH
PEKYpCUBHBII ITOUCK OOBEKTA B TIPABOM OAICPEBE.
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17.2.2. CpepgHee BpemMs NnOUckKa

Bpems noucka xmoda k B TBOWIHOM JiepeBe Moucka I paBHO YHCITY Y3JI0B, ITOCE-
LICHHBIX NIPU MOKUCKE y3J1a ¢ KII0YOM k (BKIIFOUas caM 3TOT y3en). B mpuBeneHHOM
BBILLIE JIEPEBE KIIOU «3» UMEET BpeMs oKcka 1, kimoun «1» u «5» uMeroT Bpemst
ITOMCKa 2, a KITIOUH «2» U «4» UMEIOT BpeMs rmoucka 3'.

PasHble AepeBbs MOKMCKA IS OJHOTO W TOTO YK€ MHOKECTBA OOBEKTOB MTPHUBOIST
K pa3HOMY BpeMeHH orcka. Hampumep, BOT BTOpoe JepeBo MONCKa, COIepIKaliee
00beKTHI ¢ Kirouamiu {1, 2, 3, 4, 5}:

rae «1» TCIICPb UMCET BPEMs IMOUCKA 5.

Kaxkoe xe ACPEBO IMMONCKA ABJISICTCA ((Hy‘{LHI/IM»? MBbI 3aa1u 3TOT BOIIPOC B I1aB€ 11
yacmu 2. OTBETOM OBLIO nacajibHO C6aJ'IaHCI/IpOBaHHO€ ACPEBO:

' Tlo aHanoruu, BpeMs IIOMCKa PABHO CIMHHIIC IUTFOC [TyOHHA COOTBETCTBYIOIIETO y3J1a
B JIEpeBe.
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O6ocHoBanmne? MpeanpHo cOaTaHCUPOBAHHOE EPEBO MUHUMHUBHPYET THHY
CaMoro JUTMHHOTO ITyTH OT KOpHA K JHCTY (= log, n 1715t n 00BEKTOB) WIIH, YTO K-
BHBAaJICHTHO, MAaKCUMaIIbHOE BpeMsi Tioncka. COalaHCUpOBaHHBIE CTPYKTYPHI JIaH-
HBIX OMHAPHOTO JiepeBa MOKUCKA, TAKUE KaK KPACHO-YEPHBIC IEPEBbSI, CIICIIHATBHO
pa3paboTaHBI 715l TOTO, YTOOBI IMOJIJICPKUBATH AEPEBO IMOMCKA OTM3KO K HICaThHO
cbamancupoBanHomy (cM. pazzen 11.4 yvacmu 2). MuHUMU3aIUs BpEMEHH ITOUCKA
MMEET CMBICII, €CJIM Y Bac HET JaHHBIX O HaJIS)KHOCTH BapUaHTOB 1oucka. Ho uro
JIeNIaTh, €CJIA y BaC €CTh COOTBETCTBYIOIIAS CTaTHCTHUKA!?

YIIPA’KHEHUE 17.4

PaccMotpuM crienyrompe aBa AepeBa MOMCKa, B KOTOPBIX XPAHATCSI
00BEKTHI ¢ Kirouam 1, 2 u 3:

M 4aCTOThI IIOMCKOB

Kniou YactoTa noucka
1 0,8
2 0,1
3 0,1

! JlomycTuM, MBI peaju30BajIn POBEPKy opdorpaduu B Buae OUHAPHOTO JepeBa MOMC-

Ka, B KOTOPOM XPaHSTCS BCE MPAaBUIBHO HAMMCaHHBIC coBa. [IpoBepka opdorpadun
JIOKYMEHTA CBOIHUTCSI K IMOMCKY KayKIOTO U3 €r0 CJIOB MO OYCPEid, B COYCTAHUH B TOM
YHCIIE ¥ C HeYAauHBIMU TOUCKAaMH, COOTBETCTBYIOIIMMH CIIOBaM ¢ omHOKkaMu. OIIEHHTh
YaCcTOTY Pa3IUNYHBIX TOMCKOB MOXHO ITyTEM MMOJICYETa KOJHMYESCTBA BXOXKICHUHN pa3iny-
HBIX CJIOB (KaK MIpaBUJIbHO, TaK U HECIPABUIIBHO HaHI/ICElHHbIX) B JOCTAaTOYHO 6OJ'II>1HOM
HaOope IOKYMEHTOB.
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KaxkoBo cpenHee BpeMsi TOMCKA B IBYX AEPEBHIX COOTBETCTBEHHO?
a) 1.9ul,2

6) 1,9ul3

B) 2ul

r) 2u3

(Pemenwuie u nosicieHne cM. B paznene 17.2.9.)

17.2.3. OnpepeneHue 3agaun

VYrpaxxaenue 17.4 mokasblBaeT, 4yTO Jydlllee OMHAPHOE JEPEBO MOUCKA JIS
paboTHI 3aBUCHUT OT YacTOT IIOMCKA, IIPH dTOM HecOaJaHCHPOBAaHHBIC IEPEBBS
MOTEHIMAIILHO MPEBOCXOAT cOATaHCUPOBAHHBIE JIEPEBhs, KOTJa YACTOTHI IO-
HCKa HEPaBHOMEPHBI. DTO HAOMIOACHHUE Ba)KHO IS pa3pabOTKH aaroOpHUTMa:
Kakoe OMHAapHOE JIePEBO MOKMCKA OYIET JYUIIUM C YISTOM YacTOTHI TOMCKA IS

MHOK€ECTBa KIH04Yein?

3AJJAYA: OIITUMAJIBHBIE BUHAPHBIE TEPEBbS IIOUCKA

Bxoa: oTcopTHpOBaHHEINA CUCOK Kimtoueit &, k,, ..., k, 1 HeoTpHLIa-
TeJbHAs YaCTOTA P, Ul KAXJIOTO KIHo4a k.

Boixon: OunapHoe aepeBo noucka 7, conepxariee kitoun (k, k,, ...,
kn} C MUHUMAJIbBHO BO3MOKHBIM B3BCUICHHBIM BpeMeHeM TIIOUCKA:

Zn:p,. X(BpeMﬂ noucka ajs k; B T). (17.1)
i=1

=(rny6usa k, B T)+1

Tpu 3ameuanus. Bo-nepBbIX, IMEHA KIIFOUE€N HE UMEIOT 3HAUYEHUA U MOATOMY
MOTYT OBITh 0003HaueHbI Kak (1, 2, ..., n}. Bo-BTOpBIX, (OPMYIUPOBKA 331241 HE
IpEAIoaraeT, 4To p, B CyMMe cOCTaBisIeT 1 (oTciona popMynupoBKa «B3BEIICH-
HOE» BpeMsI TIOFICKa BMECTO «CPEIHET0» BpeMeHH noucka). [Ipn HeobxomumocTn
BBl MOXKETE CBOOOIHO HOPMAJIM30BaTh YaCTOTHI, PA3AE/IUB KaXIAYI0 U3 HUX Ha UX
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cyMMy Z::l p, — 5TO HE U3MEHHT 3ajady. B-TpeThux, 3a1aua, Kak yKa3aHo, He
CBs3aHa C OE3yCIICIIHBIMH MTOUCKAMH, TO €CTh TOMCKAMHU KITI04a, OTIMYHOTO OT
TOT0, YTO HAaXOAUTCS B 3alaHHOM MHOXecTBe {k, k,, ..., k,}. CaeqyeT npoBepUTs,
YTO pelIeHNe Ha OCHOBE JMHAMUYECKOTO MPOrPaMMHUPOBAHUS PACTIPOCTPAHSICTCS
Ha CITydail, KOT/Ia TakKe MOACYNTHIBAIOTCS BpeMEHA 0e3yCIEeITHBIX TIONCKOB, IIPH
YCIIOBHHM, YTO BXOJl YKa3bIBAET YACTOTHI TAKUX ITIOMCKOB.

3agava onTHMAFHOTO OMHAPHOTO JIepeBa IOMCKA IMEET HEKOTOPOE CXOZCTBO C 3a-
Jadeil ontumanbHOro decrpedurcHoro kozaa (rmasa 14). B obeux 3amayax BXof
3a/1aeT MHOKECTBO 4aCTOT HAJ| CHMBOJIAMH WJIM KIIFOYaMH, BBIXOJIOM SIBIISICTCS
OuHapHOE NEpeBo, a meneBast GYHKIHS CBSI3aHA ¢ MUHUMHU3AIMEH CpeaHeil riry-
Ounbl. PazHuna 3akmtoyaercs B OrpaHHUEHUH, KOTOPOMY JOJKHO YIOBJIETBOPSTh
OuHapHOe JiepeBo. B 3a1aue onTuManbHOTo OecpehUKCHOTO KoJa €TMHCTBEHHBIM
OTPaHUYCHUEM SIBIISICTCS TO, YTO CHMBOJBI TIOSBIISTIOTCS TOJIBKO HA JHCTHSIX. Pe-
LIEHHE 3a]1a4¥ ONITUMAJILHOTO OMHAPHOTO JIepeBa MOUCKa JOKHO YIOBIETBOPSTh
Ooee CJI0)KHOMY CBOMCTBY JiepeBa Ioucka (c. 88). BoT mouemy >kaiHbIe arOpUTMBI
HEIOCTATOYHO XOPOIIH IS IIOCIISTHEH 3a/1auu, B CBSI3H C YeM MPUACTCS MPHOET-
HYTh K MapaurMe IMHAMUYECKOTO TPOTPaMMHUPOBAHHS.

17.2.4. OnTumanbHaga NnoACTPYKTypa

IIpexxae Bcero BaxxHO MOHMMAaHKE CIIOCOO0B MMOCTPOCHHUS ONTUMAIBHOTO PEIICHUS
13 ONTUMANBHBIX peleHui 6onee Menkux noxzanad. [Ipenmnoaoxum, Ml IPHHSITH
(oOpedeHHBII Ha HEey#ady ) MOJIXO/] «pa3Jeisil v BIacTBY» K 3a/1a4e ONTHMaJIBHOTO
OGuHapHOro JepeBa noucka. Kax bl peKypCHBHBII BHI30B QJITOPUTMA «Pa3Aeistii
U BIACTBYil» OepeT eqMHCTBEHHOE pa30neHMe 3aJa4d Ha OAHY MM HECKOIBKO
Oonee Menkux noas3agad. Kakoe M3 HUX MBI JJOJDKHBI HCIONB30BaTh? Cpa3y Ha-
MPAIINBAECTCSl YCTAHOBKA 00BEKTA ¢ METUAHHBIM KITIOUOM B KOpPHE C TOCIIEAYIO-
MM PEKYypPCHBHBIM BBIYHCICHHEM JIEBOTO U TIPABOTO MOJIepeBbeB. OHAKO PH
HEOJHOPOIHBIX YacTOTaX IOMCKa HET OCHOBAHWH 0XHAATh, YTO MEAMaHa Oyner
XOPOIIUM BBIOOPOM AJIst KOpHSI (CM. ympaxkHeHue 17.4). Bei6op KopHS UMeeT He-
IpeJcKasyemble mocnencTsus. Kak 3apaHee NpaBUIIbHO Pa3AeNUTh 3aaqy Ha JIBE
MEHBIINE To[3a1a4n?

Ecnu 661 Mol monvko 3nanu kopensv. B 3amade o B3BEIIICHHOM HE3aBUCHMOM MHO-
JKECTBE Ha IyTeBbIX Tpadax (pazaen 16.2.1), 3Hast 0 IPUHAICIKHOCTH ITOCICTHEH
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BEPIIMHBI ONITHMAIFHOMY PEIICHUIO, MOYKHO 0€3 Tpy/ia YCTaHOBHUTH, KAK BBITIISIIUT
ocTajbpHas 4acTh. B 3amade o panme (paszgen 16.5.2), 3Has 0 MPUHAIICKHOCTH
MOCJICJIHETO TPEAMETa ONTUMAIBHOMY PEIICHUIO, MO)KHO YCTaHOBUTH, KaK BbI-
IISLIUT OCTaNIbHAS YacTh. B 3a7a4e 0 BEIpaBHUBAHUH MTOCIIEI0BATEILHOCTEM (pas-
nen 17.1.3), 3Hast comep>KUMOoe IMOCIEAHETO CTONOIa ONITHMAIIBHOTO BEIPABHIBAHNS,
TaKKe MOXKHO YCTaHOBUTb, KaK BBIIVISIIUT OCTaIbHAs YacTh. Mbl H3y4HIIU BCE BO3-
MOXHOCTH HPHUMEHHUTEIHHO K 3a/1a4aM O B3BCIICHHOM HE3aBHCHMOM MHO)KECTBE
1 O paHIle, KaK ¥ O 33Ja4e O BRIPABHUBAHUH TTOCIIEA0BATEILHOCTEH. BO3MOXKHO,
Y pelIeHue 3a/1a4u 00 ONTUMaIbHOM OMHAPHOM JIepeBe MOMCKA JI0JIKHO OCHOBBI-
BaThCSl HA 0MPOoO0BAnUL BCEX BO3MOJICHBIX KOpHell. B cremyromeM yrpaXHEHHH
MPEICTOUT BBIICHUTH, KAaKOH THUI JIEMMbI ONITUMAIEHON TOACTPYKTYPBI MOXKET
OBITH BEPHBIM JIJIS1 32/1a4M 00 ONTHMaJIbHOM OMHAPHOM JIepeBe MOMCKA.

YIIPA’KHEHHME 17.5

IIpeanonoxum, 4T0 ONTUMAILHOE OMHAPHOE JIEPEBO MOUCKA IS
kmoueit {1, 2, ..., n} u 4actor p,, p,, ..., p, IMEET KJII0U ¥ B CBOEM
KOpHE, C JIEBbIM IOAAepEBOM 1| U IIPaBbIM nojaepeBoM 7,

W3 caenyrommx HUXKe YeThIpeXx yTBEPKACHUH BBIOEPUTE TO, KOTOPOE,
KaK BbI II0/103PEBAETE, ABISETCA UCTUHHBIM.

a) Hu T, vu 7, He NOMKHBI OBITh ONTHUMAIBHBIMM JUI KIIIOUEH,
KOTOPBIE OHO CO/ICPKHUT;

6) Ilo xpaiineit mepe oauH u3 1), T, sBISETCS ONTUMATIBHBIM IS
KITIO4EHf, KOTOPBIE OHO CONEPIKHT;
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B) Kaxmsniius 7, 7, ABIseTCS ONTUMAIBHBIM JUIS KITFOUEeH, KOTOPBIE
OHO COJICPIKUT;

r) T, ABIseTCSA ONTUMAIbHBIM OMHAPHBIM AEPEBOM MOHCKA ISt KITFO-
veit {1, 2, ..., 7 — 1} u aHamoruyHbIM 00pazoM 7, — JIs KiIroueit
{r+1,r+2,..,n}.

(Pemenwuie n nosicieHne cM. B paznene 17.2.9.)

Kak o0bIuHO, hopManu3saiys OnTUMaIbHON HOACTPYKTYPhI CBOIUTCA K aHAIU3Y
CIIy4aeB, C OJHUM CIIy4yaeM UL KaxJ0i BO3MOKHOCTH TOTO, KaK MOYKET BBIIVIAAETh
ONTUMAaJIbHOE pelleHne. PaccMoTpuM onTuManbHOe OMHApHOE JepeBo noucka I
c kmouamu {1, 2, ..., n} U 4aCTOTaMH p,, p,, ..., p,. JIt0OOH U3 n Kitouel MoXeT
HOSIBUTHCA B KOPHE ONTHMAJIbHOTO PELIEHHs, I03TOMY CYILECTBYET 7 Pa3HbIX
citydaeB. MBI MOJKEM paccyXKAaTb 000 BCEX Cpasy.

Cuyuaii 7: kopeHb 13 7 umeet k104 7. [Tycts 7, u T, 0603HauatoT 1€BOE U IPaBoe
oJAepeBbs KOpHsl. M3 cBolicTBa AepeBa IOMCKA BBITEKAET, UTO pe3uJeHTaMu 7
SIBISIFOTCS Kitoud {1, 2, ..., 7 — 1} u aHanoruunsiM oopazom wist 7, u {r+ 1,7+ 2,
..., n}. bonee Toro, T, u T, ABNSAIOTCSI Oy CTUMBIMHU AEPEBBSIMH TIOMCKA JJIST CBOMX
MHOXKECTB Kiltoueil (To ecTbh kak 7, Tak ¥ 7, yIOBIETBOPSIIOT CBOUCTBY JepeBa
noucka). Jlanee Mbl oKakeM, 4To 00a SIBJISIOTCS ONTUMATIbHBIMU OWHAPHBIMH
JepPEBbSIMU TTOMUCKA JUISL UX COOTBETCTBYIOMIMX MOA33Jad C YaCTOTAMU P, Py, ...,
Dt U D,y Prigs s P,» YHACIICTOBAaHHBIMHU OT IIEPBOHAYAIBHOM 3a1auu’.

[IpennonoxuM, OT MPOTUBHOTO, YTO XOTS ObI OJHO U3 TIOAJIEPEBEEB — CKAXKEM,
T, — He sBNETCS ONTUMAIIBHBIM PELIEHUEM COOTBETCTBYIOIIEH eMy MOA3a1auH.
3TO 03HAYaAET, UTO CYIIECTBYET JIpyroe aepeBo moucka 7% ¢ xmouamu {1, 2, ...,
7— 1} ¥ co CTPOro MEHBIIUM B3BEIICHHBIM BPEMEHEM TIOMCKA:

r=1 r—l1

Zpk ><(k BpeMs MOUCKa B T,) < Z 2 ><(k BpeMs TTOKCKa B 7{) (17.2)

k=1 =
Hanee, ucriosnp3ys HepaBeHCTBO (17.2), mokaxkeM AepeBo MOKCKa EPBOHAYATBHOM
3a/1a4, MPEBOCXOAIIEE 7, 4UTO MPOTUBOPEUUT IIPEITONIAraeMOM ONTUMAIBHOCTH 7.
[Momyuum nepeBo 7*, BBINOIHUB ollepanuio Ha 7, BIPE3aB ero jJ1eBoe Noanepeso 1
U BCTaBUB % Ha €ro MecTo:

' TIlpu r = | wnm r = n OAHO U3 JABYX IHOJICPECBBEB SBISIETCS MYCTHIM, IIPHYEM IIyCTOE

JIepeBO BIIOJIHE MOAXOAUT JUIS ITyCTOTO Habopa KITFo4YeH.
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] ] ) )
Kroun{1,2,...,~1} Knioun{r+1,r+2,...,n} Knoun{1,2,....,—1}  Knoun{r+1,r+2,...,n}

T I

[Tocneanuii mar — cpaBHEHHE B3BEIICHHBIX BpeMeH noucka B 7* u 7. Pa3ous
cymmy B (17.1) Ha nBe yactu, kimtouu {1, 2, ..., — 1} nxmoun {r,r+ 1, ..., n}, MbI
MOYKEM 3aIucaTh T BpEMEHa [IOUCKa COOTBETCTBEHHO KaK

.

Dy % (k BpEMsI IOKCKa B T*) < ip,‘ x(k BpeMsI IOKCKA B T*)
p—

k=1

=1+ (BpeMH TIOMCKA B 7;')

r-1 n
> p,<(k Bpems noucka B T) < > p, x(k Bpems nomcka B T).

k=1 — k=r
=l+(Bpems nomcka B 7; ) Tax ke kax B 1" (xax k=r)

[Mockonbky aepeBbst T* u T UMEIOT OJJMH U TOT e KOPEHb 7 U OJTHO U TO K€ IPaBOe
noaznepeso 7, BpeMs ITONCKa KIroueit 7, 7+ 1, ..., 71 OANHAKOBO ISl 000MX JICPEBHEB.
[Touck kmoua B {1, 2, ..., ¥ —1} cHavyaJya mocemaet KOpeHs 7, a 3aTeM PEKYPCUBHO
MIPOM3BOJIUT MOKCK B JIEBOM TozajziepeBe. Takum oOpa3oM, BpeMsl [TOMCKa TaKoTo
KJTIoYa Ha eAnHuIy Oosnbiie B 7%, e B 1'%, u Ha eanHuIy 6onbrie B 7, ueM B 7.
3TO 03HAYAET, UTO B3BEIICHHBIC BpeMeHa OUCKa B 7% u 7' MOTYT OBITh 3aIICaHBI
COOTBETCTBEHHO KakK

r—1 r—1 n

D x(k BpeMsl MOHCKa B T]*)+ P+ Z D x(k BpeMs MOHCKa B T*)

Jo=

=~
i
-
Il
L

nesast cropona (17.2)

3

r—l1 e
Zpk X(k BpEM4 MOUCKaA B 7;)+ P + D X(k BpEMs MOMCKa B T*)

k=1 k=1 k=r

npasasi cropona (17.2)
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Bropoii u TpeTHii WieHbl OIMHAKOBBI B 000MX BhIpakeHUsX. Clieays Jomyiie-
Huto (17.2), mepBbIii WieH MEHBIIIE B IEPBOM BBIPAKEHUH, YEM BO BTOPOM, YTO
O3HAUAEeT, YTO B3BEIICHHOE BpeMsl MOUCKa B 1™ MeHbIle, YeM B 7. DTO MPUBOAUT
K O’KH/IaeMOMY TIPOTHBOPEUHIO M 3aBEPIIACT TOKA3aTEIHCTBO KIFOUEBOTO YTBEPIK-
JeHHs 0 ToM, uTo 7, U T, ABIISIOTCS ONTHMAaIbHBIMU OMHAPHBIMH IEPEBBSIMH ITOMCKA
JUISL X COOTBETCTBYIOIIMX M0/3a/1au.

Jlemma 17.4 (onTHMaIbHAs NOACTPYKTYPA ONTUMAJbLHOI0O OMHAPHOIO iepeBa
noucka). Eciu T asnaemcs onmumanibibimM OUHAPHBIM 0epesoM NOUCKA C KIOUAMU
{1, 2,..., n}, yacmomamu p,, p,, ..., p,, KOpHem r, 1egvim noooepesom T, u npasvim
noooepesom T,, mo:

(a) T, asnaemca onmumanbHblM OUHAPHBIM 0epeeoM NOUCKA 05 KIlouell
{1,2,..,r— 1} uvwacmomp,, p,,..,p,_, u

(6) T, asnaemcsa onmumanbHblM OUHAPHLIM 0epeom 0 Kutouel {r + 1,
2, ., 0} U HACMOM D, |, D)oy s Dy

JpyrumMu cioBaMH, 3HaHHE KOPHS ONTHMAIEHOTO OMHAPHOTO JIepeBa IMOKCKA T10-
3BOJIIET YCTAHOBHTD, KaK BBIIVIAIAT €T0 JIEBOE U IIPABOE MOAICPEBBL.

17.2.5. PekyppeHTHble COOTHOLUEHUS

Jlemma 17.4 cykaeT BO3MOXKHOCTH JIJISI ONTHMAIIBHOTO OMHAPHOTO JIepeBa OUCKa
JI0 1 ¥ TOJIBKO /1 KaHJIMAATOB, IJ€ 7 — YHUCIO KJIo4Yeil BO BXoae (TO €CTh YUCIIO
BapUaHTOB KOpHsl). JIyumid U3 3TUX 7 KaHAWIATOB JIOJDKEH ObITh ONMTUMAJIBHBIM
pelIcHuEM.

CaencrBue 17.5 (pekyppeHTHOE COOTHOIIEHHE ONTUMAJBLHOTO OUHAPHOTO
nepeBa noucka). C donywenusimu u 0bosnauenusmu nemmolt 17.4 nycme W, ; 000-
3HAUaem @36euieHHoe 8peMsl NOUCKA 8 ONMUMAILHOM DUHAPHOM Oepede NOUCKA
¢ kmouamu {i,i + 1, ..., j} uwacmomamu p, p+1, ..., p,. Ecnui> j, mo unmepnpe-
muposams W, kak 0. Tozoa

VV]J’ = ;pk + min ]{VVl,rfl +VVr+l,n}' (173)

re{l,2,...,n}
Cryuait r
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B Gonee obmem cirydae ans kaxaoro i, j € {1,2, ..., n},tnei </,

Wi,j = ipk + min {W;,H +VVr+1,j}'
k=i —

re{l,H—l,,..,]}
Cutyuaii r

Bosee oOmiee yrBepkIeHHEe B CICACTBUM 17.5 GopMmynupyercs myTeM BbI30Ba
MEePBOTO YTBEPKACHUSA i Kaxaoro i, j € {1, 2, ..., n},tae i <j, ¢ Kiouamu {1,
i+1,..,j} 1 UX 4acTOTaMH, UTPAIOIIUMH POJIb TIEPBOHAYATIBHOTO BXOJIA.

B pexyppenTHOM cooTHOmeHnH (17.3) «min» peanusyeT HCUepHbIBAIOIININ 110-
WCK TIO 7 Pa3HBIM KaHIUJaTaM ONTHMAJIBHOTO perreHus. Yien Z::1 P, HE0OX0-
IMM, TIOTOMY YTO YCTaHOBKa ONTHMAJBHBIX MOAJICPEBLEB MO HOBEIM KOPHEM
nobasisier 1 Ko BceM BpeMeHaM Ioucka uX kitodeid'. OOparuTe BHUMaHUE, YTO
3TOT JONOJHUTEIBHBIN WIEH HEOOXOANM AT TOTO, YTOOBI PeKYPPEHTHOCTH ObliIa
MIPaBHJIBHOM, JIa’Ke €CIN €CTh TOJIBKO OJMH KJII0Y (M B3BEIICHHOE BPeMs ITOHCKa
SIBJISICTCSI YACTOTOM TOTO KITIOYA).

17.2.6. Nop3apaumn

B 3amade o panue (pasnen 16.5.3) moazanaun MHASKCUPOBAIUCH JIByMsl Mapa-
METpaMH, TIOCKOJIBKY «pa3Mepy» TMoj3a/laud ObLI JBYMEPHBIM (TP 3TOM OJIUH
mapaMeTp OTCICKHUBAT MPEPHUKC TPEIMETOB, a APYTOM — OCTABIIYIOCS EMKOCTb
pania). Cxoxum 00pa3oM B 3aja4e O BBIPABHUBAHUH I1OCIIE0BaTeNIbHOCTEH (pa3-
nen 17.1.5) ObLT OOUH mapaMeTp, OTCIACKUBAIOMINN MPEPUKC KAXKAOH U3 ABYX
BXOJIHBIX IIeTIOUeK. PaccMaTpuBast peKyppeHTHOE COOTHOIIICHHE B CIIeACTBHU 17.5,
MBI BUIMM, YTO I10/133]1a4M CHOBA MHIEKCHPYIOTCS JByMs IapameTpamu (i U j),
HO Ha 3TOT pa3 1o pasHeiM npuuunam. [lonzamaun Gopmer W, B peKyppeHT-

' Crour noapobHee paccMoTpeTh AepeBo 1'C KOPHEM /¥ JICBBIM U IIPABBIM O/ICPEBBSIMH

T, u T,. Bpems noncka xmroueif {1, 2, ..., #— 1} B 7'Ha oquH 6onbiue, ueMm B 7, a BpeMs
ToWcKa JUIs Kimroue {r + 1, 7+ 2, ..., n} B T Ha onun Gonbmre, yeM B 7,. Takum obpa-
30M, B3BelIeHHOE Bpemst rorcka (17.1) MoxeT ObITh 0003HAYCHO KaK 2;: P, % (Bpemst
noucka 1 + kB T,) +p, x 1+ > " p, x (Bpems noucka 1 + k B T,), ¢ mocieyrommm
YIPOIICHUEM JI0 22:1 p, + (B3BemeHHOE BpeMs Moucka B 7)) + (B3BEIICHHOE BpeMs
noucka B 7).
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HOM cooTHomieHuu (17.3) onpeaenstorcs npedrukcaMi MHOXKECTBA KITFOUeH (Kak

00BIYHO), a MTo/13a1a4u (GOPMBI W, ompenensrores cyggurcamu kiroueit. UToOb!

rn
MOATOTOBUTHLCS K 000UM CIydasM, OyJieM OTCIEKHBATh KaK MEPBbIH (CaMblil Ma-
JIBIH ), TaK ¥ OCJIEAHNH (CaMblii OOJIBIION ) KITFOYH, TPUHAIIeKAIIHME Toa3a1ade’.
Takum 00pa3oM, Mbl OIy4YaeM JBYMEPHOE MHOKECTBO IO/33Ja4, HECMOTPs Ha
KaXyLuiicsa OQHOMEPHBIM BXOJ. Bapbupyst B [uana3oHe pejleBaHTHBIX 3HAUEHUM

JBYX [1apaMEeTPOB, I10JIy4aeM UCKOMYIO KOJIJIEKLUIO 110/13a/1a4.

ONTUMAJIBHOE BUHAPHOE JEPEBO IIOUCKA: IIOA3AJAYHA

[}

HApHOM JIepeBe MONCKa ¢ Kimodamu {i, i + 1, ..., j} 1 gacTotamu p,,
P> ---7pj'

(st kaxxnoro i, j € {1,2, ..., n},tne i <j.)

Brruncauts Wj’ MUHUMAJIBHOC B3BCIICHHOC BPEMs IOUCKaA B ou-

Camas Oompbiuas nmoxszanada (C i = 1 U j = n) B TOU4HOCTH COBMAJIAET C MEPBOHA-
YaJIbHOW 3ajaueil.

17.2.7. Aaroputm AHaAMMN4ecKoro
nporpaMmMupoBaHus

Pacnonaras moa3asauamMu ¥ peKyppeHTHBIM COOTHOIICHHEM, CIEAYyeT OXKUAATh,
YTO ANTOPUTM AWHAMUYECKOTO MPOTPaMMHPOBAHHS HAHIIIETCS caM cO00M, ecin
MPaBIIIEHO OMPEACINTH MOCIE0BATEIFHOCTE pelieHus moa3anad. Camblil mpo-
CTOM c1I0CO0 OMpeAeneHus «pa3Mepa Moa3aAaun» — 10 YUCITy KITI04eit Ha BXOJIC.

' Kax[plil peKypCHUBHBIN BBI30B OTOPACHIBACT OMH MIIH HECKOJIIBKO HAUMEHBIINX JIHO0,
HAIPOTHB, HAKOONIBIIKX KIIFOYCH. BO3HMKAIOIIIE [TPH 3TOM II033 a4l COOTBETCTBYIOT
HEMPEPHIBHBIM IIOJMHOXKECTBAM HCXOIHOTO Habopa KoYl — MHOXKECTBaM BUIA {i,
i+1,...,j} g Hekotoporo i,j € {1,2, ..., n} ci<j. Ckaxem, Uil peKypCHBHOTO BbI30Ba
MOYeT OBITh 3a/1aH mpedukc ucxoanoro Beoaa {1, 2, ..., 100}, nvanpumep {1, 2, ..., 22},
HO [P 3TOM HEKOTOPBIE U3 €r0 COOCTBEHHBIX PEKYPCHUBHBIX BHI30BOB OYIyT BKIIFOUCHBI
B cy(uKch ero BBoia — K mpumepy, {18, 19, 20, 21, 22}.
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[TosTomMy mMeeT cMBICH CHayaja PEeluTh BCE MO/A33Ja4l C BXOJOM M3 OIHOTO
KJIFO4a, 3aT€M T10/[33]1a4¥ C BXOJ]aMH M3 JIByX KITIOUEH U T. 1. B cremyromem Hibke
[ICEBIOKOIC TIEPEMEHHAS § YIPABISIET TEKYIIIUM pa3MepoM IMof3aadun’.

OptBST

Bxopn: xmoun {1, 2, ..., n} ¢ HEOTPULIATEIBHBIMU YaCTOTAMHU P, D5,
s Dy

Boixon: MuHUMabHOE B3BELIEHHOE BpeMmst rtorcka (17.1) B OuHapHOM
JiepeBe ToucKa ¢ kiodamu {1, 2, ..., n}.

// nop3agaum (i wHaexcupyeT ot 1,j ot 0)
A:=(m+1)x(n+ 1) iByMepHBII MaccuB
// 6asoBbie cnyvam (i=j+1)
for i=1ton+1 do
A[i[i—1]:=0
// cucTemaTuyecku pewuTb BCe nopsagaun (i < j)
fors=0ton—1do // s = pa3smep noasagauun-1
fori=1ton—sdo // i+ s urpaeT ponb j

// wncnonb3oBaTb peKyppeHTHOe COOTHOWeHue
// w3 cnepctBua 17.5

A[i[i + 5] =

> py+minl AL~ 1+ Alr +11[+ 51} )

Cuyyait r

return A[1][n] // pewenne Hambonbwein nopsasayun

B urepanmu nukia, OTBETCTBEHHOM 32 BEIUMCIICHUE perieHust moazanadan A[i][i + s],
Bce usienbl Buga A[i][r — 1] u A[r + 1][i + s] COOTBETCTBYIOT pEIICHUSM MEHBIINUX
oJ13a/1a4, BEIYMCIISIEMBIX B O0Jiee paHHUX UTEpaIHsIX BHEITHETO UKIA for (UiH
B 0a30BBIX CITydasx). DTH 3HAUEHUSI TOTOBBI U OXKUJIAIOT TMTOMCKA 3a MTOCTOSTHHOE
Bpemsi. MOXKHO BU3yalTU3UPOBAaTh MacCUB A B aNropuT™Me OptBST Kak JBYMEPHYIO

I Cwm. paboty anroputMma Ha TipuMepe 3a1aqn 17.4.
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TaOIHILY, I7Ie KaKasi UTepalusi BHEITHETO ITUKJIa for COOTBETCTBYET JHArOHAJIH,
a BHYTPEHHUHN IUKJI for 3amoJHSET IEMEHTHI INarOHANA C «IOT0-3armaia» Ha
«CEBEPO-BOCTOK:

. [ PEand P P
/ ! A A ,(’) /
6 / d . S .20
s=n-1 —le——> X L’ ',',, o e
. 1 1 o ,
= 5 2 e 0,
O ® ‘ / Pl Pl
© 5 5 7 ~
’ /| ’
© 4 . / .
TS . /7 /) 0 ,
py . 7’ g .
ge P T I S I
~ ~ ,
% 3 3 /, ,,”// y 0 ) '8*}
L , . / L 'DQ
= . B a )i '
2| ,,’l , 7 0 QOQ‘
s=1 > /, it L )
; o = ,\QS’
17,1 a X
P K Q0
s=0 —f-" . e QQI
7+ 3 Q'
A R
0,50 X
BasoBbi o
cnyyan 1 2 3 4 5 6 7

MHAaekc i HaMMeHbLUEero Kro4a

Bo Bpems Bbrumcnenus aneMenTa maccuBa A[i][i + s] Bce pereBaHTHBIE YJICHBI
dbopmbl A[i][r — 1] u A[r + 1][i + s] nexar Ha (paHee BBIYUCICHHBIX ) HIDKHUX JTHA-
roHansix. Kak 1 Bo Bcex HaIlllMX ajaropuTMax JHHAMUYECKOTO MPOrpaMMHUPOBaHUS,
MIPaBIIIEHOCTH AITOPUTMA OptBST CIIEAyeT 10 MHAYKINH (Ha pa3Mepe Imo/3a/1aum)
C PEKYPPEHTHBIM COOTHOLIEHHEM M3 CAEeACTBHs 17.5, OnpaBabIBaIOIIMM UHIYK-
I[IMOHHBIN IIIar.

Yto KacaeTcst BpeMEHH BBITIOTHEHHUSI, TO HE CIEYET IyMaTh, 4TO CTPOKA [ICEBIOKO-
J1a, BBITIOJTHSIEMAs B KaXKIOM UTEPAIMH [IUKJIa, TPEOOPa30BhIBACTCS B IOCTOSIHHOE
YHCIIO MTPUMHTHBHBIX KOMITBIOTEPHBIX OTMepariii. BeraucieHne cyMMBbI Z:, D,
M UCYEPIBIBAIOIIMI MOUCK TI0 s + | cilydasiM peKyppeHTHOTO COOTHOIICHHUS 3a-
uumaeT O (s) = O{n) Bpemenu'. Cymectyer O{n?) urepauuii (1o oaHOM Ha MO~

3a7a4y) Py COBOKYITHOM BpeMeHH BoimonHenus O (n°)?.

! Kak Hac4eT ONTHMH3AIIHH, [I03BOJISFOLICH H30€KaTh BEIYNCIICHHUS CyMMBI z'k:, Py CHYISA
JUI Ka)KJ0i U3 rmoj3anay’?

2 B Beipaxkenn (16.1) f(n) = O(n?), g(n) = O(n) u h(n) = O(1). OTMeTHM, 3TO TIEPBbIi
npuMep, B KOTOPOM pabora 1moj3anadyu g (72) He OrpaHu4eHa KOHCTAHTOM.
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Teopema 17.6 (cBoiicTBa ajdropuT™Ma OptBST). /s kascooeo muoxcecmea {1, 2,
<.y N} KTIOYEU U HEOMPUYAMENLHBIX YACMOM. P\, D, ..., P, Al20pumm OptBST Gbi-
noansiemes 3a epemsi O () u 6036payaem MUHUMATILHOE 636E€UEHHOE 8DEMSI NOUCKA
6 bunapHom Oepese noucka ¢ kuouamu {1, 2, ..., n}.

AHAJOTMYHO HAIIUM JPYTUM TEeMaTHYECKUM UCCIICIOBAHUSM, ONITUMAIIbHOE OU-
HapHOE JIEPEBO MOMCKA MOXKET OBITh PEKOHCTPYHUPOBAHO MTyTeM 00paTHOU Tpaccu-
POBKHM KOHECYHOT'O MacCHUBa A, BBIYUCIICHHOTO AJITOPUTMOM OptBSTl.

17.2.8. Yny4yweHne BpeMeHU BbINOJSIHEHUS

KyOuueckoe BpeMsi pabOTHI airoputma OptBST, 6€3yclI0BHO, He KBATH(DUITUPYETCS
KaK HEBEPOSTHO OBICTpOE. YKa3aHHBII alrOpuTM HAMHOTO OBICTpEe, YeM Hcdep-
MBIBAIOIINI TOMCK BO BCeX (IKCIOHEHIIMAIBHO MHOTOYHCICHHBIX) OMHAPHBIX
JePeBbsIX OUCKA, TI03BOJISIS PEeLIaTh 3a/a4y C 7, U3MEPSIEMbIM COTHSIMH, 32 Pa3yM-
HBIH TIPOMEIKYTOK BPEMEHH, HO HE 33/1a4M C 7, ©3MEPSeMBIM ThiCsuaMu. B To ke
BpeMst HeOOJTbIIast HACTPOITKa alIrTOpUTMa COKpaIaeT BpeMs ero pabotst 1o O (n%)?,

' Ecnu anroputm OptBST MOAU(DHIMPOBAH Ul KILINPOBAHUS KOPHEH, OIPEACIISIONINX

3HAYCHHS TOBTOPSIEMOCTH ISl K&XK/IOU MoA3a1auk (TO €CTh 3HAYCHUS #* TAKOBBI, 4TO A[1]
[i+s]=A[i][r— 1]+ A[r] + 1] [i + 5]), TO anITOPUTM BOCCTAHOBIICHUS BBITIOJIHSICTCS 32
O (n) BpeMeHH. B MPOTHBHOM CITydae OH JOJDKESH TIEPECUUTATh KOpHH 3a Bpemst O (12).
Bosmorken crnemyromnmii BapuaHT qeiictBrii. Bo-mepBbIX, 3apaHee BHIYHCINM BCE CyMMBI
BHJA ZL:,» p, 3a Bpemst O (n?). 3aTeM BMeCTe ¢ KaXIbIM perenneM noasanaqan A[i] [/]
COXpaHHUM BBIOOD KOpHS 7 (i, j), MuanMu3upyomero A[i] [r — 1]+ 4 [r + 1] [j] wnn,
9KBUBAJICHTHO, KOPEHb ONTUMAJIBHOTO JepeBa MONCKa A Moa3anaddl (IpH HaIUIUU
HECKOJIBbKHX KOpHEH UCTIONb3yiTe HaMMEeHbIui ). J{anee, cromnb3yst CBOMCTBO MOHOTOH-
HOCTH, 100aBUM HOBBIH MaKCHMaJIbHBIH (MIIH COOTBETCTBEHHO MUHUMAJIBHBIH) 2JIEMEHT
B 110J33/1a4y, YTO MO3BOJHT YBEIHUYHUTH (YMCHBIINTH) KOPEHb ONTHMAJIBHOTO MOHCKA
nepesa. SIcHO, 4To 11000€ N3MEHEHUE B KOPHE JOJDKHO CIIY>KUTh IlepedaTaHCHPOBAHUIO
0011Iel 4acTOTHI KIIF0Yel MEXKIy €ro JEeBbIM M IPaBbIM IOIIEPEBBSIMU.
HMcxons u3 aToro npeanonaokeHus, 11 Kax 101 oA3a1auu ¢ i <j ONTUMaJbHbIN KOPEHb
7 (1,7) Oynet e menee 7 (i, j — 1) n ne 6onee 7 (i + 1, j). Ecim xe i =, 0 7 (7, /) HOmKHO
ObITh 7. TakuM 00pa30M, HET CMBICIIA UCKATh aOCOMIOTHO BCE KOPHU MEXKY I U j (KOPHH
mexny ¥ (i,j— 1) ur (i + 1,j)). B xyamewm ciydae uncio Takux KopHe# paBHo 7. OnHa-
KO B COBOKYITHOCTH 110 BeeM @ (712) mozi3aiauam KOJIMUEeCTBO U3YUEHHBIX KOPHEH PaBHO
:,,l, '; L r@+1,))=r(@,j—1)+1),anocre ormens — Tombko O (1%) (mocnemee
TpeOyeT npoBepKH). J[oTONHUTENBHBIE CBEICHUS CM. B CTaThe « ONTHMAabHBIE IePEBbS
O6unapHoro noucka» Jlonansna Kuyra (Acta Informatica, 1971).
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YTO MO3BOJIACT peIIaTh 3a4a4u C 71, UBMEPAEMBIM B ThICAYaX W, BO3SMOHO, JaXKE
B IC€CATKaX ThICAY 3a paSYMHLIﬁ IMPOMCIKYTOK BPEMCHH.

17.2.9. PewweHuns ynpaxHeuumn 17.4-17.5

PelwieHue ynpaxHeHuvsa 17.4

IMpaBuabublii oTBeT: (0). 111 mepBoro aepesa nmoucka «1» BHOCUT B cpeHee
Bpems noucka 0,8 x 2 = 1,6 (moromy uTo ero yacrora paBHa 0,8, a BpeMs MOUCKa
pasHo 2), «2» BHOcHT 0,1 X 1 =0,1 u «3» BHOCHT 0,1 X 2 = 0,2, Ipu cyMMapHOM
3Hagennu 1,6 + 0,1 + 0,2 = 1,9. Bropoe nepeBo noncka umeeT O0bIlIee MaKCH-
MaJbHOE BpeMsi TIoucka (3 BMecTo 2), HO CUACTIMBBIN CITy4aid IOMCKA KOPHS TeTeph
ropaszo BeposiTHee. «1» Tenepb BHOCHUT B cpeanHee Bpems moucka 0,8 x 1 = 0,8,
«2» BHocut 0,1 x 2 =0,2 u «3» BHOCHT 0,1 X 3 = 0,3, mpu cyMMapHOM 3HAYE€HUU
0,8+0,2+0,3=1,3.

PeweHue ynpaxHeHusa 17.5

IpaBuabHblii oTBeT: (T). Hamie BugeHue ajroputMa IMHAMUYECKOTO IIpOrpam-
MHUPOBaHUs, «I1epeOUparoIIero» Bce BOBMOKHOCTH IS KOPHS C PEKYPCHUBHBIM
BBIYMCIIEHMEM WJIM IIOMCKOM B ONTHUMAJIBHBIX JIEBBIX M IPABbIX IOAAEPEBBAX
IUTSL KaXKITOW BO3MOXKHOCTH, TIPEICTABISICTCS O€3HANEKHBIM, €CITH TOJBKO JIEBOE
Y TIPaBO€ MOJJACPEBbsl ONTUMAIBHOTO OMHAPHOTO JepeBa MOMCKa He ObLIN Obl
rapaHTUPOBAHHO ONTHMAJIFHBIMHE JUISl COOTBETCTBYIOIIEH moa3amadn. Takum 00-
pa3oM, 4TOOBI HAII TOAXO] YBEHYAJICS YCIEXOM, OTBET IOJDKEH OBITH MO0 (B),
nmu6o (r). Kpome Toro, mo cBOHCTBY JepeBa MOKMCKA, C YI4ETOM KOPHS 7 Mbl 3HaeM
JIeMorpauio ero AByX MOIACPEBhEB — KITIOYH MEHBIIIE 7 IPUHAIJICHKAT JIEBOMY
MOAJIEPEBY KOPHSI, @ T€, KOTOPBIe OOIBIIE 7', — €r0 MIPaBOMY MOAICPERY.

BbIBO/JbI

X B 3amaue 0 BRIpaBHUBAHUH [TOCIIEIOBATEIHHOCTEH BXOI] COICPIKHT JIBE
CHMBOJIbHBIE [ICTIOYKH 1 IITPa(bI 32 3230PBI U HECOBIAICHHS, A LIE)Tb
COCTOUT B TOM, YTOOBI BBIYUCIIUTH BbIPAaBHHBAHUE JBYX LIEMIOYEK
C MHHHUMAJIBHO BO3MOYKHBIM CYMMAapHBIM IITpadoMm.



204 Mnasa 17. PacluMpeHHoe AvHaMUYeCcKoe NporpaMMMpoBaHme

X 3amada 0 BRIpAaBHUBAHUH [TOCIIEI0BATEIFHOCTEH MOXKET OBITh peTIeHa
C TIOMOUIbIO IWHAMHYECKOTO IPOorpaMMUpoBaHus 3a Bpems O (mn),
TJI€ 71 U 1 — 9TO JUTMHBI BXOJHBIX [IEMOYEK.

X [lom3amadun COOTBETCTBYIOT pe(hUKCaM IBYX BXOIHBIX Iernouek. Cy-
LIECTBYET TPU PA3HBIX CIIOCO0A MOCTPOSHHUS ONITUMAIBHOTO PEIICHHS
U3 ONITUMAIIBHBIX PEIIeHHIA O0Jiee METKUX T0/A3a/1a4, YTO IPUBOIMUT
K PEKYypPPEHIIUH C TPEMSI CIIydasiMH.

X B 3agave 00 onTUMaIbHOM OMHAPHOM JIEPEBE MMOKMCKA BXOJ IPEI-
CTaBJSIET COOON MHOKECTBO M3 /1 KITIOUSH M HEOTPHIATEILHBIX Ya-
CTOT JUISL HHX, a IIeJIb COCTOMUT B TOM, YTOOBI BEIYUCIUTH OHHAPHOE
JIEPEBO TIOKCKA, COAEPIKAIIEE ITH KIFOUYH ¢ MUHHMAIIbHO BO3MOYKHBIM
B3BEIIICHHBIM BPEMECHEM MOUCKA.

X 3agada 00 ONTHMAJIBHOM OMHAPHOM JEepeBe MOMCKA MOXET OBITh
pelieHa ¢ HOMOIIBIO0 THHAMHYIECKOTO MPOrPAMMHUPOBAHHUS 33 BPEMSs
O(n?), tae n — 370 urcino kirouei. HeGobiias HacTpoiika alnropurma
YMEHbIIIaeT BpeMst paboTel 10 O (7).

% [lom3azmadyn COOTBETCTBYIOT CMEKHBIM MOAMHOKECTBAM BXOIHBIX
kiouei. CyIecTByeT 72 pa3HbIX CIIOCOOOB MOCTPOEHUSI ONTUMAIb-
HOTO PEIIeHHs U3 ONTUMAIBHBIX PEIICHUI OoJiee METIKUX MoA3a1ay,
YTO IPUBOAUT K PEKYPPEHLIUHU C /1 CIIydasiMU.

3agaym Ha 3aKpenjaeHme martepuvuana

3agaua 17.1. KakoBbl OKOHUATEIbHBIE 3JIEMEHTHl MAacCCHBA aArOpUTMa NW JIs
BXOJIa B 3a/lauy O BbIPaBHUBAHUU I10CJIEN0BATENbHOCTEN B ynpaxkHeHuu 17.1 u3
paznmena 17.1?

3apaya 17.2. Anroput™ Knapsack u3 paszaena 16.5 u anroputm NW u3 pasznena 17.1
3aIOJTHSIOT IBYMEPHBIH MAacCHB C UCIIONB30BaHHEM yaBoeHHoro nukia for. [Ipen-
TIOJIOXKHM, MbI I3MEHIIIN OPSAOK IUKIIOB for — OyKBaJIbHO BBIPE3an U BCTaBUIN
BTOPOH IMKII TIEPEJT IEPBBIM, HE MEHSISI TICEBIOKO]T KAKUM-JTHOO0 JIPYTHM CIIOCOOOM.
SIBISIOTCS JIH TIOJTyYE€HHBIE QJITOPUTMBI YETKO OTIPEEIeHHBIMHU 1 IIPaBUIIbHBIMU?

a) Hu onuH M3 aNropuTMoB HE OCTAETCS YETKO OIPENEeSIEHHBIM M IIPaBUJIb-
HBIM IIOCJIe U3MEHEHUS MOPSJIKa ClieI0BaHus HUKIOB for;
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0)

B)

r)

O0a AJIropruTMa OCTAKOTCA YE€TKO ONPCACICHHBIMHA U IPAaBUJIbHBIMU ITOCJIC
HU3MCHCHHUS MOPsAAKa CIICAOBAHUS TUKIIOB fOI';

AJ'IFOpPITM Knapsack OCTaercs 4€TKO ONPEACIICHHBIM U MPAaBUJIbHBIM I10-
CJIC U3BMCHCHUA NOPsAKa CJICAOBAHU LIUKIIOB fOI', HO aaroputM NW — HET,

Anroput™ NW OCTaeTCsi YETKO OMPEACIICHHBIM U MPABUIBHBIM MOCIE U3-
MEHEHHUS TTOPSIJIKA CIIeIOBaHUs IUKIIOB for, HO anropuT™ Knapsack — HeT.

3amaua 17.3. Bee cnenyromue 3a1aui MPUHUMAIOT HA BXOJ/IE JIBE€ CUMBOJIbHBIE

nenovku, X v Y, JTMHOHN m ¥ n Hajl HeKoTopbIM andaButom X. Kakue u3 HUX MOTYT

OBITH perieHsl 3a Bpemst O (mn)? Bribepute Bce, 4YTO IPUMEHHAMO.

a)

6)

PaCCMOTpI/IM BAapHUaHT BbIpaBHHUBAHHWA HOCJ'IeI[OBaTeJ'H:HOCTeﬁ, B KOTOPOM

BMECTO €IMHCTBEHHOrO Tpada 3a 3a3op o,

TeNBHBIX uncia — a u b. lllTpad 3a BCTaBKy & 3a30pOB B IIETIOUKY TENEPh

BaM JarOTCs JBa IIOJIOXKHU-

ompenensercs Kak ak + b, a e k x a,,,. Ocranpubie wrpadsl (3a coueTaHme
JIBYX CUMBOJIOB) ONpeAEIIeHbI, Kak U paHee. Lleab coCTOMT B TOM, 4TOOBI
BBIYUCIINTE MHHUMAJIBHO BO3MOKHBIHN MITpad BEIpaBHUBAHKS IO ATOW HO-
BOM MOJIETH CTOMMOCTH;

Beraucute mHY caMoil IMHHONW 00mIed moanocieaoBareabHoCTH X
u Y (moArnociaenoBaresibHOCTh Heo0s3aTebHO JIOJIKHA COAePIKATh CHMBO-
nbl ozapsia. Hampumep, camasi aimuHHAs 001Iast MOIOCIEI0BaTeIbHOCTh
«abcdef» u «afebed» paBHa «abed»)';

Honyctum, X u Y ©MeIoT oquHaKkoByIo JiuHy 7. Onpeaennure, CymecTBy-
€T JIU MepeCcTaHOBKa f, 0ToOpaxaromas Kaxaelii i € {1, 2, ..., n} B pazHoe
suauenune f(i) € {1, 2, ..., n}, Takas, uro X, = ¥, nus kaxmoro i = I,
2, ., 1

BbruuciauTte JUIMHY caMOW JUTMHHOW 00mei moamenoyku X u Y (momie-
IMOYKa — 3TO HOIIIOCICIOBATCILHOCTD, COCTOSINAS U3 MOCIICI0BATCIIBHBIX
cumBoJI0B. Hanmpumep, «bcd» siBisiercst momienoukoii «abedet, a «bdfy —
HET).

1

AJNTOPUTM JIMHAMHYECKOTO MPOrPAaMMUPOBAHUS JJIsi CAMOM JUIMHHOM 3a/1aud 00IIrX

MO/IIIOCIIEIOBATEILHOCTEH JIEXKHUT B OCHOBE KOMAH/IbI diff, XOPOIIO 3HAKOMOM MOJIB30-
Barensm Unix u Git.
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3amaya 17.4. PaccmoTpuM sK3eMIUTSIp 331241 00 ONTUMaIbEHOM OMHAPHOM JIepeBe
TouCKa ¢ Kimrouamu {1, 2, ..., 7} u ciemyromniie HiKe 9acTOThI:

Cvumeon YacrtoTa
1 20
2 5
3 17
4 10
5
6
7

20
3
25

KakoBbl OKOHYATENIBHBIC 2JIEMEHTHI MacCHBa aNropuT™Ma OptBST U3 pazaena 17.27

3agaua 17.5. Bcnomuute anroput™ WIS (pazaen 16.2), anroputm NW (pazaen 17.1)
U aJqropuT™ OptBST (paszen 17.2). TpeGoBaHMS K MPOCTPAHCTBY STHX ANTOPUT-
MOB TIPOTIOPITHOHATBHEI YHCITY Ton3anad: @ (1), TIe COOTBETCTBEHHO # — YUCIIO
BepiinH; O (mn), TIe m U n — JUIMHBI BXOAHBIX Lenouek; u © (n?), riae n — 4uciio
KIIIOUEH.

[Ipennonoxum, Mbl XOTUM BBIYHCIUTH 3HAUEHUE ONTHMAJIBHOTO PEIICHHUS U He
3200TUMCS 0 PEeKOHCTPYKIMU. CKOJIBKO MecTa HaM TpeOyeTcs IS BHITOIHCHHS
COOTBETCTBEHHO Ka)XK[IOTO U3 TPEX aJlTOPUTMOB?

a) ©(1),0(1)n6Mm)
0) ©(1),0(n)u®n)
B) O(1),®(n)uO(n?
r) O(n),®(n)nO[H)

3apa4yn NOBbILLEHHON CJI0OXXHOCTU

3agaua 17.6. B 3agaue 0 BEIpaBHUBAHHUHU MOCIIEI0BATEILHOCTEH MTPEIIONIOKIM,
YTO BBI 3HAETE, UTO BXOIHBIE IICITOYKH SBIISIIOTCS OTHOCUTEIBLHO ITOX0KHUMU, B TOM
CMBICIIE, YTO CYIIECTBYET ONTHUMAIIEHOE BEIPABHUBAHKE, KOTOPOE MCIIONIB3YET HE
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Oosee k 3a30poB, Il kK HAMHOTO MEHBbIIIE, YeM JUTUHBI 1 U 1 1ienodek. [Tokaxure,
Kak BeruuciauTh NW-ormetky 3a Bpemst O ((m + n)k).

3amaua 17.7. B urpe «TeTpuc» nMeeTcs ceMb BHIOB IUTMTOK' . Paspaboraiite anro-
PUTM AMHAMUYECKOI0 IIPOrPaMMHUPOBAHU, KOTOPBIA € Y4ETOM X, X,, ..., X, KOIIUI
KaX(Z[Oﬁ COOTBCTCTBy}OIHeﬁ TUITATKA OMIPCACIIACT, MOXKHO JIM BBUIOXKHUTH UT'POBOC
moste 10 X n TaKUMHU ITUTKaMH (pa3Menias X, OIHAKO, ¥ TaM, T/I¢ BBl XOTHTE — HE
00s13aTeNIbHO B MOPSAKE, IPUHATOM B Urpe « Terpucy). Bpems paboTsl anroputma
JOJIDKHO OBITH ITOTUHOMHAILHEBIM B 7.

3agaum no NnporpaMmMupoOBaHUIO

3agaua 17.8. Peanmzyiite Ha CBOEM JIFOOMMOM SI3bIKE IIPOTPAMMHUPOBAHUS AJITOPUT-
MBI NW 11 OptBST BMECTE € UX aJITOPUTMaMU PEKOHCTPYKIIMHU. TecToBbIe ciiyyan 1 Ha-
OOpBI TaHHBIX JUIS CJIOKHBIX 33/1a4 CM. Ha BeO-caiiTe www.algorithmsilluminated.org.

I CwM. https://www.tetrisfriends.com/help/tips_beginner.php.
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OTa 11aBa MOCBSIICHA IBYM 3HAMEHHUTBIM aITOPUTMaM ANHAMUYIECKOTO TIPOTpaM-
MUPOBAHUS I BEIYUCIICHUS KpaTuaiimx myTeil B rpade. Oba oHu MeIcHHEe,
HO Oosiee 001ITH, YeM alropuTM Kpardaiiiero myTtu Jlefikerpsr (TinaBa 9 yacmu 2)
W allTOPUTM, aHAJIOTHYHBINA anroputmy [lpuma (pasgenst 15.2—15.4). Anroputm
Bennmana—®opna (Bellman—Ford) (pa3zaen 18.2) pemaet 3amauy o kpaTyai-
[IeM ITyTH C €AMHCTBEHHBIM HCTOKOM C OTPUIATEIFHBIME JUTHHAMHU pedep; ero
MIPEUMYIIECTBO 3aKJIIOUACTCsl TAKXKE B TOM, UTO OH SIBISICTCSl «OoJiee pacmpene-
JICHHBIM», YeM aJITOpUTM JIeHKCTpBI, U MO 3TOH NpUUYMHE TIyOOKO MOBNHSI Ha
croco0 MaprpyTu3anun Tpaduka B uHTEpHETE. Anroput™ Onoitna— Yopmema
(Floyd—Warshall) (pa3nmen 18.4) Taxke BMeIIaeT oTpHIaTesIbHbIC JUIMHBI pedep
U BBIYMCIISICT KpaTyaillee pacCTOSIHUE OT KaocO0020 UCTOKA 10 KaXk/JIOTO CTOKA.

18.1. KpaTtyainwme nytu ¢ otpmyatesibHbIMU
AJNIMHaMu pebep

18.1.1. 3apaya o KkpaTyamwiem nNyTun
C € AUHCTBEHHbIM UCTOKOM

B 3agaue o kparyaiiiem nyTu ¢ €JMHCTBEHHBIM HCTOKOM BXOJl COCTOUT U3 OpH-
enTupoBaHHoro rpada G = (V, E) ¢ BelmecTBeHHON AMHHOM £, [UIs KaKA0Tro pedpa
e € E 1 0003HaYeHHON CTapTOBBIM IIYHKTOM S € V, KOTOpBIH Ha3bIBaeTCs UC-
MOKOBOU (UCXOOHOI) 6ePUIUHOL WA CIAPMOGOU 8epuiunoll. /nuna nymu — 310
CyMMa JUTHH ero pedep. OTBETCTBEHHOCTb allTOPUTMA 3aKITFOUACTCS B BBIYHCICHUH
JUIA KaXKJIOr0 BO3MOXKHOTO CTOKA (ITyHKTa Ha3HA4YeHHs) V MUHUMAJIbHON JJIMHBI
dist (s, v) opueHTHpOBaHHOTO NyTH B G U3 5 B V. ECITN Takoii myTh HE CyIIECTBYET, TO
dist (s, v) onpenensiercs kak +oo. Harpumep, kparyaiiliiee pacctosHue U3 s B rpade

O

paBHo dist (s, s) = 0, dist (s, v) = 1, dist (s, w) = 3 u dist (s, t) = 6.



210 Fnaea 18. Kpatuaiime nyTu NoBTOPHO

3AJAYA: KPATYUAMIIME IYTU C EAUHCTBEHHBIM
HCTOKOM (TPEABAPUTEJIBHASI BEPCU )

Bxon: opuentupoBannsiii rpad G = (V, E), ucxonHas BepunHa s € V,
BIIECTBEHHAs JUIMHA {, U1 KaK1oro pebpa e € E.!

Bwixoa: kpatuaiiiiee paccrostaue dist(s, v) I KaKIOW BEPIIHHBI
ve V.

Hanpumep, ecnu kaxaoe pedpo e UMeeT eIMHNYHY0 JUINHY £, = 1, To KpaT4aiimii
ITyTh MUHUMHU3UPYET YNCIIO IPBIKKOB (TO €CTh YHCIO pedep) MEXTy €T0 HCTOKOM
u crokom®. JIubo, ecnu rpad npencTaBiseT JOPOKHYIO CETh U UTHHA KaX0rO
pebpa sBiIgeTCS 0XKHUIAEMBIM BpeMEHEM B IIyTH OT OHOT'O KOHIIA IO APYroro, TO
3aJa4a 0 KpaT4auIieM IIyTH ¢ CAMHCTBEHHBIM HCTOKOM SIBIISIETCS 3a1a4ei BHIUUC-
JICHUS] BPEeMEHH ABIKCHUS OT HaUYaIBEHOTO ITyHKTA (MCXOIHOM BEPIINHBI) 10 BCEX
BO3MOXHBIX ITyHKTOB Ha3HA4YEHUSI.

Yurarenu yacmu 2 IO3HAKOMUJIMCH C HEBEPOSITHO OBICTPBIM alropuT™MoM Jleiik-
CTpBI JUIsl YaCTHOTO CIy4as 3a/1a4M O KpaTyaillleM MyTH ¢ €IMHCTBEHHBIM UCTO-
KOM, B KOTOPOH JJIMHA Ka)KJI0Tr0 pedpa £, SBISeTCs HEOTPULATENBHOI . AITOpUTM
JeHKCTpBI, TpH BCEX €ro TOCTOMHCTBAX, He BCETa MPaBHJICH B Tpadax ¢ oTpHIia-
TeNbHBIMU JyTHHAMU pedep. OH oka3bIBaeTCs O€3yCHEIHbIM Ja)Ke B TPUBUATILHOM
puMepe, MOT0OHOM CIEAYIOMEMY:

' Kaku B 3a4a4¢ ¢ MUHUMAJIBbHBIM OCTOBHBIM ANEPEBOM, IPECATIOIO0KHUM, YTO BXOJTHOM

rpad He UMeeT napaieNbHbIX pedep. Ecnu umeercs: HeCKOIbKO pedep ¢ OAMHAKOBBIM
Ha4aJIoM M KOHIIOM, MOKHO OTOPOCHTH BCE, KPOME CAMOTO KOPOTKOTO, HE MEHSISI CYTH
3aa4u.

UYacTHbIif ciyyait 3aja4i KpaTdaliiero myTd U3 OJHOTO UCTOYHHUKA MOXKHO PEIIUThH 32
JMHEHHOE BpeMsI ¢ IOMOIIBIO MTOUCKA B IIUPHUHY (CM. pazaen 8.2 uacmu 2).
Amnanoruuno anroputmy [lpuma (pazgen 15.3), peanuzauus anroputma JedkcTpsl
Ha OCHOBE Ky4H BbINonHseTcs 3a Bpemst O ((m + n) log n), tne m u n — 4ucio pedep
Y BEPLIMH BXOJHOTO rpada COOTBETCTBEHHO.
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UToOBI pa3MeCTUTh OTPHUIIATEIIbHBIC JUIMHBI peOep, HaM MTOHAJ00UTCS HOBBIN all-
FOPHUTM OTBICKAHHSI KPATYANIIEero MyTH' .

18.1.2. OTpuuarenbHbl€ LUKNbI

Koro BonHyIoT oTpuIaTenbHble JUTHHB pedep? Bo MHOTHX NPHIIOKEHHUSX, TAKUX
KaK BbIYMCIICHUE HAIPaBJICHHI JBHKEHHS, JJIMHBI pedep M0 yMOJIYaHHUIO HE sIB-
JISIFOTCSI OTPHUIATEIBHBIMH (32 HCKITIOUCHUEM MAIIMHBI BpEMEHH ), U O€CIIOKOUTHCS
He 0 4eM. Ho momHuTe, 4TOo IMyTH B rpade MOTYT NPeCTaBIisTh a0CTPaKTHBIE
MOCJICA0BATEIBHOCTH pelleHuid. Harmprumep, BO3MOXKHO, Bbl XOTHTE BBIYHCIIUTD
NPUOBLIEHYIO MOCIIEN0BATEILHOCTh (DMHAHCOBBIX OMEPAaIlHii, KOTOPask BKIFOYAET
B ce0s Kak MOKYIKY, TaK M HpOoJaxy. JTa 3aja4a COOTBETCTBYET OTHICKAaHHIO
Kparyaiiiiero nyTu B rpade ¢ MOJOKHUTENbHBIMUA M OTPULIATEIbHBIMU JUTHHAMHE
pebep. C oTpHUIIATEIBHBIME JIHHAMEU pebep ClieNyeT ObITh OCTOPOKHBIM YIiKe
IIPU OTIPEAEICHHH CMBIC/IA «KpaT4YalIIero pacCTOSHUs». DTO JOCTATOYHO SICHO
BHIHO B TPHBEICHHOM BBIIIIE IPUMEPE C TPEMS BEpUIMHAMH, Tae dist(s, s) = 0,
dist(s, v) = 1 n dist (s, t) =—4. A xak HacyeT CJIeAyIONIero Hibke rpada?

OtoT rpad umeer ompuyamenvusili YUk, TO €CTb OPUEHTUPOBAHHBIN IUKJI, B KO-
TOPOM CyMMa JUIHH €To pedep sBIsieTCs OTPUIATeIbHOW. UTO ciieayeT MOHUMATh
O[] «KpaT4alIluM IyTeM S—V» B IaHHOM cllyyae?

! 3ajava KpaTyanIero myTH U3 OJHOTO HCTOYHMKA C OOIIMMH AJINHAMH PeOep HE MOKET

OBITh CBEJICHA K YaCTHOMY CIIy4al0 HEOTPHIATENbHBIX JUIMH pedep (¢ mo0aBieHrEeM
OOJIBILION MOJIOKUTEILHOM MOCTOSHHOW K JUIMHE Kaxkoro pedpa). B mpuBeneHHOM
BBIIIIE IPHMEPE C TPEMsI BEPLIMHAMH YBEIHUYECHHUE JITHHBI KOKIOT0 pedpa Ha 5 U3MEHseT
KpaTyalmmii myTb ¢ § — Vv — fHa s — L.
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Bapuaunt Ne 1: pazpemnth nukJbl. [lepBroiii BapuaHT — pa3penuTh MyTH S—V,
BKJIFOYAOIINE OJTUH WM HECKOIBKO ITUKJIOB. Ho mpu Ham4Iuu OTpHIaTeIbHOTO
LUKJIA «KpaT4ailuil MyTh» HNOIPOCTY HE MOXKET cylecTBoBars! Hampumep,
Ha MPHUBEJICHHOM BBIIIE rpade eCcTh MyTh S—V ¢ OJHUM TepexoaoM JauHo# 10.
[puxperieHne 06xona IMKIa B KOHIIE MPOU3BOAMUT MYTh S—V C MATHIO Iepe-
xonamu (c cymmapHoi anunoi 8). J/loGaBieHune BToporo 06xona yBEIUIHBACT
YHUCIIO TIEPEXO/I0B 710 9, HO YMEHBIIAET CYMMapHYIO UIHHY A0 6... U TakK J0
0ECKOHEYHOCTH.

Takum 06pa3om, HET KpaTJalIero myTH s—v, H EIHHCTBEHHBIM Pa3yMHBIM OTIpe-
JeseHueM dist(s, v) sIBISETCS —0.

BapuanTt Ne 2: 3anpeTuTh UMKJIBI. YTO, €CJIM MBI pACCMOTPHUM ITyTH TOJBKO
6e3 1ukinoB? Ilpu OTCYTCTBHM MOBTOPSIOUIUXCS BEPUIMH Y HAC €CTh TOJBKO
KOHEYHOE YHUCJIO MyTEH, 0 KOTOPBIX HY>KHO OecrmokouThes. Toraa «xpaTdaiimmii
MyTh S—V» — TOT, YTO UMEET HAMMEHBUIYIO JJIMHY. DTO ONpeleIeHue UMEeeT
CMBICJ, HO CYIIECTBYET 0oJiee TOHKasl MpobaeMa: B IPUCYTCTBUU OTPHUIIATENb-
HOTIO LIMKJIa 3Ta BEpCUs 3aJauu O KpaTyailleM IyTH C €IMHCTBEHHBIM HCTOKOM
Ha3biBaeTcs «NP-TtpynHol 3amauein». B vacmu 4 takue 3amadn paccMarpuBa-
I0TCSL TOAPOOHO; HA JAaHHBIH MOMEHT BCE€, UTO BaM HY>KHO 3HATh, 3TO TO, UTO
NP-TpynHble 3a1auu, B OIMYKE OT [IOYTH BCEX 3a4a4, KOTOPbIE Mbl U3y4allu 10
CHUX II0P B 3TON KHUKHOM Cepuu, MOX0XKe, He AOIYyCKaIOT HUKAKOTO ajlrOpUTMa,
KOTOPBIM rapaHTUPOBAHHO OyAET MPAaBHIBHBIM U OyneT paboTaTh 3a MOJIMHO-
MHUaJIbHOE Bpemst'.

Oba BapuaHTa SABJAIOTCA «IIPOBAJIbHBIMU», HO CJICAYCT JIM HAM OTKa3aTbCs OT
JAbHENIITUX TOTBITOK Moucka pemenuii? Hu B koem cimywae! Xots orpuna-
TEJBbHBIC IHUKJIBI U MPOOIEMaTHYHBI, MBI MOXKEM IOTBITATECS PEIIUTH 3a7a4dy
(6] KpaT‘iafIHIeM IMyTU ¢ CAMHCTBECHHBIM HCTOKOM B ClIy4asaX, KOTOPbIC HE UMCIOT
OTPHIIATEIBHBIX IIUKIOB (CM. IPUMEpP C TpeMs BepmuHamMu Ha c¢. 210). OT1o
MTOJBOAMT HAC K MEPECMOTPCHHOM BEpCUH 3a/1a4d O KpaTdaiIeM IyTH C CIUH-
CTBCHHBIM HCTOKOM.

' AJITOPHUTM ¢ TIONTMHOMHABHBIM BpeMeHeM st JF000i NP-cliokHO# 3a1aun onpoBepr

OBl 3HAMEHUTYIO TUIIOTE3Y «P # NP», pa3pelB TeM CaMbIM €/1Ba JIM HE BaKHCHIINH
BOIIPOC BCEH KOMIBIOTEPHOM HayKH (TIOIpOOHEE CM. yacms 4).
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3AJAYA: KPATYAMIIUMA IYTh C EAMHCTBEHHBIM
HCTOKOM (ITEPECMOTPEHHBIIT BAPHAHT)

Bxon: opuenTupoBanuslii rpad G = (V, E), ucTokoBas BepmuHa s € V
U BellleCTBEHHas IMHa £, UIsl Kaska0ro pedpa e € E.

BbIX01: OIMH U3 CIEAYIONTUX:

(1) paccTostHEE KpaT4auIero myTH dist (s, v) U KaK0U BEpPIITHHBI
v e Vimbo

(i1) 3asBieHHE 0 TOM, 9TO G COJCPKUT OTPHUIIATESIHLHBIN TTHKIL.

Takum 00pa3oM, MbI HILEM aJITOPUTM, KOTOPBINA JTHOO BBIYHCISAET MPAaBUIBLHOE
paccTosiHue Kpardaiuiero myTH, 00 mpeanaraet yoeauTelbHOe ONpaBiaHue
IUTSL OTKa3a B HeM (B (popMe OTpHIATEIhHOTO IHKIA). JII000# Takoi anroputM
BO3BpallaeT NpaBUIbHBIC PACCTOAHUS KpaTyaillero myTH BO BXOIHBIX Tpadax
0e3 orpunarenbHbIx HUKIOB!. [Ipeamonoxum, onHako, 9To rpad He UMEET OTPH-
LaTeJIbHbIX HUKIOB. YTO 3TO HaMm jaact?

YIIPA’KHEHHME 18.1

PaccMoTpum 3K3eMIUISp 3a1a4u O KpaTdaillieM MyTH ¢ eUHCTBEH-
HBIM HCTOKOM C 71 BEPIIMHAMU, 7 peOpaMu, CTApPTOBOW BEPIIUHOH §
u 0e3 OTPHUIIATENBHBIX IUKIOB. UTO U3 MEPEYHCICHHOTO SBISETCS
UCTHHHBIM? BbiOepuTe camoe momxosiiee yTBepKaeHue:

a) Jlyis kax 10 BEpIUIMHEI v, JOCTHKUMOM U3 HCTOKA S, CYIIIECTBYET
KpaTdaiiimmii myTh s—v He Oosee ueM ¢ n — 1 pebpamuy;

6) Jlis kax 10l BEPIIMHEI v, JOCTHKUMOM U3 HCTOKA S, CYIIECTBYET
KpaTdailimii myTh s—v He OoJee ueM ¢ m pedpamu;

B) st Ka)10i BEPIIMHBI V, JOCTHKUMOM U3 UCTOKA §, CYyIIECTBYET
KpaTdaiiimmii myTh s—v He OoJee ueM ¢ m pedpamu;

! Iomyctum, 4To pedpa BXOTHOTO rpada i X ITHHBI MPEACTABISIOT GUHAHCOBBIC TPaH-

3aKLHIH U X CTOUMOCTb — C BEPIIMHAMH, COOTBETCTBYIOLIMMH Pa3IMYHBIM HOPTdEnsim
akTHBOB. Torna OTpUIaTeNbHbIN UK COOTBETCTBYET PHCKY 3aIlyCKa apOUTpPaskHOTO
pou3BOACTBA. Bo MHOTHX citydasix Takasi BO3MOXKHOCTb HCKJIFOYEHA, HO ITPU ITOM CO-
XpaHseTcsl HHTEPEC K BBIIBICHUIO YCIIOBHH, B KOTOPBIX «apOUTPasKHBIN HCXO[] BEPOSITEH.
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r) Her xoHeyHOU BepxHeW rpaHUIbI (KaK QYHKIUK OT 77 ¥ M) Ha
HAMMEHbBIIIEM Yuciie pedep B KpaTyaiiieM myTH s—v.

(Pemenwuie n nosicienne cM. B paznene 18.1.3.)

18.1.3. PeweHue ynpaxHeHus 18.1

IIpaBuabHblii oTBeT: (). IMest myTh P MeXTy HCTOKOBOM BEPIINHOM § U HEKO-
TOpPOI CTOKOBOI BEPIIMHON v, COIEPIKAIINN, TT0 KpaitHel mepe, n pedep, MOXKHO
BEPHYTh €IIIe OJJMH S—V-IIyTh P’ C MEHBIIUM YHCIOM pedep, ueM P, U ATHHOMH, He
MPEeBbIIAONICH JUTMHY P. M3 3TOT0 yTBEpKIEHUS BBITEKACT, YTO JIFOOOH Iy Th S—V
MOXeT OBITh IpeoOpa3oBaH B IyTh s—v He Oolee 4eM ¢ n — 1 pebpamMu, KOTOPEIii
OyZieT TOJIBKO KOpOU€; CIECOBATEIBHO, CYIIECTBYET CAMbI KOPOTKUI MyTh S—V HE
Ooee ueM ¢ n — 1 pebpamu.

UToObI MOHATH, MOYEMY ITO YTBEPIKICHHUE SBISICTCS UCTUHHBIM, OOpaTUTe BHU-
MaHHe, 4TO MyTh P ¢ He MeHee 4eM n pedpaMu MmocemaeT, 1o KpaiftHeit mepe,
n+ 1 BepIIUH U TaKUM 00pa3oM IIOBTOPSIET MOCEIICHHE HEKOTOPO BEPIIMHBI W'.
Brinerenue nuKIMYeCKOro MOAITY TH MEXK/TY MOCTIEI0BATEIbHBIMU MOCCIICHUSIMHA W
CO3J1aeT MyTh P’ ¢ TeMU e KOHEUHBIMH TOYKaMHU, YTO U P, HO MEHBILINM YUCIIOM
pebep; cm. Takke puc. 15.2 u cHocky 3 Ha c. 81. Jlnmuna P’ coBnaiaer ¢ jymmHou P
32 BBIYETOM CyMMBI JJIHH pedep B CINICTEHHOM LUKINE. [/0CKONbKY 6X00HOU 2pag
He umeem OmpuyamenrbHblX YUKI08, 3Ta CyMMa SIBJIIETCS HEOTPULIATEIbHOM,
a juyinHa P’ MeHbIIIe Uiu paBHA JuiHHE P.

18.2. Anroputm Bennmana—®opaa

Anroputm bennmvana—®opaa pemnraer 3aaqy o0 KpaTdaiiieM MmyTH C €IMHCTBEH-
HBIM HCTOKOM B Ipadax ¢ OTpULaTeIbHBIMU JJTUHAMU PeOep B TOM CMBICTIE, UTO OH
71100 BBEIYHCIISIET IMpaBUJIbHBIC PACCTOSHUS KpaTan‘/‘Imero IIyTH, 100 IMpaBUJIbHO

! BecbMa CXOIHO C MPUHIIUIIOM TOJYOHHBIX OTBEPCTHIl: HE3aBUCHMO OT TOTO, KaK BBI
noMecTHiIH 1 + 1 ronyGeii B 7 OTBEPCTHIA, HIMEETCS OJIHO OTBEPCTHE, 110 KpaitHel Mepe,
C JIByMSI TOITYOSIMH.
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OIPEIEIISIET, YTO BXOMHOM Ipad) HMEET OTPHIIATEIbHBIH UK. DTOT aIropuT™ Oyaer
€CTECTBEHHO BBITEKATh U3 MA0I0HA IPOSKTUPOBAHHSI, KOTOPHII MBI HCIIOIb30BaH
B APYTUX TEMATUYCCKUX UCCIICAOBAHUAX TUHAMUYCCKOIO MMPOrpaMMUpPOBaHU.

18.2.1. Noa3apaum

Kaxk Bcerma, B TOM, 9TO KacaeTcs AMHAMAYIECKOTO ITPOTpaMMHIPOBaHHMs, Hanbosee
Ba)KHBIM II1arOM SIBJISIETCS TOHUMaHHUE PA3HBIX CII0COOOB MOCTPOESHUS ONTUMAITBLHO-
'O PEIIeHHS U3 ONITUMAIIBHBIX PEIICHHI 0oJiee MeNTKUX o3a1ad. GopMyaTupoBKa
OIITHUMAJILHOTO 3HAUCHHUS pa3Mepa MOI3a1a9H MOKET OBITH CIIOKHOM I TpadoBBIX
3aja4. Bamna nepBas qorazika MOXKET 3aKJII04aThCs B TOM, YTO MOA3a/1a41 TOJDKHBI
COOTBETCTBOBATh MojArpadaM MepBOHAYAIBHOTO BXOAHOTO rpada ¢ pasMepoM
M0/3a/1a9M, PaBHBIM YHCIY BEpIINH WK pedep B moxarpade. ITa muess Xopouo
palorana B 3aJja4ue O B3BELLICHHOM HE3aBUCHMOM MHOXECTBE Ha ITyTEBBIX Ipadax
(pa3nmen 16.2), B KOTOPOH BEpIIMHBI OBUIN MO CBOCH CyTH yNOPSAOUCHBI, U OBLIO
OTHOCHTEJIBHO SICHO, Ha KakuX rnoarpadax Goxycuposarbes (peUKChl BXOAHOTO
rpada). OgHako B o01uieM rpade HET BHYTPEHHE NPUCYLIEH yHOpsSA0YeHHOCTH
BEPILUH WK pedep 1 MaJIo MOJICKAa30K O TOM, KaKHE MOATPadbI SIBISAIOTCS PEICBAHT-
HBIMH. Anroput™ bennmvana—®opaa uaer ApyruM myTeM, BIOXHOBICHHBIM I10-
CJIeZI0BaTEIbHOM NPUPOI0H 8b1X00a 33141 O KpaTyaiileM My TH ¢ eIMHCTBEHHBIM
HCTOKOM (TO €CTh B BHJIC IyTeil). IHTYUTUBHO MOXXHO OXHJATh, 4TO Npedukc P’
Kpargaiimero myT P cam 110 cebe OyJeT KpardaiiuM myTeM, XOTS U K IpyroMy
MYHKTY Ha3HAYCHUS:

P’ = (kpaTyanwnin?) s-w nyTb.

V.
P = kpaTtyanwmn s-v nyTb

! Anroputm ObUT OTKPBIT Cpa3y HECKOJIBKUMH HCCIICIOBATEIISIMU (HE3aBUCHMO APYT OT
Jpyra) Bo Bropo# nosnouHe 1950-x, B Tom uncie Pudapaom 3. bemuivanom u Jlecrepom
P. ®oprom-miaanmm, XoTsl He HCKIIIOYEHO, YTO EPBEHCTBO 31€Ch MPUHAUICKUT IMEHHO
Anbdonco [lIumbeny (cm. B 31Ol cBsa3u ctaThio Anekcanapa [lpaiisepa «O0 uctopun
kparyaiiero mytn» (Documenta Mathematica, 2012)).
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Ho maxe ecnu oy cTuTh, 9T0 3TO npapaa (4To, Kak Mbl YBUANM, TaK U €CTh), TO
B KaKOM CMEBICTIE IpeUKe P’ pemaeT «MEHBIIYIo» I0/[3a/1ady, 4eM IepBOHAYAIIb-
HbIi yTh P? C oTpULATeNbHBIMU JJIHHAME pedep JInHA P’ MOXeT OBITh Aaxe
Oounbiie, yem P. HecomHeHHO, P’ COIEPKUT MEHBIIIE pebep, ueM P, a 3To Kak pa3
U MOTUBHUPYET OJlyXOTBOPEHHYIO Hjeto anropurMa bennmana—®dopaa: BBeCTH
rapaMeTp 4uciia NePexo/IoB i, KOTOPbIH HCKYCCTBEHHO OIPAHUUMBACT YHUCIIO pedep,
JIOIYCTUMBIX B IIyTH, IpHUYeM «OOMbIINe» M0/133/1a4l UMEIOT O0IbIHe pedepHbIe
OrokeTsl i. Torna mpeduke myTH NEHCTBUTEIEHO MOXKHO PacCMaTpUBaTh Kak
pelIeHre MeHbIIEeH MoA3a1ayuu.

Hampumep, paccMorpuM rpad

U (178 MyHKTa Ha3HAu€HUs f) 1oj3aladyd, COOTBETCTBYIONIME UIAYLIUM MOAPSA
3Ha4YeHusM pebepHoro Oromketa i. Korna i pasuo 0 unu 1, Het myTeil s— ¢ pedpa-
MU i WM MEHBIIIE, KaK HET U PEIICHUI COOTBETCTBYIONIUX T0/13a/1a4u. PaccTosiHue
KpaTyaiiero myTH ¢ y4eTOM OIpaHUUYEHUs YHCIIa IEPEX010B MPAKTUUECKH PaBHO
+o0. Korza i paBHO 2, CylecTByeT YHUKAIbHBIN MyTh s— He OoJiee ueM ¢ i pedpa-
MU (§ — v — t) ¥ 3HaYCHHUE MoJ[33a]ja4 paBHO 4. Ecniy MBI mogHUMEM i /10 3 (UiH
BBIILIE), TO IyTh § — ¥ — W — { CTAHOBUTCSI IPUEMJIEMbIM U YMEHbIIAET PaccTo-
SIHME KpaTdaiiiero nytu ¢ 4 1o 3.

AJITOPUTM BENIMAHA—®OPIA: IIOI3AJAYHN

Boruncnuts L, , INTHHY KpaT4aifIero myTH He 6ojiee 4eM ¢ i peOpamu
u3 s B v B rpade G ¢ pazpemeHHbpIMu mukiiamu. (Eciu Takoro myTu
HE CYLIECTBYET, TO ONPEAEINTb L,  Kak +c0.)

(Mo kaxnoroi e {0, 1,2, ..} uve V)
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[lytu ¢ nuknamMu AOIMYyCKArOTCs KaK BapMaHThI pelleHus noxzanauu. Eciu nyTsb
UCTIONB3YeT peOpo MHOTOKPATHO, TO KAKJ0€ UCIIOIb30BAHHE YIUTHIBACTCS B €T0
OromkeTe mojicyera nepexonos. ONTHUMaIbHOE PEIIEHHE BIIOJITHE MOYKET IIPOXOAUTh
OTPULIATENILHBINA LIUKJI CHOBA M CHOBA, HO B KOHEYHOM MTOI'E OHO UCUEPIIAET CBOM
(xoHEeuHBIH) pebepHbIi OromKeT. [ GUKCHPOBaHHOTO ITYHKTa HA3HAYCHHS V MHO-
KECTBO JIOIYCTUMBIX IyTEH PACTET BMECTE C i, OITOMY L; , MOKET yMEHBLIATHCS
TOJIBKO C YBEIMUEHHEM i. B oTiMuue 0T Halmx npeplIyux NpuMepoB AMHaMU-
94eCKOTo MPOrpaMMHUPOBAHHS, KaXKIast IToJ[3a1a49a padoTaeT ¢ MOIHBIM BXOIOM (a He
¢ MpeUKCOM HJIH €Tr0 MOJMHOKECTBOM ); TeHHAJIBHOCTh 3TUX T0/13a/1a4 — B TOM,
KaK OHM yIPaBJIAIOT AOIYCTUMBIM pa3MEPOM BBIXOJA.

Kak ysxe roBopusiock, mapameTp i MOKET OBbITh CKOJIb YTOJHO OOJIBIINM TTOJIOKH-
TEIBHBIM IIEIIBIM YHCIIOM, U CYIIECTBYET OECKOHETHOE YHCIIO o/13aaad. Pemenme
ynpakHeHus 18.1 nmoackaspiBaet, 4To, BO3MOXKHO, HE BCE U3 HUX BayKHBI. Bckope Mbl
YBHUJIUM, YTO HET PUYMH OECIIOKOUTHCS O TI0/13a/1a4aX, B KOTOPBIX i OOIbIIIE YKca
BEpIIUH /1, U3 Yero BBITEKAeT, 4To cyuiectByeT O (%) peseBaHTHBIX Moj3aaay’.

18.2.2. OnTumanbHasa NnOACTPYKTypa

Wmes Ha pykax HaITy yMHYIO KOJUICKITHIO ITO3a1a4 HA BBIOOP, MBI MOYKEM U3Y4UTh
TO, KaK OITUMAJIbHBIC PCHICHUSA JOJDKHBI CTPOUTHCA U3 ONTUMAJIbHBIX pCHIeHI/Iﬁ
MEHbINNX MMo3a1a4. PaccMorpum BxonHou rpad G = (V, E) ¢ NCXOMHOW BEPITUHON
s € V u ucnpaBuM moazanady, KOTopast OIpeIeNsieTCss CTOKOBOM BEpIIHHOW v € V/
Y OrpaHuueHreM uucia nepexoqos i € {1, 2, 3, ...}. llpeanonoxum, 4to P — 310
Iy Th S—V He OoJiee 4eM ¢ i pedpaMu, a TAKKe CaMblii KOPOTKUH Tako# myTh. Kak oH
JOoIDKeH BeIpieTs? Ecmu P naske He MOTPYIUTCS HCIIOIh30BaTh CBOM peOepHBIit
OIO/DKET, TO OTBET Oy/IET JTOBOJIBHO MPOCTHIM.

Cayuaii 1: P umeer i — | wim Menbiue pedep. B aTom ciayyae nyts P MOXeT
OBITH HEMEJICHHO MHTEPIIPETUPOBAH KaK PEIICHHE MEHbIICH MoA3a1auu ¢ pe-
OepHbIM Oro/pkeToM i — 1 (BCe emie ¢ MyHKTOM HasHadeHwus V). [1yTh P nohKeH

! TloMHHUTe, 4TO 3a7ada KpaTdaimiero mMyTH W3 OJHOTO IMYHKTAa B JCHCTBHTEIHLHOCTH

IpeNCTaBIseT co0Ol COBOKYITHOCTh MO/3aaau (10 OAHOW Ha KAKIYIO BEpIIMHY B Ka-
YecTBE MCXOJHOTO MyHKTa). B uTore uucio moa3azad cOOTBETCTBYET YUCITY BapHALMH
C BEpIIMHAMHU, YTO UMEET MECTO U B OTHOILEHUH APYTUX AJTOPUTMOB TUHAMUYECKOTO
[IPOTrPaAMMHUPOBAHUSL.
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OBITh ONTUMAJIBHBIM PEIICHUEM 3TOH MEHBIICH M0J3a/1auH, ITOCKOIbKY 000
0oJiee KOPOTKHI MyTh s—v He OoJiee ueM ¢ i — 1 peOpamu Takxe ObUT ObI U JTy4-
UM pelIeHHeM MepBOHAYaIbHON T03a]au, IPOTUBOPEUAIM MPEATnoarae-
MOH onTUManbHOCTH P. Ecint ke myTh P UCIIONB3yeT CBOM peOepHBIN OIOMIKET
IO TTOJTHOM, TO MBI cieyeM 00pa3ily HECKOIBKUX MPEABIAYIIAX TeMAaTHYEeCKUX
HCCIIEIOBAaHUN U OTIIMIIBIBAEM IMOCIeNHee pedpo MmyTu P, moiayuas peuieHue
MEHBIIEN TOA3a0auH.

Cayuaii 2: P umeert i pedep. [Tycts L o603HauaeT qnmuny P. [lycts P’ 0603HayaeT
niepBblie i — 1 pedep mytu P u (W, v) ero KOHEUHBINA TIePEXO/:

P’=nyTb s-w (i — 1 pebep, anuHa L -1, )

P = nyTb s-v (i pebep, anuHa L)

Ipeduxc P'— 310 myTh S—W He Oonee ueM ¢ i — 1 pebpamu u pmHOi L — €'
Takoit myTh He MOXET OBITh KOpOUE: eCITU P* SBISETCS ITyTeM s—w He Ooee dyeM
TO JIOTIOJTHEHHE pebpa (w, v) kK P* mpous-
Y+, =L,

YTO MPOTUBOPEUHUT ONTUMAILHOCTH P IS IepBOHAYAIBHOM MO/1331aun>,

ci— 1 pebpamu u uymHOU L* <L — ¢

wy?

BeZIET ITyTh s—V He Ooiee ueM ¢ i peOpamu u JuInHOU L*+ €, < (L —¢

wy.

DTOT aHaIM3 CyKaeT BOZMOXKHOCTH ONTHMAaJIbHOTO PEIIEeHUs MOoJ3aaaqu 10 He-
OOJIBIIOrO YKCIIa KAaHAUIATOB.

Jlemma 18.1 (onTumajgbHasi noacTpykrypa beanamana—®opnaa). I[lycmo
G = (V, E) pasen opuenmuposannomy epagy ¢ seujecmeeHHbiMu OIUHAMU peoep
u cmoxkosot sepuiunou s € V. [lpeononosxcum, umo i > 1 uv e V, u nycms P pagHo
Kpamuatiwemy nymu s—v 6 G He 6oiee uem ¢ i pedbpamu, ¢ paspeuerHbiMuU YUKIaMU.
Tozoa P sasnsemcsa aubo:

ITyte P' umeer i — 1 pebep. TpelOyeTcsi, 0/IHAKO, YCTAHOBUTH €r0 MPEBOCXOJCTBO HAJl
BCEMHU KOHKYPHPYIOLIMMH s—W IIYTSMU € i — | pedpamMy MM MEHBIIE.

Ho ecnn P* yxe BKIIFOYAET BEpIIMHY V, TO A00aBJICHUE K Hel pedpa (w, v) oOpasyer
IIUKJI, 9YTO TIPOTHBOPEUNT [IEPBOHAYAILHBIM YCIOBHAM peLIaeMoi Moa3aaadn.
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(i) xkpamuariwum nymem s—v He bonee uem ¢ i — 1 pebpamu;
aubo

(ii) Onst nekomopoeo w € V kpamuaiiwum nymem s—w He donee wem ¢ i — 1
pedbpamu, dononneHuvim pebpom (w,v) € E.

CKOJIBKO 7K€ UIMEHHO HACUUTHIBAECTCS KaHIUIATOB?

YHPA’KHEHME 18.2

CKOJIBKO KaHJIUAAaTOB CYIIECTBYET JIJISl ONTHMAIBHOTO PEIICHHSI TTO/I-
3a71a9¥ ¢ MyHKTOM Ha3HadeHus v? [1ycTh 7 0003HaYaeT YHCII0 BEPIINH
BO BXO#HOM rpade. [lomycTeneHs 3axona 1 HCX0a BEPIIHHBI — ATO
YHCIIO COOTBETCTBEHHO BXOMSIINX U HCXOMSAIIHX pedep.

a) 2
6) 1 + moxycreneHs 3aX0/1a BEPIINHEI V
B) | + moiycreneHb HCXOa BEPLIMHBI V
r) n

(Pemrenne n mosicueHue cM. B paznene 18.2.9.)

18.2.3. PekyppeHuus

OOBIYHO CIIEIYFOIINM IArOM SIBJISICTCS KOMITHIISAIIUSI TIOHUMAHUST ONTUMAJIbHOM
TOJICTPYKTYPHI B pEKYPPEHTHOE COOTHOIIEHUE, PEATU3YIOIIee UCUEPIIBIBAIOIINN
MOMCK BO3MOXKHBIX KaHAWUJATOB JUI ONTUMAILHOTO perieHus. Jlydmmii u3 kas-
JINJIaTOB, BBISBJICHHBIX B JieMMe 18.1, 0IKeH OBITh ONITUMAIILHBIM PEIICHUEM.

Caencrue 18.2 (pekyppeHTHOCTH ajiroputma Bessimana—®opaa). C oo-
nywenuamu u 0603navenusmu iemmol 18.1 nycmo L, 0003nauaem munumanohyio
Onumy nymu s—v He bonee 4em ¢ i pebpami ¢ paspewiennbimu yukaamu. (Ecau maxux
nymeti nem, mo L;, = +o0.) J[ns kasicooeo i > 1uve V

L., (Cayuaii 1)

min ., {LH’W +EW} (Coryuait 2) (18.1)

L,, =min
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BHeminee «miny» B peKyppeHIMH pealn3yeT MCUEPIIbIBAIOIIUM TOUCK HAJ| CIIy-
gaeM | u ciydaeM 2. BHyTpeHHee «min» peanu3yeT UCUEPIBIBAOLIMN OUCK
BHYTPH Cily4asi 2 I10 BCEM BO3MOXKHBIM BapUaHTaM JJIs OKOHYATEIbHOI'O IIEpeEXoia
Kparyaiimero mytd. Ecim L, | v Bce cooTBETCTBYOIIME L, | |, PABHBI +00, TO V HEMO-
CTIDKMMA M3 § 32 [ WJIM MEHbIIIE IIEPEX0/I0B, 8 Mbl HHTEPIPETHPYEM PEKYPPEHIINIO
KaK BBIYUCIISAIONLYIO L, = +o0.

18.2.4. Korpa cnepyet oCTaHOBUTbLCA?

Pacrionarast 60/IBIIIMM OIBITOM THHAMUYECKOTO TPOTPaMMHPOBAHHS, BHI (B TIOPSIIIKE
pearupoBaHus Ha PEKYPPEHTHOE COOTHOIIIEHHE B CIIE/ICTBHUH 18.2) MOXKeTe 3amucarh
QITOPUTM JTUHAMUYECKOTO MPOTrPaMMHPOBAHUS, KOTOPBIA HCIONIB3YETCs] MHOTO-
KpaTHO TSl CUCTEMATHYECKOTO PEeIISHHs Kay 101 mo3aadn. [IpeamnonoxurensHo,
ITOPUTM HAYHET C PEIICHNs] HAMMEHBINNX Mo/13a1a4 (¢ pedepHbIM OromkeToM i = 0),
3a KOTOPBIMHE OyAyT Opyrue HauMeHbIue nox3anadn (¢ i = 1) u T. n. [IpaBna, B mox-
3aja4ax, onpeeneHHbIX B pazaene 18.2.1, pedepHslii OI0IKET i MOXKET ObITh CKOJIb
YTOITHO OOJBIINM TTOJIOKUTEIFHBIM ETIBIM YHCIIOM, YTO 03HAa4aeT M OECKOHETHOE
grcIo nonzanad. Kak Mel y3HaeM, Korjia ciieayeT OCTAaHOBHUTHCS?

XopoImuii KpUTEPHH T BBIOOpa MOMEHTA OCTAHOBKH CJIEAYET U3 HAOIFOICHUS, YTO
pelieHus JaHHOH MapTUH MoA3aaa4 ¢ (PUKCUPOBAHHBIM OFOJPKETOM i M V BapbUPO-
BaHUSIMU 110 BCEM BO3MOKHBIM ITYHKTaM Ha3Ha4Y€HUA 3aBUCAT TOJILKO OT pe]_HeHI/Iﬁ
MpebIIyIeH napTuu moasanad (¢ oromkeroM i — 1). Takum oOpazom, eciu oiHa
napTus Moja3anad Koraa-ioo OyaeT UIMETh TOUHO TaKUeE YK€ ONTHMaJbHbIEe pelle-
HUSI, YTO | pepLayInas (co ciydyaem | moOebl peKyppeHIIH TSl KaXKI0TO ITyHKTa
Ha3HAY€HMsI), TO ITH ONTUMAJIbHbIE PELIEHUS OCTAHYTCSI HEU3MEHHBIMU HaBCeT/1a.

Jlemma 18.3 (kputepuii ocranoBa besunimana—®opaa). B pavkax oonyujenuti
u 0bo3nauenuti cieocmsus 18.2, ecau 0ns vekomopoeo k > 0

L, = L,, 015 kaxcoo20 nyHKma Ha3HA4eHus v,

k+i,v

a) L,, =L, ona kaxcoozo i > k u nynkma nasnavenus v; u

0) 0ns Kaxc0020 nynkma nasnavenus v L, , a61aemca npasuibHoim
Kpamuativium paccmosinuem dist (s, v) om s 0o v ¢ G.
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Jlokazamenvcmeo: 1O MPUHATOMY JOIYIIEHUIO BXOA B pekyppeHiuto B (18.1)

B (k+ 2)-it naptun noxzanad (To ecth L, ) ABIAETCSA TaKUM XKe, Kak 1 Juis (k+ 1)-i

+1,v.
naptuu (To ecth L, ). Takum 00pa3oM, BBIXOA peKyppeHuH (L, ,, -if) Tarxoke Oymer
TEeM JKe, UTO | JUTs peAblaye maptuu (L, -i). [loBrop aprymenrta tpebyemoe
KOJIMYECTBO pa3 IMOKa3bIBaeT, YTO L, OCTAIOTCS OJMHAKOBBIMH JUIS BCEX MapTHH

i > k. D710 nOKa3BIBaET YacTh (a).

Yro kacaercs yactu (6), TO NPEATIONOKUM OT TIPOTUBHOTO, 4TO L, , # dist(s, v)
U1 HEKOTOPOTO TIyHKTa HasHaueHus v. [TockoibKy L, , ABIAETCS MUHUMAIIbHOM
JUTHHOH TyTH s—v He 0oJiee yeM C & MepexoiaMH, TO JOJDKEH UMETHCS IMyTh S—V
¢ i >k mepexonamu u AMHOM Menbiie L, . Hotorna L, , <L, |, 4TO IPOTUBOPEYUT
yactu (a) nemmsl. Y. T. J].

B cootBercTBuM ¢ temmoit 18.3 1enecoo0pa3Ho OCTaHOBUTHCSA, KaK TOJIBKO pellie-

HUS T0/[33/1a4K CTaOUIN3UPYIOTCS, TO €CTh U L, , = L, 1151 HEKOTOPBIX k > 0

k+1,v
nBcex v € V. Ho mpousoiier jim 310 Koraa-Huoyns? B oOmiem ciydae HeT. OiHaKo
€CJIM BXOAHOU rpad) He UMEET OTPUIATEIILHBIX [IUKJIOB, TO PEIICHHUS 110/[33]1a4 ra-

PaHTHUPOBAHHO CTAOMIIM3UPYIOTCS K MOMEHTY, KOT/Ia I IOCTUTHET /1, YACIIa BEPIIHH.

Jlemma 18.4 (besuiman—®opa 6e3 oTpuuaTeIbHBIX HUKJIOB). B pamvkax do-
nyweruti u 0bo3Havenuli cnedcmeus 18.2, a maxoice npu ycioguu, 4mo 6X00HoU

epag) G ne umeem ompuyamenvrvlx yukios, L, = L, | 01s Kkasxcoo2o nynkma

n—1,v

HA3HAYEHUA V, 20e n — Mo 4ucio 6ePULUH 60 B6X0OHOM 2paqbe.

Hoxaszamenvbcmeo: u3 penienus ynpaxuenus 18.1 ciemyer, 4To 11t KaxJ10ro myH-
KTa Ha3HAUYCHHS V CYIIIECTBYCT KpaTyalImii myTh s—v He Ooiiee uem ¢ # — 1 pebpa-
Mu. [Ipyrumu cioBamu, yBenudeHue pedepHoro OrpkeTa i ¢ n — 1 no n (ubdo 1o
nr000r0 OOJIBIIEro Yncia) He BIMseT HA MUHUMAJIbHYIO JUIHHY yTH s—v. Y. T. J].

W3 nemMmel 18.4 crienyet, 9TO eclid BXOJHOH Tpad HE MMEET OTPHUIATEIBLHOTO
L[UKJIa, TO PELICHNUS N0/3a1au cTabmIn3upyores n-it naptueit. I naobopor, ecnu
pelnIeHns mo3aaad He cTabMIn3upyIoTes n- mapTueil, To BXogHou rpad umeem
OTPHIIATENIbHBIA UKJ. B coBokymHocTr nemmbl 18.3 u 18.4 coolOmaroT mocien-
HIOIO APTUIO NOJ3a/1a4, C KOTOPBIMU HaM MIPEACTOUT UMETh AEN0: MAPTUIO C i = 71.
Ecnn pemenust nonsanad crabunmmsupyrores (npu L, =L, | anscex v € V), 1o u3

nemMmsl 18.3 ciienyer, uro L, | SIBJISI€TCs IPaBUJIbHBIM PACCTOSIHUEM KpaT4yaiIiero

n—1,v

nytu. Eciu pemenus noxzaaad He crabunusupyorest (mpu L, # L | | A7l HEKOTO-

n—1,v

poro v € V), To U3 IpOTUBOIIOCTaBICHUs ieMMe 18.4 cieyert, uto BxoaHoi rpad G
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COJICPYKHT OTPHUIIATEIIHHBIN ITUKJI, ¥ B TAKOM CJIy4ae allTOPUTM OCBOOOXKIASTCS OT
BBIYHCIICHHSI KpATUaHIINX pacCTOSHUH. BCITOMHUM B 3TO# CBS3M OmpezeiicHUE
3a1a4u B pazzene 18.1.2.

18.2.5. NceBnokon

Teneps 3HaMeHNTHIN anroput™ bemmvmana—®opaa HamumeTcs caMm coboit: nc-
MOJTB3YyHTEe PEKyPPEHIHNIO U3 CIEACTBHA 18.2 NI CHCTEMaTHYeCKOTO PelIeHHs
BCEX I0/13a]1a4, BIUIOTh JI0 pebepHOro OromKeTa i = 7.

BELLMAN—FORD

Bxon: opuentupoBannslii rpad G = (V, E), npeAcTaBICHHBIN B BUJC
CIIMCKOB CMEXHOCTH, UCTOKOBasi BEpIIMHA § € } 1 BelleCTBEHHAS
JunHa £, 171 KaxJaoro e € E.

Boixon: dist (s, v) ans Kaxaol BepmuHbl v € V 1mbo oObsBICHUE,
yT0 G CONEP>KUT OTPHUIATEIHLHBINA ITUKII.

// noasapaun (i wnpekcupyetca ot 0, v uHgexcupyet V)
A = (n+ 1) X n IByMEpHBII MaCCHB

// 6a3sosble cnyyaun (i=0)

A[0][s] =0

for each v # s do
A[0][v] := o0

// cucTemaTum4ecku pewunTb BCe noA3afaqun

for i=1ton do // pasmep nopsagauu
stable ;== TRUE // BnA LOCPOYHOI OCTaHOBKM

for v € V do

// wcnonb3oBaTb peKyppeHuuio U3 cineacTeus 18.2

Al =

min{A[i—1][v], min {A[i-1][w]+ ¢ }}
————  (WV)EE

Ctyqait 1

Coyuait 2

if A[i][v]#A[i — 1][v] then
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stable := FALSE
if stable = TRUE then // BbiNONHEHo nemmon 18.3
return {A[i — 1][v]}

// He ypanocb CTabunusupoBaTbCA Ha N UTepauusx

vev

return «OTpULATENbHbIN LUK // ucnpasieHo nemmont 18.4

CaBoensblif nuki for oTpaskaer JBa mapameTrpa, UCIOIb3yeMble AJIsl ONpeesICHHs
noj3a1ad: peOepHbIN OIODKET i M CTOKOBYIO BepIIMHY v. K MOMEHTY, Koria ureparius
IIUKJIa JIOJDKHA BRIYUCIIUTh peliieHue noazanadn A[i][v], Bece 3Hadenus hopMbl A[i— 1]
[v] umn A[i — 1][w] y»ke ObUIM BBIYMCIIEHBI Ha IPebIAyIIeH HTepalui BHELTHETO
mukJIa for (1160 B 6a30BBIX CITyYasix) ¥ TOTOBBI K TOMY, YTO UX OTBIILYT 32 TIOCTOSTH-
HOe Bpems. MHaykius (Ha i) TOKa3bIBALT, YTO arOPUTM Bellman-Ford MpaBUIBHO
PEIIAeT KaKIy¥o No3a a4y, IpucBanBas snementy A[7][v] npaBuibHoe 3Hauenue L, ;
peKyppeHLus B cieAcTBUM 18.2 onpasabiBaeT MHAYKIIMOHHBIN mIar. Eciu pemenus
moA3aaa4 CTaOMIN3UPYIOTCS, TO YKa3aHHBIN alTOPUTM BO3BpAIIaeT MPaBUILHEIC
paccrosiHus Kparyaiiiiero myTtH (o semme 18.3). Eciiu Het, To anropuTM mnpaBuiib-

HO 3asIBIISICT, YTO BXOHO Ipad) COTEPKUT OTPULIATEIBHBIN UK (110 JemMe 18.4).

18.2.6. NMNpumep

st mpumepa anroputMa Bellman-Ford B IEHCTBUM PACCMOTPUM CIIEAYIOIINN
BXOJIHO Tpad:

A[0][s] = 0

Al0][u] = +< AlO]W] = +e

Bepiuabl momMedueHs! peneHnus My TiepBoi aptuu noazanad (npu i = 0). Kaxnas
uTEparys aIrOpUTMa OLEHUBAET peKyppeHiuo (18.1) B kax0ii BepiinHe, UCIOIb-
3ysl 3HaU€HUsl, BBIUMCIICHHbBIE Ha Npenpinyleil ntepanuu. Ha nepsoil utepanuu
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pexyppeHius BeraucisieT 0 B s (s He IMeeT BXOJSIIUX pedep, Mo3ToMy ciiydai 2
PEKYPPEHIHH ABISETCS yCThIM), Boruucisier 2 B U (motomy uto A[0][s] + £, =2),
BeIuHCIsIET 4 B B (motomy uto A[0][s] + £, =4) 1 BEIUHCISIET +00 B W U £ (IOTOMY
uyt0 A[0][u] 1 A[0][v] 06a paBHBI +0):

Al]v]=4

Al1][s]=0 A=+

Al[u]=2 A][W]=+%
A= s

Ha cnenyromeii utepanuu Kax s, Tak U ¥ HACJIEAYIOT PELICHUs OT MPEblTyIen
uTepanuy. 3HaYeHHE MpU v MagaeT ¢ 4 (COOTBETCTBYS ITyTH M3 OIHOTO IEpPEXoa
s — V) 1o | (cooTBEeTCTBYS yTH U3 ABYX NIEPEXO/IOB § — U — V). HOBbIE 3HaueHus
B W U ¢ paBHbI 4 (motomy uto A[1][u] + ¢, =4) u 8 (motomy uto A[1][v] + £, = 8):
Al2][VI=1
ApHiv=4-

Al2][s]=0
AbHs}=0-

Al2][u]=2
A2 frotarii
Al At

O6paTI/ITe BHUMAHUC, YTO YMCHBIICHHUC PACCTOSIHUA KpaT‘IafILHCFO IIyTH OO0 vV Ha
3TOM UTCpallMM pacOpOCTPaHICTCs HA {, HAUMHAs CO cne[[y}omeﬁ HUTCpalru.
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Ha Tpetseii nteparun 3HadeHue B ¢ magaeT 10 5 (moromy uro A[2][v] + {, =5,
gro syuine, yeM A[2][f] = 8 n A[2][w] + £,, = 6), a ocTabHbBIE YeTHIPE BEPIINHEI
HACJICAYIOT PEICHHUs OT MPEAbIIyIIei uTepaluu:

Al3]IvI=1

Ha ‘leTBepTOﬁ UTCpallu HUYEro HE MCHACTCA:

A[4][vV]=1

A=
ARl
O~
A[4][s]=0 4 A[4][f]=5
ARJfs}=0- A=
Af2}s}=0 ‘ AL2IE=8
Aptisi=o- A=
Aolsi=o- Aol
2

Al4][u]=2

A= ; Alpee

A2 A

=2 ol
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M B 3TOT MOMEHT QJTOPUTM OCTAHABIMBACTCS C MPABUIBHBIMH KPATIaNIINMA
paccTosTHUAME' .

18.2.7. Bpems BbINOsMIHEHUSA

AHanu3 BpeMeHH BBINOJTHEHHS anroputMa bernmvana—®opa 6osee nHTEpECeH,
YeM aHaJIn3, MPOBOANUMBII B OTHONIEHWH APYTHX aNTOPUTMOB AMHAMHUYIECKOTO
IPOrpaMMHUPOBAHMUS.

YHOPA’KHEHMUE 18.3

KakoBo Bpemsi paboThl anropuTMa Bellman-Ford Kak yHKIUH OT
m (arcina pedep) u n (drcna BepmuH)? Beidepute Hanbosee BepHOE
yTBEpPIKICHHE:

a) O(n)
0) O(mn)
B) O(n)
r) O(mn?)

(Pemrenne n mosicueHue cM. B paznene 18.2.9.)

O06001mas Bce, 4YTO MBI TENEepb 3HaeM 00 ajaropuTMme Bellman-Ford, oOpaTuMcs
K CIIeyIOIeH TeopeMe.

Teopema 18.5 (cBoiicTBa ajgropurma Bellman-Ford). /[ kaxcooeo 6xo0Ho2o epaga
G = (V, E) ¢ n gepuwunamu, m pebpamu, eujecmeennvimu OnuHamu peoep u ucmo-
Koo gepuunoll s ancopumm Bellman-Ford svinonnaemcs 3a epems O (mn) u au6o:

(i) eosspawaem Kpamuaiiuiee paccmosiHue om s 00 Kaxcoo2o nyHKma Ha-
3Hauenus v € V,

aubo

(ii) obuapyxcusaem, umo G cooepicum ompuyamenrbHolil YUK.

' TIpumep anropurma B JSHCTBHU Ha BXOJHOM rpade ¢ OTPULATeIbHBIM IIUKJIOM CM. B 3a-

nmaue 18.1.
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Kak 00bI9HO, KpaTyaiinmii myTh MOXKET OBITh PEKOHCTPYHUPOBAH ITyTeM 0OpaTHOM
TPACCUPOBKH KOHEYHOTO MAcCUBa A, BBIYUCISAEMOrO aaroputMoM berimana—
Dopna'.

18.2.8. MapwpyTtnsauusa uHTepHeTa

AnroputMm bemnmmana—®opja pemaer 6onee o0IIyI0 3a/1aqy, YeM aITOPUTM
JeikcTpsl (HOTOMY YTO OH BMELIAET B ce0s OoTpuLareibHble JUIMHbI pedep). Ero
BTOPOE MPEUMYIIECTBO 3aKJIFOYAETCS B TOM, YTO OH OoJiee «pachpeieneH», YemMm
anroput™ JIeHKCTphI, U MO ATOH MPUUYUHE ChITpas 0oJiee 3aMETHYIO POJb B 3BO-
JIFOIIMH TIPOTOKOJIOB MapILIPYTU3AIMU HHTepHETa>. BhIunciieHne peKyppeHTHOrO
cootHomenus (18.1) B Bepuinae v TpeOyeT nHGOPMAIIUN TOJIBKO O BEpIIMHAX,
HEMOCPENICTBEHHO COSIMHEHHBIX C V: BEPIINHAX W ¢ peOpoMm (w, V). 3HAYUT, aJIro-
put™ benmvana—®opra MoKeT OBITh pealn30BaH Jake B MacIITabe HHTCPHETA,
KOTJIa KaXkK/jasi MalllMHa «00LIaeTCs» TOIBKO CO CBOUMH ONMKANIIUMU COCEISMH,
BBITIOJIHSS TOJIBKO JIOKAITbHBIC BBIYMCIICHUSI U HE BEAast O TOM, YTO TPOHCXOIUT
B OCTaNbHON YacTu ceTH. JeiicTBuTensHo, Ha anroputMe bemmvana—®opna Ga-
3UPYIOTCS paHHHE MPOTOKOJIBI MapiipyTu3anuu naTepHera RIP u RIP2 — mpumep
TOT0, KaK aJITOPUTMBI (POPMHUPYIOT MUP TAKUM, KAKUM MBI €T0 3HaeM".

! JIyist BOCCTaHOBIICHHS PEKOMEH/IYeTCs T00aBHTh CTPOKY KOJIa, KOTOPAst KILIUPYET C Kax-

JIOW BEPIIMHOM Vv caMblil IOCICHUN MPEAIICCTBEHHUK W, 3aIyCKAIOIUi OOHOBIICHHE
Case 2 B popme 4 [i] [v]: =A [i — 1] [w] + .. Hanpumep, B cayuae ¢ BXOXHBIM rpadom
(pa3nen 18.2.6) npeaiecTBEHHUK BEPIIMHBI v OyAeT HHUIIMAIN3UPOBAH HYJIEM, COPOIIIeH
B § TIOCJIe IEPBOM UTEPALINH, a 3aTeM B U 1ocie BTOpoi urepauuu. [lociae 3Toro MoxkHO
BOCCTaHOBHUTb Kpardaiimii s—v (myTh Ha3aj B TedueHue O (1) BpEMEHH C UCTIONB30BaHHEM
KOHEYHO! MapTUH MPEIIeCTBCHHUKOB, HAUWHAS C V U CIEAYs 3a MPEALIeCTBEHHUKOM
00parHo K §). [ToCKONBKY KaKIblii MAKeT PEHICHUH M MPEIIICCTBEHHUKOB 1M0/13a1a4
3aBUCHT TOJIBKO OT T€X, YTO ObUIM B IPEABIIYIIEM MaKeTe, KaK Ul MPSIMOTO, TaK U JUIS
BOCCTaHOBHTEJILHOTO TPOXOJ0B TpeOyeTcs TOIbKO MpocTpancTBo O (1) (aHATOTUYHO
3amade 17.5). [TogpoOHee cM. Buaeo Ha www.algorithmsilluminated.org.

Anroputm bennmana—®opaa BeisasieH 3a 10 net 1o ARPANET, npenmiecTBeHHUIIBI
uHTepHeTa (To ecTh B 1959 rony. — Illpumeu. peo.).

«RIP», nnu «1rpotokoi Mapipytu3anni uHdpopmarmmy. [TogpodHoctu nporokonos RIP
u RIP2 onncanbl B RFC (OykB. «3anmpoc KOMMEHTapHEB»; OCHOBHOM MEXaHH3M, C TIOMO-
IIBI0 KOTOPOTO U3MEHEHHS B UHTEPHET-CTaHAAPTaxX MIPOBEPSIOTCS M PACTIPOCTPAHSIOTCS)
1058 1 2453 coorBeTcTBEHHO. O HEKOTOPBIX COMYTCTBYIOIINX TEXHUUECKUX MpoliieMax
CM. BUJIO Ha caiiTe www.algorithmsilluminated.org.
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18.2.9. PewieHus ynpaxHenuin 18.2-18.3

PeweHue ynpaxxHeHus 18.2

[MpaBuabHbiii oTBeT: (0). JleMMa onTUMaIbHOU TOACTPYKTYPHI (Jiemma 18.1)
M3JI0XKEHA TaK, KaKk ecyu Obl OBLTO /1Ba KaHANWAATAa Ha ONTHMAIBHOE PEeIIeHHE, HO
city4ail 2 CONep)KUT HECKOJIBKO IOJICIYYaeB: O OJHOMY JUIs KaXJOTr0 BO3MOXK-
HOTO KOHEYHOTO mepexona (w, v) myTH s—v. Takum obpas3om, ciaydail 1 BHOCHT
OZIHOTO KaHANAATA, a CITydail 2 — psiJi KaHIUaTOB, PaBHBIN ITOTyCTETICHH 3aX0/a
BEPIIMHEI V'. DTa MOJyCTENEeHb 3aX0/1a MOXKET OBITH CTOJIb )K€ OOJIBIIOH, Kak 71 — 1
B OPHEHTHPOBAaHHOM Ipade (0e3 mapamieapHbIX pedep), HO, KaK MIPABHI0, HAMHOTO
MEHBIIIE, B 0OCOOCHHOCTH B pa3peKeHHBIX rpadax.

PeweHue ynpaxxHeHusa 18.3

IMpaBunbubIii oTBeT: (6). Aroput™ Bellman-Ford peraet (n + 1) x n = O (n?)
pa3HBIX TO/3aad, TIe 7 — 3TO YHCIO BEepHIMH. Ecin OBl alTOPUTM BBIMONHSLI
TOJIBKO MOCTOSIHHBINA 00beM padoTHI (B pacueTe Ha MoA3a1ady, Kak U BO BCeX HaIIUX
MPEABIIYINX aJTOPUTMAX TUHAMHUYECKOTO ITPOTPAMMHUPOBAHHS, KpoMe OptBST),
TO BpeMst paboThI arropuT™a Takke 6610 061 O (7?). Ho perienne noazagadn uist
MMyHKTa HA3HAYECHHUS V CBOAUTCS K BEIYUCIICHUIO PEKYPPEHINH U3 ciaeacTus 18.2,
KOTOpOE, CJICAYSI YIIPXKHEHHUIO 18.2, BKITIOUAST HCYEPTIBIBAIOIIME MOUCK 110 1 + in-
deg(v) kauaumaToB, rie in-deg(v) — 310 yKcio pedep, BXoaAmuX B v. [IockoabKy
MOJTyCTENeHb 3aX0/1a BEPIINHBI MOXKET OBITh CTOJIb ¥Ke OONBIION, Kak U 1 — 1, 370,
Ka3ajoch Obl, TaeT BpeMeHHY0 rpanuily O (n) Ui KaKI0# Moa3a1adqu IpU COBO-
KynHO# BpemeHHO# rpanune O (n°). JJabbl 1oOUTHCS JTydInero, ChOKyCHpyeMcst
Ha (PUKCUPOBAHHOHN UTepaly BHELIHEro nukia for anropurMa ¢ HeKuM (hUKCH-
poBaHHBIM 3HaueHHEM i. CymmapHas paboTa, BBITIONHIEMAs: BO BCEX UTEPAIHIX
BHYTPEHHETO IHKJIa for, mponopunoHaibHa

> (1+in-deg(v))=n+Y  in-deg(v).

vel vel

=m

' TIpu ycnoBum, 4T0 BXOJHOH rpad MpeCcTaBIeH C HCIOIb30BAHHEM CIIMCKOB CMEKHOCTH
(B 4aCTHOCTH, YTO MAaCCHB BXOJISIIMX peOep CBsI3aH C KaXK/0W BEPIIUHON ), MCUEPIIbIBA-
IOIIHMI TIOUCK MOYKET OBITh pean30BaH 3a BpeMsi, BRIpakeHHOe Kak | + in-deg (v).
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CyMmMma TmoTycTeneHel 3axoa Takke UMeeT Oosee MPOCTOe MMS: /71, YHCIIO pe-
Oep. UtoOBl yBUIETH 3TO, MPEACTaBbTE ce0e yaaleHHe BceX pedep M3 BXOIHOTO
rpacda u godaBneHne ux o0paTHo, no onHoMy. Kaxkmoe HoBoe pedpo nodasmnser |
1 K COBOKYITHOMY YHCITy peOep, U B ITOIYCTEIICHb 3aX0/a POBHO OJHOI BEPIITHHBI
(rosoBy 3TOTO pedpa).

Taxum oOpa3zom, cymmapHas paboTa, BEIIOTHSIEMAas Ha KaKIONH M3 BHEITHHUX
utepanuii mukia for, pasaa O(m + n) = O(m)'. CymectByer He Oojee n Takux
utepanuii. Pabota O (n) BeIMOMHSAETCS] BHE CIBOSHHOTO LIMKJIa for, mpuBOIs K CO-
BOKYITHOU BpeMeHHoM rpanuiie O (mn). B pa3pexeHHbIX rpadax, rie m sBIseTcst
JIMHEHHBIM I TOYTH JIMHEHHBIM B 71, 9Ta BpEMEHHAs TPAHUIIA HAMHOTO JTydIIle,
yeMm Oosiee HauBHas rpanuna O (n).

18.3. 3apaua o KpaTyanwiem nyTn
ANns Bcex nap

18.3.1. OnpepeneHue 3apaum

3adueM J0BOJIbCTBOBATHCS BBHIYMCIECHUEM KpaTYaWIINX PACCTOSIHUN TOJIBKO M3
OJTHOM-EIMHCTBEHHOW MCTOKOBOM BepImuHbI? Harpumep, anropuT™ BEIYACICHUS
HAINpaBJICHUH JBUKEHUS JIOJDKCH YYUTHIBAThH JTHO0YI0 BO3BMOXHYIO CTapTOBYIO
TOYKY; 9TO COOTBETCTBYET 3adaue 0 Kpamuaiiuem nymu 01s ecex nap. llpu aTom
MBI TIO-TIPEKHEMY JIOMTyCKAaeM OTpHUIATENbHbIC UTMHBI peOep W OTpUIlaTeIbHBIC
[UKJIBI BO BXOAHOM Tpade.

3AJTAYA: KPATYAMIIHUE MTYTH AJ51 BCEX ITAP

Bxon: opuentuposanuslii rpap G = (V, E) ¢ n BepIIUHAMU U m pe-
Opamu U BelleCTBEHHAs AHHA £, 171 KayK10ro pebpa e € E.

Brixon — ouH U3 CleayoMuX:

! Ilpenamonaraercs, 94To m SIBISICTCS, 110 MEHBIICH Mepe, TIOCTOSIHHBIM BPEMEHEM 71, KaKk
B ClTy4ae, KOTjia Kak/ast BEpIIMHA v JOCTIKUMA U3 HCXOAHO# BepinHsl s. [lomxymaiire,
KaK HaCTPOUTB AJTOPUTM ISl MONYYCHHs TPaHUIIBI BpeMeHH 3a utepauuto O (m), oT-
OpOCHB MIPEATIONOKEHHUE.
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(1) xparuvaiimee pacctostaue dist(v, w) 1Jist KaKI0H yIopsI09eHHOM
Mapel BEPIIUH v, W € V

160

(i1) 3asBICeHHE O TOM, 9TO G COACPIKUT OTPHUIATEITBHBIN IIHKJL.

B 3amaue 0 kparyaiiineM yTH AJ1s BCEX Iap HET MCTOKOBOM BepLIMHEL. B ciryyae (i)
QJIITOPUTM OTBEYAET 3a BBIBOI /1° uncen'.

18.3.2. CBepeHune o KpaTyamwimx nytem
C €ANHCTBEHHbIM UCTOKOM

Ecnu BBI nniere peayknuu (Kak v JIOJKHO OBITh; CM. C. 134), TO BbI, BO3MOXHO,
YK€ BUAMTE, KaK MPUMEHHUTh CBOM MOCTOSHHO PACTYIIUH alrOpPUTMHUYECKHMA
apceHal K 3aj1a4e 0 KpaTdaiiieM myTH ais Bcex nap. OJHUM U3 eCTEeCTBEHHBIX
MTOJTXO/IOB SIBIIICTCS TOBTOPHOE MCIIOB30BAHUE MOANPOrPAMMBI, KOTOPask peIaeT
3a/1a4y O KpaTdyallieMm MyTH ¢ €AMHCTBEHHBIM MCTOKOM (HallpuMep, aJrOPUTM
bennmmana—®opna).

YIPA’KHEHME 18.4

CKOJIBKO BBI30BOB ITOANPOrPaMMBI KpaT4anIero My TH ¢ SAMHCTBEH-
HBIM HCTOKOM HEOOXOJIMMO JUTs PEIIeHHs 3a/1a4H O KpaTdaiIleM Ty TH
Juis Beex nap? Kak o0braHO, 7 0003HAUAET YNCIIO BEPIIHH.

a) 1
0) n—1
B) 1
r) n’

(Pemenue u nosicienue cMm. B pazaene 18.3.3.)

! TIpuMeHeHHE aJrOPUTMOB TIPH PEIICHUU 3aJa4y KpaTdaiilero myTH AJIsl BceX map

0COOCHHO 3HAYMMO B CJIydYae BBIUKMCICHUS TPAH3UTHBHOTO 3aMbIKaHHsI OMHAPHOTO OT-
Homenus. [Tocne s 3a/1a4a CXOIHa ¢ 3a4a4eii 0 JOCTI)KMMOCTHU BCEX Map, KOraa Ui
3aJlaHHOTO rpada TpedyeTcs ONpeIeIUTh BCE Maphbl BEPIIMH V, W, ISl KOTOPHIX B Tpade
COJICPIKHUTCS XOTSI ObI OZIHH IYTh V—W (TO €CTh JUTsl KOTOPOTO PACCTOSHUE TI0 KpaTdaniemy
IyTH MOJICYETA IPBDKKOB SIBISIETCS] KOHCYHBIM).
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Brurrouenne anropurma bemvana—®opnaa (teopema 18.5) ais moanmporpaMMel
KpaTyanIilero myTy ¢ eIUHCTBEHHBIM HCTOKOM B yrpaxuenue 18.4 naer O (mn?)-
BPEMEHHOI1 aITOPUTM ISl 33/1auk O KpaT4yaiiieM IIyTy Bcex map'.

OtmeTnM, rpaHuna BpeMeHHd BbinosiHeHus: O (mn*) ocobeHHO npobiieMaTHyHa
B IUIOTHBIX rpadax. Hampumep, eciiu m = © (n?), TO BpeMst BBIIIOIHCHUSI SIBISCTCSI
K6aopamuyHbl;M B 1 — BPEMsl BBITIOJIHEHHs, KOTOPOE MbI HE BCTPEYaH paHbIiie
1, HaJIeI0Ch, HUKOT/IA HE YBUANM.

18.3.3. PeweHue ynpaxHeHusa 18.4

[paBuabHbli oTBeT: (B). ONMH BHI30B MOAIPOrPaMMbI KpaTYalIIero Iy TH C e1H-
CTBEHHBIM HCTOKOM BBIYMCIIUT PACCTOSHUSI KPATUAKIIETO ITyTH OT OIHOW BEPIITHHBI
S 10 KaXK10¥ BepiInHbI rpada (Bcero n urcen u3 n*> Heooxoaumbix ). OTHOKPATHBIII
BBI30B TIOJIIPOTPAMMBI JUISI K&KIOTO U3 71 BADUAHTOB IS S BEIYUCIISICT PACCTOSHUS
KpaT4aiIiero myTH JJIs KaKI0r0 BO3BMOKHOTO HCTOKA U CTOKA (ITyHKTa HA3HAYCHHUS ).

18.4. Anroputm ®nonpa—Yopuwenna

B aToM pasierne pemaetes 3a7a4a 0 KpaTd4ailliieM IyTH IS BCEX Map ¢ HYJIs
M TIPE/ICTaBIIEHO HAIlle OKOHYATETbHOE TEMATHYECKOE NCCITEIOBAHIE TTapaIuT MBI
MPOEKTUPOBAHUSI AJITOPUTMOB AMHAMUYIECKOTO MPOTPAMMUPOBAHUS HA OCHOBE
anropur™a ®roiiga— Yopriremia®,

18.4.1. Nop3apaum

I'pacher — 3TO MHOTOCITHOXKHBIE 00BEKTHL. [IpHmymMaTs MpaBUIFHOE MHOKECTBO
moz3anay sl PeICHUs] AMHAMUYIECKUM IPOrpaMMHUPOBAHUEM Ipa)oBOi 3a1aun

' Anroput™ JIeWKCTPhI MOKET 3aMEHHUTh alroOpuT™M bemnMana—®opaa, eciu IHHBI
pebep HeoTpHUIaTeNIbHBI, ITPHU 3TOM BpeMsi paboTs ynyutaetcs 10 O (mn log n). B pas-
pexenHbIX Tpadax (¢ m = O(n) uiau OIM3KUM K JaHHOMY 3HAYCHHUIO) ATO MO3BOJISET
HPUOIU3UTECS K KETaeMOMY Pe3ylIbTaTy (OCKOIBKY IPOCTOE HAMCaHUE BBIBOAA HO-
TpeOyeT yxKe KBaJpaTUIHOTO BPEMEHN).

2 BxomHo# rpad ¢ OTpHIATETbHBIM ITMKIOM OyIeT 00HAPY/KEH MPH BBI30BE MOAIPOrPAMMBI
KpaTyaiIiero myTH U3 OJHOTO HCTOYHHKA.

3 HasBan B uecth Pobepra B. ®roiina u Ctusena Yopiasia, CaMOCTOSTETbHO BBISBICH
U pSZIOM JPYTHX HccienoBareneii Ha pyoexe 1950—-1960-x rr.
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HernpocTo. B ocHoBe nonzanay B anropurme bemnmvana—dDopa asnst 3a1a49u o Kpat-
YyaKIeM My Ty ¢ eAMHCTBEHHBIM UCTOKOM (paznen 18.2.1) mexwur nmocrynar o paborte
C MCXOJHBIM BXOJHBIM Tpad)OM M HAJIOKEHHH UCKYCCTBEHHOTO OTPAHUYCHHUS Ha
qrcio pedep, paspelIeHHBIX B PEMICHUN MMoA3aaadu. B aToM ciydae pebepHBIi
JHMUT CITY)KHT MEPOH pa3zMepa Ioa3aaauu, a NpePUKC ONTUMAIBHOTO PEIICHHS
MoJ13aJ1a91 MOYKHO HHTEPIPETUPOBATH KaK pelIeHre MEHbIIEH moi3a1adu (¢ TeM
K€ UCTOKOM, HO APYTHM CTOKOM).

B anropurme @noitna—Yopiiesia npeajaraeTcs MOWTH Ha LIar AaJiblle, UC-
KyCCTBCHHO OTPAaHHIHB UOCHMUPUKAMOPYL 8epuitii, KOTOPBIE MOTYT HaXOAUTHCS
B pemieHuu. /s onpeneneHus non3aaad paccMoTpuM BxoaHou rpad G = (V, E)
Y TIPOM3BOJILHO HA3HAYMM €ro BepimuHaMm uMeHa 1, 2, ..., n (toe n = | V). [loaza-
Jla9¥ MHICKCUPYIOTCs ipedukcamu {1, 2, ..., k} BepIIHH, IpUYEeM k CIY)KUT MEPOi
pa3mepa moji3aaadn, a TAaKke — OTHOBPEMEHHO — HUCTOKOM V U CTOKOM W.

AJTOPUTM ®JIONIA—YOPIIEJJIA: IMMOJA3A TAUA

Breraucauts L
KOTOPBII:

MUHUMAJIbHYIO JJIMHY ITIYTHU BO BXOJAHOM rpaq)e G,

kw2

(1) HauuHaeTcs B v;
(i1) 3akaHYMBaETCSA B W;

(ii1) wcronp3yeT BepIIuHBI TOJbKO U3 {1, 2, ..., k} KaKk BHyTpEHHHE
BEPIIMHBI' U

(1v) He coZIep)KUT OPUEHTUPOBAHHOTO ITHKJIA.

(Ecnu Takoit myTh He CYIIECTBYET, TO ONPEACIUTh L, = Kak +00.)

kyv,w

(dns xkaxporo ke {0,1,2,...,ntuv,we V)

Cymectyer (n + 1) X n x n = O(n’) mon3amad, KOTOPBIE SABIISIOTCS JTHHEHHBIM
YHCIIOM JIJIs KaXKJIOT0 U3 3HAYCHUIA 72 B BIXOJIE. [1aKeT caMbIX OONBIINX MO/3a-
na4 (mpu k = 1) COOTBETCTBYET MEpPBOHAYAIBHOM 3aja4e. [ GuKCupoBaHHOTO
HCTOKA V M CTOKa W MHO)KECTBO JIOITyCTUMBIX ITyTel pacTeT BMECTE C k, TI03TOMY

L, . MOXET yMEHbIIAThCs TOJIBKO C yBeIMueHUeM k. PaccMorpum rpad

k,v,w

! BHyTpeHHI/IMI/I BCPIIMHAMHU ITYTHU SABJIAOTCA BCEC, 34 UCKIIOUYCHUEM KOHCYHBIX.
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u (s ucroka 1 u cToka 5) moj3aaaun, COOTBETCTBYIOIIUE HITYIIIUM IO 3HaUe-
HUSM npeukcHo JuHbI k. Korna k paBro 0, 1 vu 2, Het mytel u3 1 B 5, mosToMy
KaXK/1asi BHyTPEHHSS BEpIIMHA TPUHAIISKUT nipedukcy {1, 2, ..., k}, 1 peiieHue
noj3aja4u paBHo +oo. Korna k=3, myts 1 — 2 — 3 — 5 cTaHOBUTCS €JUHCTBEH-
HBIM TIOAXOSAIINM ITyTeM; OH UMeeT JunHy 2 + (—4) + 5 = 3. [lyTh ¢ n1BymMs niepe-
XOJJAMHU JTHCKBATH(HUIMPYETCS, TOCKOIBKY OH BKJIIOYAaeT BEPIINHY 4 B KauecTBe
BHYTpeHHeii BepiiuHbL. [TyTh ¢ Tpems iepexogaMu KBamupUIUPYETCsI, TaKe eCIH
BepIIHA 5 He MpuHAIISKUT npedukcy {1, 2, 3} B kKadecTBe CTOKA; 3TOW BEPIIUHE
npenocrapisieTcs uckiodenue. Korna k =4 (nnu 6osbiie), pereHuem mnoj3anadan
SIBIISICTCS JUTMHA UICTUHHOTO KpaTdaiiero nytd 1 — 4 — 5, koropas paBHa —20.

B crenyromem pasziene Mbl YBHANUM, YTO BBIMTPBILI OT OMpEIeICHHs Moa3anad,
TaKUM 00pa3oM, COCTOUT B TOM, YTO €CTh TOJIBKO JIBa KaHM/aTa /Uil OITHMAaJlb-
HOTO PEeLICHUs 03314t (B 3aBUCHMOCTH OT TOTO, HCIIOJIb3YeT JIU OH HOCIICIHIO0
JOMYCTUMYIO BEPIIMHY A MK HET)'. DTO MPUBOJUT K aNTOPUTMY JHHAMHIECKOTO
IIPOTrPaMMHPOBAHHS, KOTOPHI BRIMONHAET ToibK0 O (1)-10 paboTy Ha moa3anauy
1, 3HAYMT, ObICTpEE, YeM 7 BBI30BOB asiroputma bemmvana—dopaa (¢ BpeMeHeM
BeimonHenust O (n°) BMecto O (mn?))>.

18.4.2. OnTumanbHaga NnoACTPYKTypa

Paccmotpum BxogHoit rpad G = (V, E) ¢ BeplinHaMu, IOMEUEHHBIMHU OT 1 110 7,
1 3a(hUKCHpYeM I0/[3a/1a4y, OIPE/ICIICHHY0 HCTOKOBOM BEPIIUHOM v, CTOKOBOH Bep-

! HampoTuB, 4MCII0 BO3MOKHBIX PENISHHI T T0/3a1a4un B arroputMe bemmmana—®opia

3aBHCHUT OT CTEIICHH Ha3Ha4YeHus (ynpaxHeHue 18.2).

2 Orbpocum crydvaii, Koria 71 HaMHOTO MEHbIIE 7 (CM. TaKKe CHOCKY Ha ¢. 229).
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IIMHON W 1 ipeUKCHON JmiHON k € {1, 2, ..., n}. [Ipeanonoxum, aro P sBiseTcs
myTeM v—w 0e3 LIMKJIOB U BCeX BHYTPEHHUX BepwuH B {1, 2, ..., k} u, Oonee Toro,
SIBISICTCS KPATYANIIIIM TAKUM ITyTEM, IIPU 3TOM MTOCIIEAHSS IOMYCTUMAs BEpPILIHHA k
au60 MOSIBISETCS KaK BHYTPEHHSS BepIIMHA P, TH00 HeT.

Cayyaii 1: BepminHa & He siBJIsieTCsl BHYTPeHHeil BepummHoii P. B atom ciydae
nyTh P MOXeT ObITh MHTEPIPETHPOBAH KaK PEIICHUE MEHBIIICH 1O/13a/1a4H C TIpe-
(buKcHOU ATUHOM k — 1, MO-NPEXHEMY € UCTOKOM V U CTOKOM Ww. [1yTh P 10JIKeH
OBITh ONITUMAJIBHBIM PEIICHHEM MEHbBIIIEH MMo3a1a4u; JTF000e Ooiee MPeBOCXO -
iee pelieHne TakKe ObUI0 OBl ISl IIePBOHAYATBHON O3 1aYH IIPEBOCXOISIINM.

Cayuaii 2: BepuidHa £ siBjsieTcsl BHyTpeHHell BepmmHoii P. B sTom ciydae
nyTh P MOXXHO MHTEPIPETUPOBATh KaK OOBEAUHEHUE 08X PEIICHUH MEHBIIUX
noz3anad: nmpeduxca P, myTtn P, KOTOPBIH IepeMeraercst u3 v B k, u cyouxca P,
MyTH P, KOTOpBIN TepeMernaercs u3 k B W.

P, = nyTb v—k (GeCLMKIOBbIA, AnuHa L) P, = nyTe k-w (Gecunknosbid, AnnHa L,)

(BCE BHYTpEHHWeE BepwuHbI B {1,2,...,.k—1}) (BCe BHYTpeHHUe BepwmHbl B {1,2,...,k—1})

1
P = nyTb v—w (6ecuunknoBbIi, AnuHa L, Bce BHyTpeHHUe BepLumnHbl B {1,2,...,k})

Bepimna k nosieasiercst B P 0THOKpaTHO (P He UMEET LIUKIIOB) ¥ I03TOMY HE SIBJISI-
eTcsl BHyTpeHHei BepmnHoi P, wn P,. Takum 00pa3zom, MBI MOKEM paccMaTpH-
BaTh P, u P, KaK pelIeHUs] MEHbIINX M0A3a/1a4 COOTBETCTBEHHO C UICTOKAMH V U k
1 CTOKaMHU k ¥ w, TJIe BCE BHYTPEHHME BEPIINHBI HaXomaTces B {1,2, ..., k— 1} Ber
MOXETE MOMBITAThCS YrafaTh CACAYIOIINII I1ar: Mbl XOTUM JJ0Ka3aTh, uTo P, u P,
Ha CaMOM JIeJI€ SIBJIIOTCS ONMUMANbHbIMY PEILIEHUSMH 3THX MEHBILIUX 110/13a1au.
Iycts L, L, n L, 0603HauaioT AIUHBI COOTBETCTBEHHO P, P, u P,. Ilockonbky P
aBnsercs oobenunenneM P\ u P,, L =L +L,.

D10 00BsACHSET, ToueMy noa3anaun dnoiaa— Yopiienia, B OTIMYKe OT noja3aaad besi-
MaHa—®Dop/a, BKIHOYAKOT YCI0BHE 00 OTCYTCTBUH HUKIA (iV).

DTOT nMoAXo[ eBa JIK MPUMEHUM IS 3aJa41 KpaTJaiIIero myTy U3 OAHOTO HCTOUHHKA,
TaK Kak cyQduKCHBIN MyTh P, OyaeT UMETh HEBEPHYIO CXOAHYIO BEpIIUHY.
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[Ipenmonoxum OT MPOTUBHOTO, UTO P, HE SIBIAETCSA ONTHMAJILHBIM PEIICHHEM €T0
07133 1a4M; apryMeHT it P, ananorndeH. Toraa cymiecTByeT myTh Oe3 mukia P
u3 v B k ¢ BHyTpeHHuMH BepummHamu B {1,2, ..., k— 1} u nmunoit L% <L,. Ho Torma
KOHKaTeHanust P* n P, OyneT OecIUKIOBBIM ITyTeM P* U3 v B W ¢ BHyTPEHHUMH
BepmmHamu B {1, 2, ..., k} u jumHO#N LT +L, <L +L, =L, IPOTUBOPEYA IPE/IIO-
JIaraéMoOU ONTUMAJILHOCTH P.

YHOPA’KHEHME 18.5

Bunure nu BRI Kakue-nmnO0 MeeKTH B MPHBEACHHOM BBIIIE apry-
MeHTe? BribepuTe Bce, 4TO IPUMEHUMO.

a) KxoHKareHamws P* w3 P * n P, He 00s3aTeIBHO TOJDKHA NMETh
HCTOK V;

0) P* He 00s13aTeIbHO JOHKEH UMETh CTOK W,

B) P*He 00513aTeIbHO JOJKEH UMETh BHYTPEHHUE BEPIIUHBI TOJIBKO
B {l1,2, .., k};

r) P*He 00s3aTebHO JTOJMKEH ObITh OSCIUKIIOBBIM;
1) P* He 0053aTeNIbHO JTOJDKEH UMETh JITTHHY MEHBIIYIO, ueM L;
€) HeT HUKAKHhX JIe(PEKTOB.

(Pemenvie n nmosicieHue cM. B paznene 18.4.6.)

Teneps NpeanonoxuM, 9To KoHKareHauus P* u3 P*u P, conep>xuT UK. MHoro-
KpaTHO CIUTeTasi IUKJIBI MeXly co0oi (kak Ha puc. 15.2 u B cHocke 3 Ha c. 81),
MOXXHO W3BJI€Ub U3 P* OeCIUKIOBBIN MyTh P ¢ TeM xe ucTOKOM (v) u crokoM
(W) 11 TOTBKO C MEHBIIINM YHCIOM BHYTPEHHUX BepIinH. /lnuHa paBHa aauHe L*
myTH P*, 3a BEIYETOM CYMMEI [UTHH pedep B CIUICTCHHBIX ITHKIIAX.

Ecnu 6xoonoii epag ne umeem ompuyamenvHblX Yukiog, TO CIIETEHUE IUKIOB
MO’KET TOJILKO COKPATHTB MyTh, M B 9TOM CIlydae JUIMHA P He MpeBblmaeT L*,
B 9TOM Cllyqae MBI CHACIH JIOKA3aTeNbCTBO: P SBIAETCS GECIMKIOBBIM TyTeM
V=W, B KOTOPOM BCE BHYTPCHHHUE BEPIINHBI HaxomsatTcs B {1, 2, ..., k} u amuHON
He Oonee L* < L, 9TO IPOTHBOPEUNT Mpe IIIoaraeéMoii OTHMaIbHOCTH ePBOHA-
YajabHOro myTH P. Torna Mel MOJKEM 3aKJIIOYUTh, YTO BEPIIMHA k AEHCTBUTEIBHO
pa30uBaeT ONTUMAJBHOE PElICHNE P Ha ONTUMalbHbIE peIeHus P, u P, 11t cooT-
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BETCTBYIOIINX MEHBIIINX M0/3a/1a4. JIJIsT ONTUMaIbHON MMOACTPYKTYPHI aJITOpUTMA
Onoiiga—Yopiiesnia CupaBeAJiuBa ClIeIyomas JIeMMa.

Jlemma 18.6 (onTHMaJIbHAS NOACTPYKTYpPa ajaropurma diioiina—Yyopuesia).
Ilyems G = (V, E) pagno opuenmuposanromy epagy ¢ eeujecmeerHblmu OTUHaAMU
pebep u 6e3 ompuyamenvHvix yuxkaos, c V={1,2, ..., n}. [lpeononoscum ke {1, 2,
o npuv,we V,unycmo P pagno becyuxiogomy nymu v—w MUHUMAIbHOU OUHbL
6 G, 8 KOMOpoOM 6ce BHYmMpeHHuUe sepuiunbl Haxooames 6 {1, 2, ..., k}. Toeoa P
saensemcst aubo:

(1) becyuraosvIM Nymem V—w MUHUMATLHOU OIUHBL, 8 KOTIOPOM 6Ce 6HYMPEHHUE
sepuiunvl Haxooames 6 {1, 2, ...,k — 1},

aubo

(ii) KonkameHnayuerl OeCyuKI08020 NYmMu V—k MUHUMATbHOU OIUHBL, 8 KOMOPOM
6ce BHympenHue eepulunbl Haxoosmces 6 {1, 2, ..., k — 1}, u becyuxnosoco
nymu k—w MUHUMATLHOU ONUHbL, 8 KOTNOPOM 6Ce GHYMPEHHUE 8ePULUHDL
Haxoosmea 6 {1,2, ..., k— 1}.

Wnu B hopme pexyppeHLuu:

Caenctsue 18.7 (pexyppentHoe cootHomenue ®Mnoiina—Yopcexomna). C npu-

HAMBIMU OONYUCHUAMU U 0003HaAueHuem aemmbl 18.6 nycmo L, 0b6o3Hauaem

kW
MUHUMATLHYIO OTUHY 6eCYUKI08020 NYyMu V—W, 8 KOMOPOM 8Ce GHYMpeHHUe 8ep-
wunsl Haxoosimes 6 {1, 2, ..., k}. (Ecnu makux nymei nem, mo L, == +o0.) /[na

Kadcooeo ke {1,2,..,nfuv,we V,

L Coyuaii 1
k,v,w = min k=1, v,w ( J'lyllail ) . (18_2)
; Ll‘*lv",k + Lk—], k,w (Cﬂyl‘lal/l 2)

18.4.3. NceBpnokon

[Ipeanonoxnum, 4TO BXOJHOM Tpad) HE UMEET OTPUIATEIIEHBIX IUKJIOB, M B 3TOM
ciy4ae nmpuMeHUMBI Jemma 18.6 u cinencreue 18.7. Mcnonbs3dyem pexyppeHITHIO
JUISL CHCTEMaTHUECKOIO PEILICHHUs BCEX M0/3a/1a4, OT CaMbIX MAJIEHbKHUX JIO0 CAMbIX
Oonpinx. J{71st Hauana BRIICHUM, KaKOBBI peIIeHHs 0a30BBIX ciaydaeB (mpu k =0
n 0e3 BHYTPEHHUX BEPIINH).
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YIIPA’KHEHMUE 18.6
[ycte G = (V, E) pasuo BxomHoMy rpady. Kakosa L, B ciyudae,

xorna (i) v = w; (ii) (v, w) sBasiercst pedpom G, u (iil) v#w u (v, w)
He siBisieTcs pedpom G?

a) 0,0wu+o0

6) 0,

vw

u [VM/
B) 0. £, 1+
r) +oo, £, W +oo

(Penrenue u osicHeHue cM. B paznene 18.4.6.)

Anroput™m Onoiina—Yopiienia BHIYUCISIET 0a30Bble clyyad ¢ MOMOILBIO pe-
nieHusl ynpaxHeHus 18.6 u ocranbHble MOA3a/1a4H, UCIONIb3YsI PEKYPPEHLINIO
B ciieZicTBHM 18.7. 3aKIIFOYUTENBHBIN UK for B IICEBIOKO/IE TIPOBEPSACT HATTHIHNE
BO BXOJIHOM Ipade OTPHUIIATEIHLHOTO IUKIA U 00bsICHsIeTC s B pasnene 18.4.4 (pu-
MepHI aITOpUTMA B JICHCTBUU CM. B 3a1a4ax 18.4 u 18.5).

FLOYD-WARSHALL

Bxon: opuenTupoBannsliii rpad G = (V, E), npeacTaBICHHBINA B BUC
CIIHCKOB CMEKHOCTH WJIM MATPHIBI CMEKHOCTH, U BEICCTBEHHAS
JuinHa £, A7 KaxJoro pedpa e € E.

Boixon: dist(v, w) A KaXIIOHW Mapbl BEPIIMH v, W € V Wi 00bsB-
neHue, uto G CONEPKUT OTPULIATEIbHBIN LIUKJL.

O0603HaunTh BepiuHbl V' = {1, 2, ..., n} IPOU3BOJIILHO
// noasapaun (k wHgexcupyetca ¢ 0,v,wc 1)
A :=(n+1)*xnXnTpexXMEpHBI MaCCHB
// 6a3sosble cnyyau (k=0)
for v=1tondo
for w=1ton do
if v=w then
A[0][v][w] =0
else if (v, w) pebpo G then
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A[0][v][w] =¢,,
else
A[0][v][w] := o0

// cucTemaTuyvecku pewunTb BCe noA3ajaqun

for k=1ton do // pasmep noasanaqu
for v=1ton do // wncTok
for w=1ton do // cToK

// wncnonb3oBaTb peKyppeHuui U3 cnencteua 18.7
A[K)[V][w] =
min{Alk —1][v][w], Alk-1][vI[k]+ A[k -1][k][w]}

Cuyuaii 1 Cuyyaii 2

// NpoBepuTb Ha Hanuyue OTpULATENbHOrO UMKA
for v=1ton do
if A[n][v][v] <O then
return «OTpI/IL[aTeJILHLIﬁ LUK // cm. nemmy 18.8
return {A[n][v][w]}

wwelV

VYKa3zaHHBIA aITOPUTM HCIIOJB3YET TPEXMEPHBIM MACCHUB IM0/3a1a4 U COOT-
BETCTBYIOIIMH YCTPOSHHBIN MUK for, MOCKOIBKY MOA3aIaYl UHICKCUPYIOTCS
TpeMs mapaMeTpaMu (UCTOKOM, CTOKOM U Mpe(UKCOM BeplIMH). BaxkHo, 4T00BI
BHEIIHMHN ITUKJI HHACKCHPOBAJICS pa3MepoM & MOI3aTauH, BCICACTBHE YETO BCE
cooTBeTcTBYIomUE WieHbl A[k — 1][v][w] mocTymHBI 1715 TOCTOSTHHO-BPEMEHHOTO
MOUCKA Ha KaXJIOW UTEpalMd BHYTPEHHETO IMKJIa (OTHOCUTENbHBIN MOPSI0K
CJICTOBAaHUS BTOPOTO W TPETHETO ITMKJIOB HE MMeeT 3HaueHHs). CyIiecTByeT
O (n*) nom3anay; ykazaHubli anroput™ Boinoinusiet O (1)-1o paboTy [uist Kax o
u3 HuXx (B qononHenue Kk O (n*)-it pabote BHE CTPOSHHOIO MHUKIA for), HOITOMY
ero Bpems BeimosHeHus paBao O (n)!?. V3 nnaykuuu (Ha k) U NpaBHUILHOCTH

' B omuume oT GOIBIIMHCTBA aITOPUTMOB C YeTHIPbMSI TpadaMu, anroput™ Droiiza—

VYopuiesia 1ocTarodHo ObICTpo (GOPMUPYET TPOCTYIO MaTpHily (rae ieMeHT (v, w)
MaTpHIBI paBeH £, , ecii (v, w) € E 1 + o0 B IPOTUBHOM CITy4ae), IPUMEHIEMYIO TakxKe
U 11t TpadhOB, MPEACTABICHHBIX CIIMCKAMU CMEKHOCTH.

IockosbKy penieHne mpoOeMbl MOAMPOIIECCOB 3aBUCHT TOJBKO OT MPEIBLAYILIETO
maKeTa, ailfTOPUTM MOKET OBITh Pean30BaH C MCIOIL30BaHueM mpoctpancTBa O (1?)
(ananoruyno 3anaue 17.5).
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pexyppennmu (ciencteue 18.7) BRITEKAET, 4TO KOT/a BXOIHOM rpad He UMEET OT-
PHILATENILHOTO [UKJIA, AJITOPUTM IPABUIBHO BRIYHCIISET KpaT4daiiiiee paccTosHIE
MEXKIY KaXK10# napon BepiiuH'.

18.4.4. OGHapyXeHune oTpuLuaTesibHOro uukna

Ecnu sxe BXomHOM rpad UMeeT OTPUIATeNbHBIN UK, TO KaK y3HAaTh, MOXKHO JIH
JIOBEPSITh PEIICHNSAM (PUHATBHOMN MapTHy noj3anad? «J{naronansHbIe)» SIeMeHTHI
MaccHBa I10/13a/1a4 OyIyT IIOACKa3KOM’.

Jlemma 18.8 (o0Hapy:xkeHUe OTPUIIATEIBLHOTO WMKJIA). Bxoownot epagh G = (V,
E) umeem ompuyamenvuwiii yuxi, eciu 8 Konye arzopumma Floyd-Warshall A/n]
[v] [v] < 0 ons nekomopoti éepuiunvl v € V.

Hoxkazamenscmeo: eciau BXOIHOW rpad HE UMEET OTPUIATEIHHOTO LUKJIA, TO:
(i) anroput™ Floyd-Warshall IpaBUIbHO BHIYUCIISIET BCE PACCTOSHUS KpaTyaii-
mero myTH; U (i) HeT MyTH WX BEPIIUHBI V K caMol cebe KOpode IyCTOro My TH
(xoropsiii umeeT anuny 0). Takum o0pa3om, B koHIE anroputma A[n][v][v] =0
JULst BceX v € V.

st TOro 4TOOBI T0Ka3aTh 00paTHOE, MPEAOIOKIM, 4TO G UIMEET OTPHIATEIIBHBIH
UK. DTO O3Ha4aeT, 4To G UMeeT OTPUIATEIbHBIN UK 0€3 MOBTOPSIOMIMXCS
BEpIUH, KpoMme ero Hayasa u koHIa. ([Toanmaere nouemy?) [Tycte C 0603HauaeT
MIPOM3BOJIbHBIA Takoi LUKI. AnropurMmy Floyd-Warshall HE HYKHO TOYHO BbI-
YHUCIIATh PACCTOSHUE KPATYANUIIETo MyTH, HO ATO BCE PABHO TOT CIIydai, KOTaa
A[k][v][w] sBnsieTcst He HonbuLe UeM MUHUMATBHOM JITMHON OECIUKIOBOTO My TH
V—W, B KOTOPOM BHYTPEHHHE BEPIIMHbI OrpaHuyeHsl {1, 2, ..., k} (KaK Bbl TOJDKHBI
yOenUThCS caMu TI0 UHIYKIIUH Ha k).

[pennonoxum, 4ro BepmmHa k ukiaa C UMeeT camylo 0omblIyio MeTKy. [lycTsb
v # k Oyzaet HexoTOpoii apyroii BepmmHoi C:

! Temonctparust anroput™a dioiiia— Yopiienia 10 Havana 00ydeHUs] THHAMHYECKOMY

IpOrpaMMHUPOBAHMIO HABEPHSKA BbI3Baja Obl y YMTaTeNIed BOCKIMLIAHUS Bpoae: «ITO
BIICUATIISIONIE JICTaHTHBIM aJrOPUTM, KOTOPBIH 5 €[Ba JIK CIIOCOOEH MpHIyMarhby. Te-
Hepb, KOT/a BBl KOe-4eMy Hay4MIICh, Ballla PeakIys, CKopee Bcero, OyaeT Takoi: «Kax
sl MOT CaM He MPUIYMaThb 3TOT AITOPUTM?»

2 O apyrux momxojiax cM. 3aaady 18.6.
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JBe cTopons! P, u P, UKJIA SBISIOTCS OCCUUKIOBBIMU MyTSIMU V—k U k—V, B KO-
TOPBIX BHYTPEHHNE BEPIINHbI OTpaHUUCHHI {1, 2, ..., k — 1}, mostomy A[k — 1][v]
[k] m A[k — 1][k][v] saBnsroTCS HE OoJiee YeM UX COOTBETCTBYIOIIMMH JITHHAMH.
Takum obpazom, A[k][v][v], koTopsrii He Oonbie A[k — 1][v][k] + A[k — 1][k][v],
He Ooublie JuMHBL MkIa C, KoTopasi MeHble Hyls. Koneunoe 3HaueHue A[n][v]
[v] moxeT ObITh TONBKO MeHbIe. Y. T, /1.

18.4.5. Pe3iomMe 1 OTKpbITbi€ BOMNMPOChHI
O06001mas Bce, 4TO MBI TeNephb 3HaeM 00 ainroputMe Floyd-Warshall:
Teopema 18.9 (cBoiicTBa aaropurma Floyd-Warshall). [lia kasxcooz2o 6xo0H020

epagha G = (V, E) ¢ n sepuunamu u euyecmeeHHbiMu OIUHAMU pedep aneopumm
Floyd-Warshall pabomaem 3a épems O (N°) u ubo:

(i) 6o38pawaem Kpamuatiuiee paccmosuue mexcoy Kaxcoou napou v, w € V
BEPUIUH; TUOO

(ii) obuapyscusaem, umo G cooepocum ompuyamenbHulll YUK.

Kak 06bI4HO, caMble KOPOTKHE IIyTH MOT'YT OBITh PEKOHCTPYMPOBAHBI ITyTEM 00-
paTHOl TPACCHUPOBKH KOHEYHOTO MACCUBA A, BEIYKMCIIIEMOTO alrOPUTMOM Floyd-
Warshall'.

' Tlo ananoruu ¢ anroputMoM bemmmana—®opaa (cM. cHocky 1 Ha ¢. 227), crnemyer noa-

JepKUBaTh AJISI KaXKJ0H Maphl BEPIIUH V, W TTOCIESHU Iepexo] Iy TH VW MUHUMAIbHON
JUIAHBI O€3 IIMKJIa C BHYTPEHHUMH BEPIIMHAMH, OTpaHu4eHHbIME {1, 2, ..., k}. B ciydae
MIOBTOPEHUS 110 BAPHAHTY | JUIsl Maphl BEPIIUH v, W B k-M IaKeTe Mo13a1a4 MOCISIHUH
TIePEXOo/I IS aphl OCTaeTcs Hen3MeHHBIM. [Ipu moBTOpeHny 1o BapuaHTy 2 MOCIEeTHIHA



18.4. AnropuTtm ®noiga—Yopluenna 241

Kaxk MBI TOJDKHBI OTHOCHTBCS K KyOHUeCKOMY BpeMeHH paboThI anropurma dioiiia—
Yoprrena? Mbl He MOKEM 0XKHJIATh, 9TO BpeMs paOOTHI Oy/IeT JTydIlie KBaAPaTHIHOTO
(¢ KBa[paTUUHBIM YHCIIOM 3HAYEHUH A7 0TYETA), HO CYIIECTBYET OOJBION pa3phiB
MEXTy KyOH9IeCKNM 1 KBaAPaTHIHBIM BpeMeHeM paOoTsL. [Ipu 5TOM OTKpBITEIM OcTa-
€TCsI BOIIPOC O CYIIECTBOBAHHUH AJITOPUTMA JUIS 33141 O KpaT4aiIeM Iy TH JUTs BCeX
nap Ha n-BepLIMHHBIX rpadax, KOTOPbIii BBIIIOIHSIETCS, CKaykeM, 3a Bpemst O (n*°)".

18.4.6. PewseHuns ynpaxxHeHmnn 18.5-18.6
PeweHue ynpaxxHeHusa 18.5

IIpaBuabublii orBeT: (r). Konkarenanust P* myreit P* u P, HaBepHAKa Ha4H-
HaeTcs B v (IOTOMy 4TO P * TaM HaYMHAETCs) U 3aKaHUMBACTCS B W (TaK KakK TaM
3akaHumBaercs P,). Buyrpennue Bepunael P* — takue xe, kak y P* u P, (utoc
HOBas BHYTPEHHsIS BepIIiHa k). Bee BHyTpeHHMe BepiuHbl P* u P, mpuHaamexar
{1,2, ..., k— 1}, Bce BHyTpeHHHE BepIHHbI P* npuHaanexar {1, 2, ..., k}. Jlnuna
KOHKAaTEHAIINH JIBYX ITyTEH SBIISETCS CYMMOH UX JUTHH, IOATOMY P* neficTBUTEIBHO
nmeet aauHy L* + L, < L. Borrpoc B TOM, 4TO KOHKaTeHANNS JBYX OCCIIMKIOBBIX
myTel He 00s13aTeNbHO JOJKHA ObITh Oe3 nukioB. Hanpumep, B rpade

nepexoy Ui v, w NepeHa3HavYaeTcsl Ha caMblil OCTIeIHUN MPBIKOK Jutst k, w. Boccra-
HOBJICHHUE IS JJAHHOU TIaphl BepinH TpeOyeT O (1) BpeMeHH.

! MbI MOKeM JOOUTHCS OONBIIIETO, UM ITO MO3BOIIsIET anroput™ Mdroiina— Yopiienia,
JUISL MEHEe TUIOTHBIX rpadukoB. Tak, MOXHO CBECTH MPOOIeMy KpaT4aiIero myTH IS
BCeX mnap (C OTpHUILATEIBHOM JUTMHOW pedpa) TOJILKO K OJIHOMY BBI30BY ajroputma beri-
MaHa—®dopa, 32 KOTOPBIM cieayeT #—1 BbI30B asiroputMa J{elKeTphl. DTO COKpalieHne
(Tak Ha3bIBaeMBIH anropuT™M JIPKOHCOHA) HAINIAIHO MPEACTABICHO B BUAEO Ha WWW.
algorithmsilluminated.org 1 BeImoHsIETCS 32 BpeMs, BeipaxkeHHoe kak O (mn) + (n — 1) x
x O(mlog n) = O(mn log n): cyOKyOM4YeCKOE B 7, KPOME CIIy4aeB, KOTJA m MPEAeIIbHO
OJIM3KO K KBapaTHYHOMY B 71.
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KOHKaTeHupoBaHue mytu | — 2 — 5 c nmyrem 5 — 3 — 2 — 4 co3naer nyThb, co-
JIeprKaIuil OpUSHTHUPOBAHHBIN UK 2 — 5 — 3 — 2.

PeweHue ynpaxxHeHuna 18.6

[IpaBuabHblii oTBeT: (B). ECii v =w, TO eIUHCTBEHHBIM ITyTeM V—w 03 BHYTPEH-
HUX BEPLIMH ABIseTCA MycToi myTh (muHoi 0). Eciu (v, w) € E, TO €AMHCTBEHHBIM
). Ecmmv#w
= o0,

TaKUM ITyTEM SBJISIETCS Iy Th C OHUM IEPEX00M vV — W (ATHHOMH £

.

u (v, w) ¢ E, 10 HeT myTeit v—w 0e3 BHyTPEHHUX BEPIIUH U L

0,v,w

BBIBO/bI

% CoBceM He OUeBHIHO, KAK ONIPEACIIATh KpaTIaiIIIii Iy Th PACCTOSHUS
B Tpade ¢ OTPHUIATETHHBIM IUKIJIOM.

X B 3amaue 0 kpaTyaiiieM IMyTH C €AWHCTBEHHBIM MCTOKOM BXOJl CO-
CTOUT M3 OPUEHTHUPOBAHHOTO Tpada ¢ JUITMHAMH pedep U UCTOKOBOH
BepiinHbL. [[esib COCTOUT B TOM, YTOOBI BBIYUCIHUTH AJIHHY KpaTdaii-
IIEr0 ITyTH OT KCTOKOBOM BEPIIMHBI J0 000 APYroi BEPIIHHBI THOO
00HAPYKUTh, 4TO Tpad UMEET OTPHUIIATCIHHBIN IIHKII.

* Anropurm bemnmana—®opaa — 3TO aJTOPUTM AUMHAMUYIECKOTO
MIPOTPaMMHUPOBAHHSI, KOTOPBIN PEIIaeT 3a7a4y O KpaTdyaiieM myTH
C €IMHCTBEHHBIM UCTOKOM 3a Bpemsi O (mn), TAe m U n — 3TO COOT-
BETCTBEHHO YHCJIO pedep M BEPIIMH BXOAHOTO rpada.

X KiroueBast ues B anroput™e bemmvana—®opna cocTOUT B mapa-
METPHU3ALMH MO[33]1a4 ¢ TIOMOIIBI0 pedepHoro Oromxkera i (B J0-
IMMOJIHCHUEC K ITYHKTY Ha3sHa4C€HUs, TO €CThb CTOKy) U pacCMOTPECHUU
TOJIBKO MyTeH C i M1 MEHBIINM YHCIOM pedep.

X Anroput™ bennmana—®opaa celrpan BUAHYIO POJIb B HBONIOLUH
IIPOTOKOJIOB MAPIIPYTU3AL[MA HHTEPHETA.

X B 3amaye o kpaTyaiiiiem my T JJisl BCEX ap BXOI COCTOUT U3 OPHEH-
THPOBAHHOTO rpada ¢ JmmHaMu pedep. Llerab cocTouT B TOM, 4TOOBI
00 BBIYHCINTH UIMHY KPATYAWIIETo IMyTH OT KaXKIOW BEPIIHMHEI
JI0 KaXXIIOW IPYTOH BEPIIMHBL, JINOO 00HAPYKUTH, YTO Tpad UMeeT
OTPHLIATENIbHBIA ITUKII.
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X Anroput™ ®roiina— YopIiemia — 3T0 aITOPUTM THHAMHUYECKOTO
MIPOrpaMMHUPOBAHUs, KOTOPBIM pelIaeT 3aa4y O Kpardyauiem ImyTH
Jutst Beex map 3a Bpemst O (n), Tiie n — 3TO YMCII0 BEPIIUH BXOJHOTO
rpada.

X Kiroueas unest anroputma dioiiga— Yopineia COCTOUT B apame-
TPHU3ALMH TO3a/1a4 C IPE(HKCOM k BEPIINH (B JOMOTHEHHE K HCTOKY
U CTOKY) M PACCMOTPEHHUH TOJIBKO OCCIMKIIOBBIX ITyTEH, B KOTOPBIX
BCE BHYTPCHHHE BEPIIMHBI HaxonsaTcs B {1, 2, ..., k}.

3apauun Ha 3aKpernJjieHme martepuana

3agaua 18.1. Onpenenute 11 BXOJHOTO rpada

OKOHYAaTEeIbHBIE AJIEMEHThI MacCHBa ajroputMa Bellman-Ford u3 pazmena 18.2.

3agauya 18.2. Jlemma 18.3 mokasbIBaeT, 4To Kak TOJIBKO PELICHUs T0/13a1a41 cTabu-

nmsupytores B anroputme bennmana—®opaa (npu L, , = L, , 1715 KaKA0TO ITyHKTa

k+1,v
Ha3HAYCHUs V), OHH OCTAIOTCsA HEM3MEHHBIMU Hapcerna (mpu L, = L, , 11 Bcex
i>kuve V). SBnsercs a1 3T0 TakKe BEPHBIM Ul Kax 10l BepmmHbl? To ecTb
BEpHO JIU, YTO BCSAKHH pa3, Korga L,,, =L, s HeKoToporo k> 0 1 myHKTa Ha3Ha-

yeHua v, L. =1L JJIA BCEX 12 k? 11 HNBCIUTC JOKA3aTCILCTBO JIM00 KOHTPIIPUMED.
> iy ky

3agaua 18.3. Paccmorpum opueHTHpOBaHHbIN Tpad G = (V, E) ¢ n BepIIMHaMH,
m pedpaMu, UCTOKOBOM BEPIIMHOMN § € Vv, BELIECTBEHHBIMU JIJIMHaMU pedep u 6e3
OTpHULATENIbHBIX HUKIIOB. [Ipeanonoxkum, Bel 3HaeTe, YTO KaKIbIM KpaTdalinii
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myTh B G M3 § JIO IPYroi BepIIMHBI UMeeT He Oojiee k pedep. Kak ObIcTpo BBI cMO-
JKETE PEIINTh 33/1auy O KpaTJaiiiieM MyTH ¢ ¢JMHCTBEHHBIM HCTOKOM? Bribepute
UCTHHHOE YTBEPIKICHHUE:

a) O(m+n)
0) O(kn)
B) O (km)
r) O(mn)

3anaua 18.4. OnpenenuTe 7715t BXOAHOTO rpad)a OKOHYATEIbHBIE 37IEMEHTBI MACCHBA
anropuTMa Floyd-Warshall u3 pa3znena 18.4.

3amaua 18.5. Onpenenure 7715t BXOAHOTO rpadha OKOHYATEIBHBIE 2JIEMEHTHI MACCHUBA

anroputMma Floyd-Warshall.

3aaaum noBbILLEHHOW CNI0OXXHOCTU

3amaua 18.6. Anroputm Floyd-Warshall BeimonHsieTcs 3a Bpemst O (n°) Ha Tpa-
(hbax ¢ n BepmIMHAMH U M pedpamMu, HE3aBHCUMO OT TOTO, COCPIKUT JIM BXOJHOM
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rpad oTpuIaTeNbHBIN UK WK HeT. VI3MeHHUTe aaropuT™ Tak, 9ToObl OH pemrai
3a7ady O KpaTdaifieM ITyTH JUIs Beex rap 3a Bpemst O (mn) i BXOOHBIX rpados
C OTpHUIATEIbHBIM LIUKJIOM U 32 BpeMsi O (n°) B IPOTHBHOM Cliy4ae.

3agaua 18.7. Kakas u3 cneayronux HUXKe 3a/1a4 MOXKET ObITh pelIeHa 3a BpeMs
O (n®), Tae n — YuCII0 BEpIINH BO BXOIHOM Tpade?

a) C yuerom opuentupoBaHHoro rpada G = (V, E) ¢ HeoTpUIaTEIbHBIMH
JUTMHAMU pedep TpeOyeTcsl BBIUMCIUTh MAKCUMAIBHYIO JITMHY Kpardaii-
IIero MyTH MEXY JIFo00M mapoi BepiuuH (To eCTh max dist (v, w));

vwe V.

0) C yueToM OpPHEHTHPOBAHHOIO AMKINYECKOro rpada ¢ BelIeCTBEHHBIMU
JUITMHAMK pebep TpeOyeTcsi BBIYMCINTH JUIMHY CaMOoro JUITMHHOTO IMyTH
MEXIy JII000H mapoii BepInuH;

B) C y4eToM OpHEHTHUPOBAHHOTO Tpada ¢ HEOTPHUIATSIBHBIMU JJITUHAMHU pe-
Oep TpeOyeTcs BBIYHUCIUTD AIHHY CaMOTO JUTHHHOTO OECIIMKIIOBOTO ITyTH
MeX]1y JII000H mapoi BEpIIHH;

r) C y4eToM OpHEHTHPOBAHHOTO Tpada ¢ BEIICCTBCHHBIME JJIHHAMHU pebep
Tp66yeTC$I BBIYUCIUTH JJIMHY CaMOI'0 JUJIMHHOTO GCCLH/IKJ'IOBOFO IIyTHU MCXK-
Iy JTF000# Mapoi BepIIvH.

3agayv no nporpaMmmMupoBaHUIO

3anaya 18.8. Peanmusyiite Ha Bamem JIOOMMOM S3BIKE TPOTPAMMHPOBAHHS AJITO-
puTMBI Bellman-Ford u Floyd-Warshall. B coydae 3amaun o kpaT4aiiem MmyTd
JUISL BCEX Map HACKONIBKO ObIcTpee anroput™ droiina—Yopiuenia 1o CpaBHEHHUIO
c anroput™oM benmnmvana—®opna? st momydeHns O0HYCHBIX OaIIOB peaan3yiTe
AITOPUTMBI ONITUMHU3ALMH IPOCTPAHCTBA U JINHEHHO-BPEMEHHOM PEKOHCTPYKILIUH,
onucaHHble B cHOckax | Ha c. 227, 2 Ha c. 238, 1 Ha c. 240. TecToBbI€E CiTy4au U Ha-
OOpBI TaHHBIX JUIS CJIOKHBIX 33/1a4 CM. Ha BeO-caiiTe www.algorithmsilluminated.org.



nunoe:
PYKOBOOCMEBO
no paspabomie ancopummos

3aBepIlUrB 3HAKOMCTBO C TPEMs YacTSAMHU KHUTH 1O pa3paboTKe aIrOpUTMOB, BbI
obnazaere OOraThIM aNrOPUTMUYECKUM apCEHAIOM, HOAXOSIINM JUIS PEICHUs
IIMPOKOTO CIIEKTPa BBEIYUCIUTENBHBIX 3a1ad. [IpuMeHss ero Ha MpakTHKe, BEI,
BO3MOKHO, 00OHAPYKUTE ITyTAIOIIE OTPOMHOE KOJIMUECTBO ANTOPUTMOB, CTPYKTYD
JAHHBIX U MapaanrM npoektupoBanusd. Kak Haunbonee 3¢ hexTUBHBEIM 00pa3oM
3a/IeICTBOBaTh CBOM MHCTPYMEHTHI MPU CTOJIKHOBEHHMH C HOBOH 3ajadeii? Bor
OIIMH W3 TIPOBEPEHHBIX PEIENTOB, IPEACTABICHHBIN U YI00CTBA YCBOCHUS IO
maraM (OZHOBPEMEHHO aBTOP MPU3BIBACT KAXKJOTO M3 UHTaTeneil paspadborars
CBOI COOCTBEHHBIH PEIICTIT, OCHOBAHHBIA Ha MX JINYHOM OTIBITE).

1. HaunuTe ¢ 0OTBETa Ha BOIIPOC, MOXKHO JIM M30€3KATh PELICHUS 3a/a4U C HYJISL.
SIBnsieTcst M OHA 3aMacKUpPOBAaHHOW BepcHed, BapHMAHTOM MM YaCTHBIM
Clly4aeM 3aJa4u, KOTOPYIO Bbl YK€ 3HaeTe, Kak pemars? Hanpumep, MoxHO
JIM CBECTH €€ K COPTHPOBKE, MOUCKY B Tpade MM BEIYHCICHUIO KpaTJaiiiie-
ro mytu'? Ecim fa, TO HCHOJIB3yHTE caMblil OBICTPBIN alTOPUTM, JIOCTATOY-
HBIH JUIs1 pelIeHus 3aa4uu.

2. OHeHI/ITe, MOXHO JIM YIIPOCTUTH 3aaayy, O6pa6aTI>IBa$I BXOJHBIC JaHHBIC
C IIOMOIIBIO OCCIIaTHOTO MIPpUMHUTHBA, TAKOTO KaK COPTUPOBKA UJIU BBIYMUC-
JICHUC CBA3HbBIX KOMIIOHCHT.

3. Eciu tpebyercst pa3paboTaTh HOBBIH alTOPHTM C HYJISI, OTKAINOPOBATH,
BBISIBIISIS JIMHUIO HA MECKe, HAPUCOBAHHYIO «OYEBUIHBIMY pElIeHHEM (Ha-

' B mporecce yriry0iIeHHOTO H3yUYCHHs alrOPHTMOB, BBIXO/ISIIETO 38 PAMKH 9TOW CEPUH

KHHT, MOT'YT [IOSIBUTBCS HE CTOJIb OYCBH/IHBIC POOIIEMBI. B KadecTBe MPUMEPOB YKaXKeM
Ha ObIcTpoe npeodpazoBanue Dyphe, MPoOIEMbI MAKCHMAIIBHOTO TIOTOKA H MUHUMAJIb-
HOTO pa3pesa, [ByCTOPOHHEE COITIaCOBAHKE, JIMHEHHOE H BBITYKIIOE IIPOrPAMMHPOBAHHE.
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10.

MIpUMED, UCYEPIIHIBAIONUM TTOMCKOM), TO SIBIISIETCS JIM BPEMSI BBITIOJTHEHUS
OUYEBHTHOTO PEIICHUS JOCTATOUHBIM?

Eciu oueBHIHOrO peleHus: HeAOCTaTOuHO, NPOBEAUTE MO3IOBOM LITypM
KaK MOXHO OOJIBIIETO YHCIIa €CTECTBCHHBIX JKAJHBIX alTOPHUTMOB M IPO-
TECTHPYHTE UX Ha HeOOIbIIMX TprMepax. CKopee BCero, Bce OKaxKeTcs 0e3-
ycnemHbIM. Ho To, BClIeICTBHE Y4ero OHM OKaXyTcst Oe3yCIenHbBIMH, TIOMO-
JKET BaM JIydlle [IOHATH 3ajady.

Ecnu ectb ecrecTBeHHBIH cr1oco0 pa3OuTh 3aa4y Ha 0ojiee MeKue moa3a-
Jlau¥, OLIEHUTE, HACKOJIBKO JIETKO OyAEeT COBMECTHTD MX PEIICHUS [T pelie-
HUS MIepBOHAYAIbHOM 3a7a4n. Ecim BeI BUaMTE, Kak caenars 9To 3 dekrus-
HO, TO TIEPEXOUTE K MapaurMe «pasieisiii ¥ BIACTBYW».

INTompoOyiiTe TMHAMUYECKOE MPOrpaMMHUpOBaHue. MOXeTe 1 BBl yTBEPXK-
JIaTh, YTO PEIICHHE JTOJDKHO OBITh MOCTPOCHO M3 PEIICHUN MEHBIINX IMOJ-
3a7ad OJHMM W3 HEMHOTHX crioco0oB? MoxeTe I Bbl c(hOPMYIHUpPOBATh
PEKypPPEHTHOE COOTHOIIECHHE, JUIS TOTO YTOOBI OBICTPO PENINTh MO3aAady
C Y4EeTOM pelIeHHH CKPOMHOTO YHCIIa MEHBIINX 1ToA3a1a4?

B Tom ciydae, korna Bl pa3padaThIBaeTe XOPOIIHMH alNrOpUTM IS 3aJa4H,
MOJKETe JIM BBl CJIEJIaTh €ro elle Jydlle, pa3BepHyB IPaBUIEHBIE CTPYKTY-
pbl naHHbIX? OTbICKMBAiiTe MecTa, IJIe Ball aIrOPUTM BBIIOJIHSET 3HAUU-
TEJIbHBIC BBIYHMCIICHUS CHOBA U CHOBA (HAIIPUMeEp, TIOMCK MM MUHUMAJIbHbIC
BeIuHceHUs ). [loMHNTE 0 MpUHIMIIE GEpEeKINBOCTH: BEIONpANTE MpoCTeii-
HIyI0 CTPYKTYpY JaHHBIX, KOTOpas MOAJEPKHBACT BCE OIepanun, Tpedye-
MBIE BaIllIM aJTOPUTMOM.

MoskeTe JT1 BbI ¢JieTiaTh CBOH allTOPUTM TPOIIE WK OBICTPEE C TOMOIIIBIO paH-
nommsarmu? Hamprumep, ecnu anropuT™ JOIDKEH BHIOHMpATh OMUH OOBEKT 13
MHOTHX, TO YTO IIPOUCXOMUT, KOTJ]a OH BEIOMPAET €T0 CITyJaiHBIM 00pa3om?

Eciu Bce npeplayIye HIard B HTOre 0Ka3bIBArOTCs 0€3yCIeIHbIMHU, TO MO~
JQyMaiiTe 0 HeyJa4HOMH, HO PACIIPOCTPAHEHHON BO3MOXXHOCTH TOTO, YTO LIS
Balleif 3a1auu HeT () PEKTUBHOTO ANTOpUT™Ma. MOXKeTe JIH BB JOKa3aTh, 4TO
Ballla 3aja4a sIBJISIETCS] BBIYHUCIIUTEILHO HEPa3peIIMMON, CBEIs K HEH H3-
BecTHYI0 NP-TpynHyto 3amaqy (moapodHoctu B uacmu 4)?

CHoOBa paccMOTpHTE MTapaJurMy NPOSKTHPOBAHHS aJrOPUTMOB, HA 3TOT pa3
B MOMCKAX BO3MOXKHOCTHU JJISt OBICTPOI 3BPUCTUKU (OCOOEHHO C KaJHBIMU
aIropuTMamMu) M 0oJee TOYHBIX aJrOPUTMOB, YeM HCYEPIIBIBAIOIINIT MO-
HCK, B OCOOCHHOCTH C JJMHAMHUYECKUM MPOTPaMMHPOBaHUEM (TIOAPOOHOCTH
B uacmu 4).



lloocka3xku u peuterus
U30PAHHBIX 340aY

IMonckaska k 3agave 13.1: oJMH U3 KaHBIX AJITOPUTMOB MOXKET OBITh TOKa3aH
KakK HpaBHJIbeIﬁ C IIOMOIIBHO 06MCHa aprMeHTaMI/I, AHAJIOI'NYHOI'O HpI/IBe}leHHOMy
B pazznene 13.4.

IMonckaska k 3agaue 13.2: 11 Ka)KA0r0 HENPaBUIIBHOIO AJITOPUTMA CYILIECTBYET
KOHTPIIPEMED TOJIBKO € IBYMS 3alaHUSMH.

Hoackaska k 3agade 13.3: mycTs S, 0003HaYaET MHOKECTBO 33aHUI C | CAMBIMU
paHHMMH CPOKaMH 3aBeplieHus. JlokaKuTe 1Mo MHIYKIMH Ha I, 9TO BRIOPAHHBIN
BaMH JKaJ{HBII QJITOPUTM BBEIOMPAET MAaKCUMATHbHO BO3MOYKHOE YHCIIO HEKOH(ITHK-
TYIOUIMX 3aJaHuil u3 S,

Pemenue 3apaun 14.1: (a). Jocturaercs, HapuMep, ¢ MOMOUIBIO KOJa

CumBon KoaupoBaHue
A 00
B 01
C 10
D 110
E 111

Pemenue 3apauu 14.2: (a). Jlocturaercsi, Hanmpumep, ¢ TOMOIIBIO KO/Ia

Cumeon KopauposaHue
A 110
B 1110
C 0
D 1111
E 10
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Moncka3ska k 3axave 14.3: 1151 HIDKHEH TPAHUIIBI PACCMOTPHUTE YaCTOTHI CHMBO-
JIOB, KOTOPBIE SIBIIIOTCS CTETICHSIMHU 2.

IMoncka3ka k 3amade 14.4: B ciryyae (B) JOKaKUTE, YTO OYKBA C YaCTOTON MEHEe
0,33 yyacTByeT 1o KpaiiHel Mepe B OTHOM CIIMSIHUU 10 OKOHYATEIbHON NTEPALINH.
B ciyugae (1) cm. 3agaqy 14.2.

Pemenne 3agauu 14.5: orcopTupoBaTh CHMBOJIBI IO YaCTOTE€ M BCTABUThH UX
B IOPSIAKE Bo3pacTaHus B ouepens Q,.! MHUIMan3upoBarh nycryto ouepens Q,.
INoanepxuBaTh CleAyIOIUEe MHBAPUAHTBL: (1) 311eMEHThI ), COOTBETCTBYIOT OJHO-
Y3JI0BbIM JCPEBLAM B TCKYLICM JICCY F, XpaHsAmruMCs B IOPSAKE BO3paCTaHUsA
9acTOTHI; (i) aeMeHTs! (), COOTBETCTBYIOT MHOTOY3JIOBBIM JIEPEBbsSIM F, XpaHs-
LIMMCS B ITOPSIIKE BO3pAcTaHUsi CyMMbI CHMBOJIBHBIX 4acTOT. Ha kaXk0i urepauuu
aJIropurma 1€peBbs Tl u T2 C HAUMCHBIINMHU CYMMaMH1 CUMBOJIbHBIX HaCTOT MOT'YT
OBITh BBISIBJICHBI M YAAIECHEI C TOMOIIBIO IIOCTOSIHHOTO YHCIIa OTIEPAINil B TOIOBHBIX
yacTax O, u Q,. Cnusnue T, nepesbes 1) u T, Bcrapisgercs B KoHue O,. JlononHu-
TENBHOE YIPAXKHEHHUE: 3a/IalTeCh BOIIPOCOM, TOYEMY HHBApUaHT (ii) mMpofomKaeT
cobmonatbest? Kaknast onepanus ouepenu (yaajleHHe Crieped Wik J00aBlIeHUE
c3aau) BbinonHgeTcs 3a Bpemsa O (1), mosToMy cymmapHOe BpeMsl BBIITOJTHEHUS
n — 1 urepanmii aBHOTO 1MKIA paBHo O (n).

Moncka3ka k 3axade 15.1: 4yTo0bI paccyxaats o 7, ucnoib3yiTe ciencraue 15.8
WJIM CBOMCTBO MUHHMMAaIILHOTO y3Koro mecta (c. 100). YUtoOwl paccyxnars o P,
MOAYMaNTe 0 ABYX IYTSX S— C pa3HBIM YUCIIOM pebep.

Moncka3ka k 3agade 15.2: npumenurte Jemmy 15.7, aiist TOoro 4ToOBI T0KA3aTh,
YTO BBIXOJ SIBISIETCSI OCTOBHBIM JIEpeBOM. [IOKaKUTE, UTO KaxKI0€e pedpo, KOTopoe
HE yOBIETBOPSIET CBOMCTBY MHHUMAIBHOIO y3koro mecta (c. 100), nckmodeHo
13 KOHEUHOTO BBIX0/1a, M HCTIONB3YyHTE Teopemy 15.6.

Moacka3ska k 3agaye 15.3: Tpu U3 yeThIpex 3aj1a4 JETKO CBOAATCS K 3a]ja4€ O MH-
HUMAaJHHOM OCTOBHOM JepeBe. s oMHOTO W3 HUX HCIONB3YHTE TOT (aKT, 4To
In(x xy)=Inx+Iny misx, y> 0.

! Ckaxem, 00 ouepessx MOKHO MOYNTATh B BaIlleil JTI0OMMON BBOJHOM KHHTE 1O TPO-

rpaMMHUPOBaHHUIO (WK B «Bukunenumn»). Bexp ouepens — 3T0 CTPyKTypa AaHHBIX IS
BEJICHUSI CIIMCKa OOBEKTOB, ¥ BBl MOYKETE yAJIUTh YTO-TO M3 Hayaja i 100aBUTh B KOHEIL.
OnuH 13 croco0O0B peau3aliyi 04epe I — JIBYCBS3HBIN CITUCOK.
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Pemenne 3agaun 15.4: npeanonoxnm, 4to pedpo e = (v, w) MUHIMaIILHOTO OCTOB-
Horo aepeBa 7 rpada G He yIOBIETBOPSET CBOMCTBY MUHMMAJIBHOTO Y3KOTO MECTa,
u ycTh P 0603HauaeT myTh v—w B (7, B KOTOPOM KaK[0€ PeOpO CTOMIIO MEHbIIIE,
4eM c,. YaaneHue e u3 I’ co3aceT Be CBA3HbIC KOMIIOHEHTSHI, S| (COAEpKALILYIO V)
u S, (comepskariyro w). v—w-myTh P BKITIodaeT pedbpo e’'=(x,y)cx e S,uy e S,.
MuoxectBo pedep "= T — {e} U {e'} sBIsICTCS OCTOBHBIM JICPEBOM C CyMMap-
HOM CTOMMOCTBIO MEHBIIE, YeM y 7, YTO IPOTUBOPEUUT AOIYLIEHUIO O TOM, UTO 1’
SIBIISICTCS] MUHUMAJIBHBIM OCTOBHBIM JIEPEBOM.

Pemenne 3agaun 15.5: npusenem aprymenT st anroputMa Kpackana (ananoruuexn
aprymenty jus anroputMa [Ipuma). [lycte G = (V, E) paBHO CBA3HOMY HEOPHECH-
TUPOBaHHOMY Tpady C BEIICCTBEHHBIMH PEOCPHBIMU CTOMMOCTSIMH, IIPHYEM HE
00s13aTebHO pa3HbIMU. J[omycTHM, 9TO HE Bce pedpa MMEIOT OIMHAKOBYIO CTOH-
MOCTb H, B Ooiee 00mIeM ciiydae, He BCE OCTOBHBIC JEPEBbsl IMCIOT OIHAKOBYIO
CYMMapHYI0 CTOMMOCTH (rouemMy?). IlycTs 6, 0603HaYaeT HAMMEHBIIYIO CTPOTO
MIOJIOKUTENBHYIO Pa3HHILy MEXIy CTOMMOCTSIMH IBYX pebdep, M* — cTommocTb
MHHHMAJIEHOTO OCTOBHOTO iepeBa rpada G, a M — MUHUMAIBHYIO CTOUMOCTB He-
ONTHMAaJIFHOTO OCTOBHOTO fiepeBa rpada G. Onpenennm 6, kak M —M* 1§ =min{9,,
0,} > 0. Ilycts ¢, 0603HauaeT i-e pebpo G, paccMarpuBaemMoe anroputmMoM Kpackana
(TTocye MPOM3BOIBHOTO Pa3phbiBa COBIAICHUI 3HAUYCHUI Ha IIare COPTUPOBOYHON
npenodpadotkn). [lomyunm HOBEIHA Tpad G’ u3 G MyTeM yBEIHUCHUS CTOUMOCTH
KasKJI0ro pedpa e, u3 ¢, 10 Cc'», =c, + 5/ 2" e m — 310 uncCIO pedep. CtoumocTb
Ka’K/I0TO OCTOBHOTO JIEPEBa MOXKET TOJIBKO YBEINUMBATHCS, IPHYIEM He Ooree yeM Ha
8. " 2 = 5. 3" 277 < 5. [ockonbKy & < 8,, MuUHHManbHOE OcToBHOE T 13 G
TaKoKe TOIDKHO OBITH oHUM 13 G. [TockonbKy 6 < §,, pedpa G’ IMEIOT pa3HbIC CTOU-
MOCTH, I71€ PeOPO ¢; ABISETCS i-M CaMbIM JIelIeBbIM peOpom G'. Anroputm Kruskal
uccnenyer peopa G u G' B TOM ke TIOPSAIKE U, CIICIOBATEIBHO, BEIBOJUT OHO U TO
e OCTOBHOE JiepeBo 7* B 06oux cirydasx. M3 mjokazarenscTBa MpaBIbHOCTH ajro-
putMa Kruskal 1yt rpadoB ¢ pasHBIMU PEOCPHBIMU CTOMMOCTSIMU H3BECTHO, 4TO 7'
SIBJISIETCSI MUHUMAJIBHBIM OCTOBHBIM ZiepeBoM rpada G', a cienoBarenibHo, G TOXKE.

IMoacka3ska k 3agaue 15.6: cinemyiite moka3zaTebCTBY TeOpeMbl 15.6.

Pemenne 3agaun 15.7: B coyyae (a) mpeArnonoXuM OT MPOTUBHOTO, UTO CYIIIe-
CTBYyeT MHUHUMAaIIbHOE OCTOBHOE 7, KOTOpO€ UCKII0YaeT e = (v, w). bymyun ocToBs-
HBIM JIepeBOM, 1 colepkKuT V—w-myTh P. IIoOCKONbKY v 1 W HaXOAATCS Ha pa3HbIX
CTopoHax paspesa (4, B), P BkiovaeT pedpo e’, koropoe nepecekaet (4, B). [o
MIPUHATOMY JOMYIICHUIO CTOMMOCTE e’ IIPEBBIIAeT CTOMMOCTE e. TakuMm 06pazom,
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T'=TuU {e} — {e'} ABIACTCS OCTOBHBIM JICPECBOM CO CTOMMOCTBIO MEHBIIIE, 4eM Y 7,
9TO CJIELyeT pacCMaTpUBaTh Kak MpoTHBOpedre. B cirydae (6) Kaskiast HTeparivist alro-
putma [Iprma BeIOMpaeT camoe neiieBoe pedpo e, nepecekaroiiee paspes (X, V—X),
rge X — MHOKECTBO BEpLIMH, OXBaTbIBAEMbIX TEKYILIUM peleHueM. 13 cBoiicTBa
pa3pesa BBITEKACT, UTO KaXKJ0€ MIHUMAIEHOE OCTOBHOE AEPEBO COACPIKUT KAKIOE
peOpo KOHEYHOro OCTOBHOTO JiepeBa 1" aaropuTMa, U odToMy 1 SIBISETCS YHUKAIb-
HBIM MHHHUMAJTbHBIM OCTOBHBIM JIEPEBOM. B cirydae (B) CXOMHBIM 00pa3oM Kaxioe
pebpo, BeIOpaHHOE anroputMoM Kpackaia, ompaBasIBacTCsl CBOHCTBOM pas3pesa.
Kaxnoe pebpo e = (v, w), no0aBlIeHHOE aIrOPUTMOM, SIBJISETCS CAMbIM JICIIEBBIM,
B KOTOPOM KOHEYHBIE TOUKH HAXOMSATCS B PA3HBIX CBA3HBIX KOMIIOHCHTAX TEKYIIIETO
perreHns (TOCKOIBKY 3TO IMEHHO Te pedpa, T00aBIeHIE KOTOPEIX HE CO3ACT IIHKJ).
B wactHOCTH, e sBNsieTCs caMbIM JEUIEBBIM peOpoM, epecekaromum paspes (4, B),
rae A — 3To TeKyliasi CBSI3Hasi KOMIIOHEHTa v, a B = ' — 4 — Bce ocTalbHBbIE.

IMoncka3ka k 3apauye 15.8: B ciyuae (a) BBICOKOypOBHEBAs UJEs 3aKIIOYACTCS
B BBINTOJHEHWH OWHAPHOTO ITOMCKAa OCTOBHOTO JiepeBa ¢ MHHUMAIBHBIM Y3KHM
MectoM (MBST). Beruncinre MeanaHHy 0 CTOMMOCTB peOpa Bo BXomHOM rpade G
(0 TOM, Kak 3TO cenaTh 3a JMHEHHOe BpeMs, cM. TiaBy 6 uacmu ). Bozbmute G’
n3 G, oTOpocuB Bce pedpa co CTOMMOCTBIO BBIIIE MeTuaHbl. [IponomkaiiTe, BbI-
MIOJTHSISL PEKYPCHIO Ha Tpade ¢ MoJI0BUHOI Takoro uucia pedep G. [lpocreiimmmii
ciydail — G SBJISIETCS CBSI3HBIM; HO KaK BBIMOJIHATE PEKypCHI0, eciiu G He SBIs-
eTcs CBs3HBIM? J{71s aHami3a BpeMEHH BBITTOTHEHHS NCTIONB3YHTE HHAYKIHIO THOO
ciydaid 2 ocHOBHOTO Metoja (cM. niaBy 4 uacmu ). Uto kacaetcs nmyHkra (0),
TO OTBET, KaK MpeAcTaBisercs, Oyaer orpunarenbHbM. Kaxkaoe MUHIMaIbHOE
OCTOBHOE JIEPEBO SBJISIETCSI OCTOBHBIM JIEPEBOM ¢ MUHUMAJIBLHBIM Y3KUM MECTOM
(MBST), HO HE HAa000POT, KaK BBl HOJDKHBEI YOSIUThCs caMu. Borpoc o Tom, cy-
LIECTBYET JIM JETEPMUHUPOBAHHBIN JTUHEHHO-BPEMEHHON aIroOpuT™M Jisl 3aJlauu
0 MUHUMAaJIbBHOM OCTOBHOM JEpEBE, OCTAETCSI OTKPBITHIM 110 CEH J€Hb; I10JHOE
M3IIOKEHUE CM. B OOHYCHOM BHJIEO0 110 ajpecy www.algorithmsilluminated.org.

Penrenue 3agauun 16.1:

(o[s][5]6]12]12]16]18|

" 1iepBasd, U 4CTBEPTas, U CCAbMas BEPUINHBI.

Moacka3ska k 3axaye 16.2: B ciydae (a) u (B) BEpHUTECH K PUMEPY C YETHIPHMS
BeplMHaMHu Ha c. 143. B ciydae (r) ncnonb3yiTe HHAYKLUIO U Jlemmy 16.1.
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IMoacka3ka k 3apave 16.3: ecnu G sBASIETCS JEPEBOM, YKOPEHUTE €r0 B TIPO-
M3BOJIFHOW BEPIIMHE H ONPEICIUTE OJHY ITOI3aaady s Ka)XIO0To MOAIepeBa.
B ciyuae mpousBosibHOTO rpaga G KakMMHU MOTYT OBITh 033424 ?

Peumrenue 3anaun 16.4: co ctonduamu, HHASKCUPOBAHHBIMH i, 1 CTPOKAMH C:

=y
o

Alalalalalalalala

O|=|N|lwWw|hlOo|O|N|00|©
oO|lOo|0o|lo|o|o|jo|o|O
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NIO|=2|=2IN W W Ww w wl w
Wllo|m|lwWw| OO |O|OD
AlO|= ||| D OO|O|N|00|
oW hlO|O|0|©|©

o
-

To sxe — 11 BTOPOU, TPEThEN U MATON MO3ULIMIA.

IMoncka3ska k 3aaade 16.5: B ciyyae (0) u (B) mo0aBbTe TPETUH MapamMeTp K pe-
HICHHIO JIMHAMHYECKOTO POrPaMMHUPOBAHUsI K TIEPBOHAYAIIBHOMN 3a/1a4e O PaHIle
B pazaene 16.5. Kak B ciyuae () o0o01ieHue Baliero petienus (B) Macmtadbupy-
eTCsl BMECTE C YUCIIOM 1 PaHIEB?

Pemrenue 3agauu 17.1: co cronbuamu, MHIEKCUPOBAHHBIMU I, © CTPOKAMU, WH-

JIEKCUPOBAHHBIMU J':
6(6|5|4|5|4]|5]4
515|454 [3|4]|5
443 |4|3|4|5]|6
33|2|3|4|3|4]|5
221 |2]3|4]|3]|4
11]o]1[2|3|4]|5
0of[0|1|2]|3|4]|5]|6
[of1T2]af4]s]6]

Moncka3ka k 3agade 17.2: Ha KaXI0il HTEpaAIMU ITUKIIA OBLTH JIH YK BHIYUCIICHBI
HeOGXO,Z[I/IMLIe peuIeHus noaA3aia4u Ha MPCAbIAYIIUX UTCPpAUAX (I/IJ'II/I B KQYCCTBEC
0a3oBoro ciryvas)?
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Pemenue 3apaun 17.3: 3a1a4n B (0) ¥ (T) MOTYT OBITh PEIICHBI C UCIIOIB30BAHUEM
AJITOPUTMOB, aHAJIOTMYHBIX NW, C OIHOH ITOA3aJa4eil JUIs KaXK 101 IapbL.X,, Y/ npeuK-
COB BXO/THBIX CUMBOJIbHBIX IIETIOUEK. B kauecTBe anbTepHaTHBbI 33/1a4a B (0) CBOIUTCS
K 33/1a4€ O BRIPaBHUBAHHUH TIOCIIC/IOBATEILHOCTEH ITyTEM YCTAHOBKH ITpada ¢ IIaroM,
paBHBIM 1, ¥ IITpada 3a coueTaHue IByX Pa3sHbIX CHMBOJIOB C OYEHB OOJIBIIINM YHCIIOM.

3amaua B (2) MOXKET OBITh pelieHa myTeM 0000IIeHUs aropuT™Ma NW, OTCIIC)KHBA-
FOLIIETO, SIBJISICTCS JIX BCTABJICHHBIN 3a30p IIEPBBIM B ITOCIICOBATEIILHOCTH 3a30POB
(B aTOM citydae oH HeceT mTpad a + b) Ui HeT (B 3TOM cliyyae JOMOTHUTETbHBIH
rrpad paseH a). Jiist Kaxioi nmapsl Ipe(hHUKCOB BXOAHBIX LIETTOYEK BEIYUCIHTE CYM-
MapHbIi Tpad Tpex BEIPaBHUBAHUIL: Tydiiee 0e3 3a30POB B MOCIICTHEM CTOIOLE,
JIydIllee ¢ 3a30pOM B BEpXHEH CTPOKe IMOCIEIHEro CToJI01a U JIydiee ¢ 3a30poM
B HIJKHEH CTpOKe mocieanero croibia. Yucio moazanad u paboTa Hajl KaKIoi
MOA3a1a4ei YBEINMIUBAIOTCS C TOCTOSTHHBIM KOO (PHUIIUCHTOM.

3anaya (B) MOXKET OBbITh pereHa 3G hekTuBHO 6e3 NCTIOTb30BaHMSI TMHAMHYECKOTO
[IPOrPaMMHUPOBAHHUS; IPOCTO MOJCYUTANTE YACTOTY KaXKIOTO CHMBOJIA B KaXKIOM
nernouke. [lepectaHoBKa f CYIIIECTBYET TOT/Ia M TOJIBKO TOT/IA, KOTIA KAy bl CUM-
BOJI BCTPEYAETCSI POBHO CTOJIBKO K€ Pa3 B KaX0H CTPOKE (IOSICHUTE MOYEMY ).

Pemenue 3agauu 17.4: co cronOuamu, HHISKCHPOBAHHBIMY I, © CTPOKAMH, WH-
JICKCUPOBAHHBIMU J = 1 + §:

7 223 158 143 | 99 | 74 | 31 25 | 0
6 151 105 90 46 | 26 3 0
5 142 97 84 40 | 20
4 92 47 37 10 0
3 69 27 17 0
2 30 5 0
1 20 0
0 0
Tz s alslsl7le]

Moncka3ka k 3agaye 17.5: ujaes — B MOBTOPHOM HCTIOJIb30BaHUU MPOCTPAHCTBA,
IOCJIC TOTO KaK pEIICHUE noJ3aladyu CTAaHOBUTCSA HCAKTYaJIbHBIM JIst 6y}:[yHII/IX
BEIYUCIICHUH. J{7151 BBITOTHEHHS BCEX BBIUYUCICHUH anroOpuT™M WIS IOJDKEH MOM-
HUTb TOJIBKO JIB€ CaMble IMOCJIEHHE Mo3a0aql. ANTOPUTM NW TOKEH TOMHUTD
peuieHus noa3ajaayd sl TCKYIIEro U npeablayuero 3HAYCHUM i, a TaKXeE IJIs1 BCEX
3Ha4YeHUH j (moueMy?). A Kak HacdeT alropuTma OptBST?
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IMonckaska k 3aaave 17.6: He TpyaMTECh peIIaTh MOA3a1aYH A MPEe(PUKCOB X,
u Y mpu |i—j|> k.

IMoncka3ska k 3axaye 17.7: Bpemst paOOTHI BaIleTro aaropruTMa JOJKHO OBITh Orpa-
HUYEHO MMOJMHOMUAIBHON PYHKIMEH OT # — OUeHb ¥ O4€Hb OOJIBIIOrO MOJMHOMA!

Pemrenue 3agauun 18.1: co cronOnamu, WHICKCUPOBAHHBIMU I, © CTPOKAMH, WH-
JIEKCUPOBAHHBIMH BEPITUHAMMU:

X +eo +oo 5 5 5 1
w +o0 +o0 +oo -4 -4 |4
I EEEIEE
u +o0 1 1 1]1-5|-5
s 0 0 00| O
[ o[ v ]2 slafs]

Pemrenne 3apaun 18.2: netr. Kontpnpumep cM. B mpeabLaymie 3aaade.

MMoackaska k 3aaaue 18.3: paccMoTpuTE BOZMOKHOCTH JOCPOYHOM OCTAHOBKHU
AITOPUTMA KPaTYalIIero ImyTH.

Pemenue 3amaun 18.4: co cronduamu, HHISKCUPOBAHHBIMU k, U CTPOKaMH, WH-
JICKCUPOBAHHBIMU TTApaMH BEPIIIHH:

1,1) 0 0 0
(1,2) 2 2 2 2
(1,3) 5 3 |3
(1,4) +o0 +o0 +o0 6 6
2,1) +0 +o0 +o0 +0 8
2,2 0 0 0 0o |o
(2,3) 1 1 1 1 1
(2,4) +o0 +o0 +oo 4 4
(3, 1) +o0 +o0 +00 +o0 7
(3,2) +oc0 +o0 +o0 +oc0 9
(3,3) 0 0 0 0 0
3,4) 3 3 3 3 |3
4,1) 4 4 4 4
4,2) +oo 6 6 6 6
@,3) || +e 9 7 7 |7
4,4) 0 0 0 0 0

[ o 1 2 3 |4
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Pemenue 3amaun 18.5: co cronduamu, HHICKCHPOBAHHBIMU k, U CTPOKaMH, WH-
JICKCUPOBAHHBIMU TTAPAMH BEPIIIHH:

1,1 0 0 0 0o [-4
1,2) 2 |2
(1,3) 3 |-
(1,4) +c0 +o0 +o0 0 4
2,1) +o0 +o0 +o0 +o0 -6
2,2 0 0 0 0 |4
2,3) 1 1 1 1 | -3
(2,4) +o0 +o0 +o0 2 | -6
(3 s 1) + o0 + o0 + o0 + o0 -7
(3 s 2) + o0 + o0 + o0 + o0 -5
3,3) 0 0 0 0 |[-4
G4l 3| 3] 3] 3=
@, 1 | -4 4 | -4 4 |-8
@,2) || +e 2 | 2] -2 [-6
@,3) || +e 1 1 -1 |5
@, 4) 0 0 0 4 | -8
ol v [ 2]s 4]

Pemenue 3agauu 18.6: mogudummpyiire Bxomnowi rpad G = (V, E), 1o6aBUB HOBYIO
HCTOKOBYIO BEpIIMHY S 1 HOBOE peOpO HYNEBOH IJIMHBI U3 S B KQXKIYIO BEpIIUHY
v € V. HoBpblil rpay G nMeeT OTpUILIATENBHBIIN UK, JOCTHKUMBIN U3 S, TONBKO
ecin G IMEET OTPHIATENFHBINA UK. BrimomauTe anroputm bennmvana—®opaa Ha
G ¢ UCTOKOBOI BEPIIUHOH 5, YTOOBI IPOBEPHUTD, COAEPKUT JIU G OTPULIATEIIbHBIN
uuki. Ecnu Het, To BeinonnuTe anroputM Onoiina—Yopiuema Ha G.

Moncka3ka k 3agaye 18.7: 3a1aun ¢ caMbIM JUIMHHBIM IIYTEM MOTYT OBITh Tiepe-
(hopMyIIMpOBaHBI KaK 3aJlaud C CAMBIM KOPOTKHM ITyTEeM MOCIe YMHOXEHHS BCEX
JUTHH pebep Ha —1. BeroMHuTe 3a/1auy BRIYUCICHHS KPaTYalnX OCCIIMKIIOBBIX
myTel B rpadax ¢ OTpUIaTeIbHBIMU [IUKJIAMH U TOT (DaKT, YTO OHA, O-BUIHUMOMY,
HE JIOMyCKAaeT IMOJIMHOMHUAIBHO-BPEMEHHOTO anroputMa. MmeeT nmu 310T axt
Kakoe-1100 3HaYCHHUE JUTsI TF000H M3 YeThIPEX PACCMOTPEHHBIX 3a1a4?
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